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The Theory of Attraction owes its origin to Newton. At 
first its chief value lay in its connexion with Physical 
Astronomy. The problems of the Figure of the Earth and 
Precession gave rise to the splendid analysis of Laplace. 

Towards the close of the last century the science of 
Electricity began to be developed, and imparted a new and 
a wider interest to the Theory of Attraction. Fresh problems 
were offered for solution, and new modes of treatment were 
devised by Physicists, among whom Gauss, Green, and 
Thomson have been pre-eminent. The rapid progress of the 
sciences of Electricity and Magnetism has been continually 
increasing the direct value of the Theory of Attraction, but 
its indirect value has become perhaps still greater. 

For some time past Physical speculation has seemed to 
point to the Theory of Fluid Motion as the root science of 
nature. In recent times the investigations of Stokes, Thom- 
son, and Helmholtz have shown that the-leading problems 
in the Theory of Fluid Motion are mathematically the same 
as problems in the Theory of Attraction. This mathematical 
similarity is to be found also, to a considerable extent, in the 
Theory of Stress and Strain in Elastic Solids. The Theory 
of Attraction is thus the portal to most of the higher depart- 
ments of Mathematical Physios, and this is so even if it 
should be shown that direct action at a distance does not exist 
in nature. 
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It is then a matter of much importance that the acquisi- 7 

tion of a competent knowledge of the Theory of Attraction 
should be made as easy as possible. To assist in doing this 
is the object of this book. It is a book for Students, not for ^ 

Professors. To enable the Student to economize time and 
labour has been my chief aim. I have borrowed from every 
source with which I am acquainted, but the books from which 
I have drawn most material are Maxwell's "Treatise on 
Electricity and Magnetism," Thomson and Tait's " Natural 
Philosophy," and Eouth's " Analytical Statics." 

Many mathematical investigations for which I might ' 

have referred to Treatises on Pure Mathematics, I have 
introduced for the purpose of rendering the progress of the 
student more easy. Questions as to the original discoverer 
of an important theorem I have not attempted to discuss. 
According to most French writers every discovery of any 
value has been made by a Frenchman, and according to some 
English by an Englishman. Lord Kelvin I designate as 
Thomson. To call him Lord Kelvin seems as absurd as it 
would be to speak of Bacon as Lord Verulam. 

If health and opportunity be mine, I hope, at some future 
time, to make this book more complete by the addition 
of chapters dealing with Spherical Harmonics, Conjugate 
Fimctions, and the Theory of Magnetism for bodies having 
finite dimensions. 

I have to return my best thanks to Dr. Williamson and 
Mr. Frederick Purser, for their kindness, in reading proof- 
sheets, and in giving me many valuable suggestions and 
investigations. 

FRANCIS A. TARLETOK 

Tbimitt College, Dublin. 
Deeembeff 1898. 
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Note on Akticle 15, p. 12. 

The continuity of the components X, F, Z, of the force 
due to a volume distribution of mass H is seen most easily 
in the following manner : — ' ] 

Let Pi and Pg be two consecutive points in space ; take / 
the axis ..of x in the direction P1P2, and let Xi and X? be the 
components of force, at the poiuts Pi and P2, due to the ^ 
system of mass M, 

It is plain that X2 is equal to the component of force at 
Pi due to M displaced through the distance P2P1. Hence, 
X2 - Xi = X', where X^ is the component of force at Pi due 
to a system of mass i!/' composed of the two super-imposed 
systems M displaced through P2P1 and - M. Accordingly 
Mf is made up of a volume distribution whose density at any 

point is -p- dxy and two surface distributions whose densities 

are pdv and - pdvy where dv is the normal displacement of 
a point on the boundary of M due to the translational dis- 
placement dx. Since the density of M^ is everywhere in- 
finitely small, so also is X\ and therefore X is continuous. 

A like mode of procedure may be employed in other cases 
similar to the above. 
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CHAPTER I. 

INTRODUCTORY. 

1. llniversal CSravitation. — From the laws of motion 
and from observations of the relative positions of the bodies 
which compose the solar system, it can be inferred that each 
of these bodies, regarded as a point, is acted on by forces in 
the directions of the lines joining it to the others, the magni- 
tude of any one force being proportional to the product of the 
masses of the bodies between which it acts, and inversely 
proportional to the square of the distance between them. 

By generalizing this result, it may be concluded that any 
tico particles of ^natter attract each other with a force varying 
directly as the product of their masses j and inversely as the square 
of the intervening distance. 

2. Electric Forces. — With respect to electric pheno- 
mena, bodies are usually divided into Conductors and Non- 
conductors. A conducting body can, in various ways, be 
brought into a certain state in which it is said to be charged 
with electricity. When two bodies are so charged, a mutual 
force acts between them ; and if the bodies be so small com- 
pared with the intervening distance that they may be regarded 
as points, this force is proportional to the product of the 
charges, and inversely proportional to the square of the 
intervening distance. 

B 



2 Introdiwtort/, 

As regards their mutual action, charges of electricity 
behave therefore to a certain extent like masses of gravitating 
matter, but there is an important difference which is imme- 
diately manifested. In the case of gravitating matter, the 
mutual force between two particles is always attractive ; but 
charges of electricity, on the other hand, sometimes attract 
and sometimes repel one another. 

The observed phenomena can be explained by supposing 
that an electric charge, or in common language electricity, 
is one or other of two different kinds ; that two charges or 
quantities of electricity of the same kind repel one another ; 
and that two charges of opposite kinds attract one another, 
the force in each case being proportional to the product of 
the charges or quantities of electricity. 

To express mathematically what has been said above, we 
must regard one kind of electricity as positive and the other 
kind as negative. A quantity of electricity which occupies a 
space so small that it may be regarded as a point may be 
called an electric particle ; and if a force which is repulsive be 
considered as positive, we may enunciate the fundamental 
law of electric forces by saying, that two particles of electricity 
act on each other with a force directly proportional to the product 
of their masses^ and inversely proportional to the square of the 
distance between them. The word * mass ' is here used only in 
reference to the amount of force which the corresponding 
quantity of electricity is capable of producing, and is not 
meant to imply inertia or exclusive occupation of space. 

Looked at from a mathematical point of view, electric 
forces are of a more general character than those resulting 
from gravitation, and the study of the former includes that 
of the latter. 

3. Distribution of Electricity. — As the electric forces 
due to the elements of an electrified body have each a definite 
magnitude, and pass through the elements to which they 
correspond, it may be said that there is a certain quantity of 
electricity accumulated in each space-element of the body, 
and we may consider the distribution of electricity in an elec- 
trified conductor. 

4. Magnetic Forces. — The elementary forces due to 
the presence of a magnetized body are in some respects 
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similar to those resulting from electricity, as they may be 
eitlier attractive or repulsive, but in the case of magnetism, 
forces of the two kinds are always manifested simultaneously. 
The observed phenomena of magnetism can be explained by 
supposing that equal quantities of opposite kinds of magnet- 
ism are present in every element of the magnetized body, 
and are located at the extremities of an infinitely short 
straight line whose direction is that of the magnetization of 
the element. 

5. Problems to be considered. — The main problems 
in the Theorv of Attraction are, to find the resultant force 
between two bodies, and to determine the distributions of 
Electricity and Magnetism which take place under given 
conditions. These problems are however, in general, so diffi- 
cult that much preliminary knowledge of theorems which, in 
certain cases, lead indirectly to their solution, is requisite. 

6. Physical Mode of Action of Forces. — The re- 
searches of Faraday and others have shown that the electric 
forces acting between two charged conductors are dependent 
on the intervening medium, and are not direct action at a 
distance. A similar proposition in the case of the forces due 
to gravitation seems, up to the present, to be only a hypo- 
thesis. 

The mechanism by which the final action is brought 
about need not be considered so far as the mathematical 
theory of Attraction is concerned. That theory rests only 
on the hypothesis that there are certain forces having certain 
definite magnitudes and directions. 
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These expressions may be simplified by taking as the unit 
of force the repulsion or attraction between unit masses at 
the unit distance apart, in which case / becomes unity. If 
we select any other unit of force we must introduce the cor- 
responding value of/. 

Not only for the reason mentioned in Art. 2, but also 
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7. Force at a Point. — If f denote the mutual force between 
unit masses when concentrated at points at the unit distance 

from each other> ' — — expresses the force between two par- 
ticles whose masses are m and m\ and whose distance apart 
is r. The resultant force at a point P due to any system of 
acting masses may be defined as the resultant of the forces 
which would be exerted by these masses on the unit mass if 
concentrated at P. Let a?, y, z be the coordinates of P ; i 

5, ij, Z those of a point Q at which the acting mass is w, and r f 

the distance of P from Q, then the force at P due to m is 

-J- or ^ , according as the forces under consideration are 

electric or gravitational. In order to find the total force at P 
we must resolve each elementary force into its components 
parallel to the axes, and find the sum of these for each axis. 
If X, Ty Z be the components of the resultant at P, we have, 
then. 
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Continuous Distribution of Mass. 5 

because it is usually more convenient to count distances from 
the acting mass rather than towards it, the standard positive 
force when the signs of algebraical expressions have to be 
taken into account will be supposed repulsive. When the 
forces under consideration are gravitational we may suppose 
that the action is between electric masses, one positive and 
the other negative, whose numerical expressions are the same 
as those for the gravitating masses. 

8. Continuous Distribution of Mass. — When the 
acting mass is continuously distributed, the distribution may 
exist throughout a volume, or over a surface, or along a line. 
Corresponding to a volume or space distribution, a surface 
distribution, and a line distribution, there are three kinds of 
density^ a volume density denoted by p, a surface density by 
a, and a line density by X. 

These three magnitudes may be defined as follows : — 

The volume density at a point Q is the limit of the ratio of J^ 
the mass contained by a sphere having Q as centre to the volume j"^ ^ 
of the sphere when its radius is diminished without limit. 

The surface density at a point Q, on a surface S, is the limit 
of the ratio of the mass contained by a sphere having Q as cPc: ^ 
centre to the area of the portion of the surface 8 within^ the d 

sphere when its radius is diminished without limit. 

The line density at a point Q, on a line s, is the limit of the . ^ ^/ 
ratio of the mass on a portion of s having Q for its middle A " ^ 
point to the length of this portion when it is diminished 
without limit. 

If p be finite, the corresponding value of <r is an infinitely 
small quantity of the first order, and that of X an infinitely 
small quantity of the second order. 

In the case of gravitational forces actually existing in 
nature, p is always finite. 

For electric forces, on the other hand, <r is usually finite. 

In both cases we may, for mathematical purposes, suppose 
a fictitious surface distribution for which a is finite. 

When <T is finite, there may, of course, be an independent 
volume distribution for which p is finite. 

In the case of forces actually existing in nature, X can 
never be finite (Clerk Maxwell, " Electricity and Magnet- 
ism," Art. 81). 



6 Resultant Force. 

It is plain that m, A, <r, and p are quantities of different 
kinds, each being one space-dimension lower than the pre- 
ceding. 

If ck denote a line element, d8 a surface element, and c?@ 
a volume element, the elements of mass corresponding respec- 
tively to the three kinds of distribution are given by the 
equations 

dm = \dSj dm = <rc?/S, dm = pd®, 

Iiitroduding the expression for dm into equations (1) we 
have, in the case of a volume distribution, 



X = 






p'-^dB. Z = 



p'-^dB. (2) 



Similar results may be obtained in like manner for a 
surface distribution and a line distribution. 

9. Attraction of Tbin Cone at its ITertex. — If dw 

be the solid angle of the cone, and r the distance from 
the vertex of any point in its mass, the corresponding 
element of volume is r^drdwy and the attracting force of the 

T^ dv du) 
element is /o — — — , that is pdrdoj. In this case the ele- 
mentary forces of attraction are all in the same direction, 
and, if the cone be homogeneous, the attraction at the vertex 

rr+l 

of a frustum of length / is pd(jj dr or pldw. This is in- 

dependent of the distance of the frustum from the vertex. 
If the frustum extend at both sides of the vertex, the force 
exerted by the portion on one side is opposite in direction to 
that due to the other portion, and the resultant force is 
pil" f) d(o towards the portion whose length is /. 

It is plain that this result holds good for any two portions 
of the cone which are on opposite sides of the vertex and 
whose lengths are / and l\ 

10. Attraction of Homogeneous Straight l^ine. — 
The attraction of a homogeneous straight line AB at any 
point P is the same as that of a circular arc of equal density 
having P for centre, and the perpendicular distance of P 
from AB as radius, the extremities of the arc being on the 
lines PA and PB. 
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Let Q, Q' be any two oonsecutive points on AB, a,nd.p the 
length of the perpendicular PO on it from P, then, if PQ be 
denoted by r, and OPQ by 6, 
we have 

COB 9 
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where T and 2" are the points in whioh the circular are is 
met by PQ, and PQ'. Hence the attraction at P of QQ' is 
equal to that of TT' , and as a similar result holds good for 
everf element of AB, the theorem is proved. 

It is now easy to find the attraction of AB at P. From 
symmetry, it ia plain that the resultant attraction at P of the 
circular arc is directed along PK, the bisector of the angle 
APB. If we now denote KPQ by w, we see that the com- 
ponent along PS" of the attraction <Jf an element of AB is 

expressed by -»— T Integrating this between and ^o, 

where o is the angle APB, we get the component along PK 
of the attraction of AK; a siiAilar result is obtained for BK; 
and, since the forces are both directed towards K, we have 

finally that the attraction of AB at P is , in the 

direction of the bisector of the angle APB. 

If the length of AB be infinite, o = tt, and we find that 

the attraction of an infinite straight line of densiti/ X at any 

point P is — in the direction of the perpendioular p from P 

on the line. 

We shall find that this is a result of considerable impor- 
tance. 

11. CTllndrlcal Disli-lbaaon or Kass.— When the 
space oocupied by the acting mass is bounded by parallel 
cylinders of infinite length, the density being uniform along 
each straight line which is parallel to a generator of one of 
the cylinders, the distribution may be called cylindrical. 
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In this case, by Art. 10, the attraction, at any point P, of 
an infinitely long cylinder along whose axis the density is p, 

and whose section e is infinitely small, is — , where p is the 

perpendicular drawn from P to the axis of the cylinder, and, 
the foot of this perpendicular being Q, the direction of the 
attraction is the line PQ, If we draw a plane through P 
perpendicular to the generators, of the cylinders, it contains 
the feet of all the perpendiculars on their axes ; and if d8 
denote the element of this plane which is enclosed by the 
cylinder whose section is c, and r the distance from P to Q, 
we have e = dS, and i? = r, whence the force at P due to the 

thin cylinder is -^ — . 

Hence the resultant force at P is that due to a uniplanar 
distribution of mass in the plane through P perpendicular to 
the generators of the cylinders, the density r of this dis- 
tribution at a point Q being 2jO, and the force at P due to any 
element of mass varying inversely as its distance. 

The student must not confound a uniplanar distribution 
of mass, such as has been described above, with a surface 
distribution in which the surface happens to he a plane. The 
definition of the uniplanar density r is verbally the same as 
that of the surface density a, but the two magnitudes are of 
different kinds, since in one case the force caused by an 
element of mass varies inversely as its distance, and in the 
other case inversely as the square of its distance. In fact r 
is a magnitude of the same kind as p, the volume density. 

The conditions required for a cylindrical distribution of 
mass may be approximately fulfilled in nature, and a uni- 
planar distribution is merely a mathemathical artifice by which 
the problems belonging to a cylindrical distribution may be 
presented in a simpler form. 

12. ilLttraction of Spberical Sbell.— To find the 
attraction of an infinitely thin homogeneous spherical shell 
at an external point P we may proceed as follows : — 

Let he the centre of the sphere bounding the shell, 
draw a plane perpendicular to PO cutting the sphere in a 
circle, let Q be any point on this circle, then, if a be the radius 



(3LirA,:^vuvcp\^^f) 



Attraction of Spherical Shell. 



9 




of the sphere, and if we put OPQ = 0, POQ = <^, PQ = r, the 
element of the shell comprised between two consecutive 
planes perpendicular to OP 
is expressed by 27ra^ sin ^0,**^"*^ 
and, since all the points of 
this element are at an equal 
distance from P, each com- 
ponent of attraction perpen- 
dicular to PO is equilibrated 
by an equal and opposite 
component; and the resultant 
attraction of the element at P 
is in the direction of the line PO, and is expressed by 

27r(rflf* sin (bd6 ^ 

__ Ji_r cos 9, 

r^ 

where a denotes the density of the shell. 

Hence if iJ denote the attraction of the entire shell, we 
have 

R = 27r(ra2 t"^-- 

«/ 

To find the value of this integral we use the equations 
r^ = a* + c* - 2ac cos 0, a* = r' + c* - 2cr cos 0, 

where c = PO. Differentiating the first of these we have 

rdr = ac sin fl?0, 
and from the second we get 



r cos 6 = 



27 



r2 



substituting in the integral, we obtain 



P = 27r(Ta 



'c+a 



c-a 



2cV^ 



Since 47r(Ta' denotes the mass of the shell, we conclude, 
that a thin spherical homogeneous shell produces the same 
attraction at an external point as if its entire mass were concen^ 
trated at the centre of the sphere. 



-.'/ 



c 
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If the point P be inside the surface of the shell, we pro- 
ceed to find the attraction in a similar manner, but in this 
case the limits of the integral are a + c and a - c, and its value 
is zero. Hence we conclude, that a thin spherical homogeneous 
shell exercises no attraction at an internal point. 

Since the attractions of thin concentric spherical shells 
at any point are all in the same direction, the attraction of a 
thick homogeneous shell comprised between two concentric 
spherical surfaces is the sum of the attractions of the thin 
shells into which it may be decomposed ; hence, a thick homo- 
geneous shell bounded by concentric spheres has the same attraction 
at an external point as if the entire mass of the shell were con- 
centrated at its centre^ and has no attraction at a point inside its 
inner boundary. 

If the thick shell be not homogeneous, but be composed 
of homogeneous layers each of which is bounded by spheres 
which are all concentric, these results still hold good. 

13. Solid Spbere. — It is plain from the last Article 
that a solid homogeneous sphere, or a sphere composed of 
homogeneous layers comprised each between spheres concen- 
tric with the outer boundary, has the same attraction at an 
external point as if the entire mass of the solid sphere were 
concentrated at its centre. 

Again, the attraction of a solid sphere at a point P in its 
interior is the same as that of the concentric solid sphere whose 
external boundary passes through P, this theorem being equally 
true whether the sphere be homogeneous or be composed of 
homogeneous layers comprised between concentric spherical 
surfaces. 

If M be the mass of a solid sphere 8y and r the distance 
from its centre of the point P, the attraction at P is expressed 

by -j- when P is external, and by ~ when P is internal, m 

denoting the mass of the concentric sphere whose external 
surface passes through P. If 8 be homogeneous, m = ^irpr^, 
and we get for the attraction of a homogeneous sphere at a 
point in its interior the expression ^wpr, 

14. Tbin Plate. — The attraction of an infinitely thin 
homogeneous circular plate at a point P on the perpendicular 
to the plane of the plate through its centre is easily found. 
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Let Q, and Q' be consecutive points on the same radius 
of the plate, and its centre, and let 

PQ = r, OPQ = 0/ then QQ' = -^• 

COS© 

Since all the points on the circle 
whose radius is OQ are equally dis- 
tant from P, and the lines joining 
them to P make equal angles with 
PO, it is plain that the resultant 
attraction at P of the element of the 

plate comprised between the circles whose radii are OQ and 
OQf is in the direction of the line PO, and is expressed by 




27r(Tr sin 



rdO cos 
cos 6' r^ ' 



that is, by 27r<r sinflti^fl. Hence the resultant attraction of 
the entire plate at P is in the direction PO, and if R denote 
its magnitude, a the radius of the plate, Bi the angle sub- 
tended by this radius at P, and c the distance OP, we have 



i2 = 27r<T 



C^x 



sin BdO = intr 



[^ ^{a'+cV 



(3) 



If we suppose a infinite, c remaining finite, we find 
that the attraction of an infinitely thin homogeneom plate of 
infinite extent is constant at all external points and is expressed 
by 27r<T. 

Again, if c be infinitely small compared with a, we find 
that the attraction of an infinitely thin homogeneous circular 
plate at a potent P infinitely near the plate, on the perpendicular 
through its centre, is in the direction of this perpendicular, and 
is independent of the radius of the plate, being expressed by 
29r<T. 

Hence we may conclude that Z, the component of the/ 
attraction of an infinitely thin homogeneous plate at an infi-j 
nitely near point P in the direction of the perpendicular from! I - -7 
P on the plate, is independent of the size of the plate and of | 
the form of its boun^ng curve, and is expressed by 27r<T, 
provided the perpendicular from P falls inside the plate. 
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To prove this, suppose two circles Ai and A^y the one 
outside, the other inside, the boundary of the plate, and 
having the foot of the perpendicular from P as their 
common centre, then, if Zi denote the attraction of the cir- 
cular plate bounded by Aiy and Z2 of that bounded by A^y 
the magnitude of Z lies between those of Zi and Ziy but, as 
Zx- Zi- 27rcr, the theorem is proved. 

Lastly, if the boundary of an infinitely thin homogeneous 

plate be such that all diameters of the plate drawn through a 

point are bisected at 0, it is plain that the resultant 

attraction of the plate, at a point P in the perpendicular to 

the plate through 0, is in the direction OP, and hence if P 

approach infinitely near 0, this attraction is expressed by 

23ro". 

^ 15. Continuity of Force ill ITolume Distribution. 

i0 [^ — Equations (2), Art. 8, which give the components of the 

I* force at a point P, if we use polar coordinates and take P for 

origin, become, when the acting mass is attractive, 'P ^ 

X = jp sin^fl cos dr dO fl?0, y=j p sin^O sin dr dd c?0, 

Z= j p cos flsin 6 drd9d<^. 

The integrations here indicated remain valid when P is 

inside the acting mass, and if we integrate with respect to r 

between and an infinitely small value a, we see that the 

^i^mass infinitely near P cannot contribute more than an infi- 

t y *nitely small quantity of the order a to the attraction-com- 

^rj ponents. Hence, if P receive a small displacement less 

J/\ \l than a, the corresponding changes in X, T, Z, due to mass 

" «^ infinitely near P must be of the same order; it is plain that this 

\j also must be the order of the changes in X, F, Z due to mass 

\ at a distance from P greater than a. Hence, X, Y, Z in the 

V case of a volume distribution remain finite and continuous 

when P is inside the acting mass. 

16. Discontinuity of Force In Surface Distri- 
bution. — In the case of a distribution on the surface 8 the 
force components at a point P vary continuously so long as 
P is at a finite distance from S. 

If be the point in which the normal through P meets 
the surface, when P is distant from by an infinitely small 
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quantity S of the second order the points of the surface whose 
distancesTrom P are less than an infinitely small quantity a 
of the first order lie inside a sphere whose equation referred 
to as origin is a?* + y'* + (2 - 8)* = a'*, the normal at being 
taken as the axis of z ; also the equation of the surface is of 
the form s = f«2 + &c., and the points of the surface whose 
distances from P are of the first order lie on the surface 
z = U'ly where u^ is a quadratic function of x and y. The 
equation of the projection on the tangent plane at of the 
curve of intersection of this surface and the sphere is 

Infinitely small quantities of an order higher than a^ being 
neglected, this becomes x'^-\- y^ = a^^ which represents a circle of 
radius a. 

The projection on the tangent plane at of an element 
of surface dS is dS cos 1//, where -^ is the angle which the 
normal to the element dS makes with OP. When dS and 
P are infinitely near, cos \p differs from unity by an infinitely 
small quantity of the second order, also the distances from P 
of the surface element and its projection differ by a quantity 
infinitely small as compared with these distances, and finally 
the difference of the angles wliich these distances make with 
PO is infinitely small compared with the angles themselves. 

Hence, if their densities be the same, the force exerted at 
P by the elements of the surface 8 at a distance from P 
less than a is the same as that due to their projections on the 
tangent plane at 0, that is, the same as that due to the cir- 
cular plate whose centre is 0, whose radius is a, and whose 
density is a the surface density at 0. 

We conclude therefore, by Art. 14, that the surface mass 
infinitely near P exercises no attraction at P in the direction 
of a tangent at 0, but produces a force in the direction of the 
normal whose magnitude is expressed by 27r<r. If the mass 
be repulsive, this force is away from the surface on whichever 
side of it P be situated. 

It appears then from what has been said that as P 
approaches and passes through the surface 8 at the point 
the tangential components at P of the repulsion of the mass 
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JA infinitely near are continuously zero, but the normal com- 
ponent changes from - 27r<r to + 27r<r, that is, its value in the 
direction in which P is moving is increased by 47r<T as P passes 
through the surface 8, 

The force components due to mass at a distance from P 
greater than a are obviously continuous. Hence on the whole, 
when the acting mass is repulsive^ the force component along 
the normal in the direction in which P is moving increases by 
47rff as P passes through a surface on which mass of density 
<r is distributed, but the other force components are not 
altered by any finite amount. It is plain that in all cases, 
whether P be on the surface or not, all the force components 
remain finite. 

The algebraical expressions for X, !F, Z as integrals 
j^^ derived from equations (1), Art. 7, are not in general valid, 
in the case of a surface distribution, for a point on the 
surface on which the mass is distributed, as the quantities 
under the integral sign may in this case become infinite 
within the limits of the integration. 

17. Magnets. — The leading characteristic of magnetic 
forces is the presence in each element of the magnetized body 
of two centres of force of equal and opposite intensities, these 
centres of force being situated at the extremities of an infi- 
nitely short line whose direction is that of the magnetization 
of the element. The two centres of force are called poles, 
one being a north pole, the other a south pole. Each repels 
a pole of like kind to itself and attracts one of the opposite 
kind. The direction of magnetization is reckoned from the 
south pole to the north. The terms south and north are 
used in reference to the Earth's action on the magnet, the 
pole which is attracted towards the north being called the 
north pole. ' . 

When a line of any form is uniformly magnetized in the II 

direction of its length, the effect in external space of the 
north pole at the end of one element is neutralized by that 
of the south pole at the beginning of the consecutive element. , 

Thus the effect of such a magnet on a north pole of unit in- i 

tensity in external space is entirely due to the south pole at 
one of its extremities and the north pole at the other. These 
centres of force are called the poles of the magnet. A magnet 
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whose length is considerable compared with its other dimen- 
sions, and which is magnetized in the direction of its length 
may be looked upon as linear. It may be straight or be 
bent into any other shape. Very small magnets may be 
regarded as magnetic particles. To such particles magnetized 
iron filings are an approximation. 

The theory of magnetized bodies having more than one 
finite dimension must be reserved for a future chapter. 

The force which a magnet pole exerts on a given pole at 
a given distance is proportional to its own magnetic intensity 
or strength. Hence, by properly selecting the units em- 
ployed, we may define the strength of a magnet pole as the 
force which it exerts on the unit pole at the unit distance. 
The magnetization of a north pole is counted positive, and 
that of a south pole negative. 

In the case of magnetic particles, or of linear magnets 
uniformly magnetized in the direction of their length, the 
product of the strength of a pole and of the distance between 
the poles is called the magnetic moment of the magnet. 

The straight line joining the poles is called the axis of the 
magnet and the middle point of this line the centre of the 
magnet. 

Examples. 

1. If jB be the intercept on the bisector of the vertical angle of a triangle 
ACS made by a perpendicular let fall from the middle point of the base AB, 
show that the attraction of A£ at C may be expressed in the form 



where a, d, c are the sides of the triangle, and \ the density of c. (Thomson 
and Tait.) 

Let OK he the bisector of the angle ACB, and JET the foot of the perpen- 
dicular let fall on it from M the middle point of AB, Draw AI and BJ per- 
pendicular to CK, then 

IJ=2SI, andi3= GH = i(CI-\-GJ) = i{a+b) cosJC. 

If B denote the attraction of AB at (7, we have, Art. 10, 

2a sin J(7_ 2\c sin JC_ \e {a + b) cos JC __\c{a-\- b) cos JC 
~" p " ad sin C " ab{a + b)cos^^C ~' {a + b) 8 {a — e) 

__ 8\c i{a+b) cos JC S\efi 

" {a + h) 28 2{8-c)~° (a + b) {{a + b)^'-e^' 
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2. The base AB of a triangle ABC extends both ways to infinity, the pail 
beyond A repelling, and that beyond B attracting with a force varying iu- 
versely as the square* of the distance, the density being uniform : show that the 
direction of the resultant force at G is that of the bisector of the external vertical 
angle of the triangle. 

3. Find the attraction at the vertex of a right circular cone of a frustum of 
the cone intercepted between two planes perpendicular to the axis. 

If r be the distance of any point Q on the axis from the vertex (?, the 
attraction at of an infinitely thin frustum of the cone passing through Q by 
Art. 14 is ^trpdr (1 — cos o), where a is the semi-angle of the cone. 

Hence, if R be the attraction of a frustum whose length along the axis of 
the cone is I, we have R = 2irp/(l — cos o). 

4. Find the attraction of a solid homogeneous 
hemisphere at a point P on its edge. 

Let a denote the radius of the hemisphere, and 
let C be its centre. Draw a plane through FC per- 
pendicular to the base, the resultant attraction lies 
in this plane ; let ^denote its component along PC, 
and X perpendicular to PC, then, if r be the radius 
vector from P to the surface of the hemisphere, we 
have 

Z= 2p I I rcos e sin ed9 d<p = 4pa | I cos-a %meded<p = -^. 
Jo Jo Jo Jo 3 

ir tr 

X = ipa I I cos 6 mi^d cos <pddd<f>— — . 
Jo Jo 3 

o. Show that the observed latitudes of stations due north and south of a 
heniispherical hill of radius a and density p differ by — ( 2 + - ] , where R de- 
notes the radius and e the mean density of the Earth. (Thomson and Tait.) 

6. Find the attraction of a homogeneous rectangular parallelepiped, one of 
whose edges is infinitely long, at a point P on this edge. 

Take P for origin, and the infinitely long edge as axis of z, then, if X and Y 
denote the components of attraction parallel to the edges whose lengths are 

a 
a and b, and ^i the angle whose tangent is -, we have 

X = pa I I sin de d<l> + pb \ \ ^ sin 9 tan ^ ^ (?4>. 
Jo J^i Jo Jo 

= pa {ir-2 tan-i -| ^ 2pb log - — 



Hence X 

In like manner 



y/a^ + b^ 



fb\ \/ a^+ b- 

IT- 2tan-i-| + 2p« log ^^-1- 
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7. Show that a deep narrow crevasse of great length extending east and west 
increases the apparent latitude of places at its southern edge hy the angle 

J -^ approximately, where e is the mean density of the earl^, p the density of 

its crust, It its radius, and a the breadth of the crevasse. (Thomson and Tait.) 

8. Prove that the component of the attraction of a straight line AB of 
density \ parallel to itself in the direction from J? to w^ at a point F is 

X X 

FB " FA' 

9. Show that, if the point F be in the production of AB, the attraction 
component perpendicular to AB is zero, and that if Plie between A and B this 
component is infinite if \ be finite. Show also that for both these positions of F 
the expression in Question 8 for the attraction component parallel to AB holds 
good. 

10. In the case of mass acting inversely as the distance, prove that, if two 
curves be inverse to each other relatively to a point 0, corresponding elements 
of the two curves whose densities are equal produce the same attraction at 0. 

Here the attraction at of the element as— — = — ; — = -: — , where 

r r sm <^ sin 4) 

is the angle which the radius vector from makes with the tangent to the 

element ds. In like manner, attraction of da' = -; — ;, but in the case of inverse 

sm </> 

curves 4)' = t — </>; .*. &c. 

11. In the case of mass acting inversely as the square of the distance, prove 
that corresponding elements of the two curves have the same attraction at if 
the densities of the elements be proportional to the perpendiculars from on 
their tangents. 

12. Prove that the attraction of a light circular cylinder at a point F on its 
axis is 2irp {z-i — zi — {rz — »*i) } , where p is the density of the cylinder, zz and 
z\ the distances from P of the two ends oi its axis, and rg and ri the distances 
of points on the boundaries of the terminal plane faces. 

13. li g' denote the acceleration due to gravity on the top of a table-land 
of height A, and g its value on the mean surface of the Earth in the neighbour- 
hood of the table-land, show that 



...|.-(>-|)i|, 



where a denotes the radius of the Earth, e its mean density, and p the density of 
the table-land. 

The table-land may be regarded as a thin circular plate of surface-density 
phf also g = ^ireay and at the top of the table -land the attraction of the rest of 

the Earth is ~ 7—. Hence, by addition, g' is obtained. 

[a + A)* 

14. A triangle is formed of three uniform bars whose densities are X, /i, v^ 
and whose elements attract with a force varying inversely as the square of the 
distance ; determine the point inside the triangle at which a particle would 
be in eqiiilibrium. 

C 
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liPf g, r be the perpendiculars from the point on the" three sides of the 
triangle, the position of is determined by the equations 

\ /i p 
p'~ q" r' 

If \ = ju = v the point is the centre of the circle inscribed in the triangle. | 

15. A uniform bar attached to smooth hinges at its extremities, A and B, is 
attracted by a force directed to a fixed point C, and varying inversely as the 
square of the distance from C. If P be any point on the bar, and the angle CFA 
be denoted by <i>, prove that the bending moment ilf at P is given by the 
equation 

where /x is the intensity of the attractive force per unit of length. 

The resultant attraction F on PA is in the direction of CQ the bisector of 

2tt FCA 
the angle FCA, and its magnitude is — sin , where j» is the perpendicular 

P 2 

from C on AF, The moment of F round P is 

2iu^Psin^ cosH(^+</>) ^u^- M^ ^1,^ 

-^- . ,\ r^, that IS, '-—prCOti{A + <p), 

p sin{-4 + </>) ' ' AC ^^ ^' 

If P coincide with 3 this moment must be equal and opposite to the moment 
round B of the force perpendicular to AB exerted by the hinge at A. Hence, 
if F denote this force, 

AB 
F,AB=fi-j- cotJ('^ + -^)» 



and the moment of F round P is 

fiAF 



We have, then, 



AC 



coti{A+F), 



M^^ {cot i {A + B)-- cot i (A -\-if>)} 

= iu?^-±^ {coti(A + B)-coti(A + <t>)}, 

16. In the last example determine where the bending moment ilf is a 
maximum. 

From the expression for M given above we readily obtain 

j^^2 cQS^(^ + 4>)sin^(4>--g) 
^ BID, i {A ■\- B) Bixi(p 

IX sin{4>+J(ui-P)}-8inJ(-4 + 5) 



sin J (-4 + B) sin ^ 



) 
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When this is a maximum 

sin 4) cos { ^ + } (ui - 5) } - cos 4) { sin [^ + J (ui - J?)] - sin J (ui + 5) } = 0, 

that is, cos 4) sin J (ui + JB) = sin J (u4 - 5), which determines ^, and there- 
fore P. 

17. Iron filings are sprinkled on a piece of paper which is laid over the two 
poles of a horse- shoe magnet : find the curve traced out hy a continuous set of 
filings. 

Any filing FQ becomes a small magnet, each of whose extremities is acted on 
by two forces, one attractive, and the other repulsive. For the equilibrium of 
the filing the resultant forces passing through P and Q must be equal and 
opposite, whence FQ must be in the direction of the resultant force at Q. Let 
S and N be the poles of the magnet, and L any point on the production of SN, 
let NQ = r, Sq=^r\ QNL = B, QSN = 9' ; then, if m be the strength of the 
pole at S or N, and da the element of the required curve, we have 

mm r' dd' rdd ^ 
r2 ' i^ " "dT ' Ha * 

de r sine' , ^» ^ r, 

.*. -- = — = -: — -, whence cos d — cos 6 = c/, 
de' r' sm e 

which determines the curve, C being an arbitrary constant. 

Curves traced out in the manner described above are called magnetic curves. 

18. In the last example show that filings whose lines of direction pass 
through the same point on 8N lie on a circle. 

m m . ^.^ . ,__,^ 
Since ;5 : — = sm SQO : sm NQOy 

r'2 SO r V /SOU ^ ^ 

we have — = : .*. — = i — I = constant, 

whence the locus of Q is a circle. 

19. Show that at any point P the component of the attraction of a homo- 
geneous plane lamina in the direction perpendicular to its plane is expressed by 
o-n, where <r is the density of the lamina, and A the solid angle which it sub- 
tends at P. 

If \|> be the angle which a radius vector r from P to a point in the lamina 
makes with the perpendicular to its plane, an element of the lamina is expressed 

f 2 da 
by -, and the component of its attraction at Pby tr^fco ; .*. &c. 

20. Prove that the attraction of a homogeneous elliptic plate at a point P on 
the perpendicular through its centre is expressed by 



IT 



2ir<r ' ^ 



" oTic^T^) Jo (1-^2 si] 



V(»^ + «^) Jo (1 - ^^ sin^if.) V(l - k'^ sin^^.)* 
C 2 
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where z is the distance of P from the centre of the ellipse, a and b its semiaxes, 
e its eccentricity, and ic* = -r -. 

Here n = l [ sin d rf6 ^ = I ( i - cos d) rf<^ = 2ir - 4 I cos d rf^). 

If OT be the central radius vector of the ellipse, and if we put 

w cos 4> = a cos ^y Z7 sin </> = d sin 4^; 
we have a* cos^if^ + d* sin^if^ = -cj* _ ^2 tan^d, 

and the limiting values of y^ are the same as those of <p. Hence by substitution 
we have the result above. 

18. Ellipsoidal Shell. — A homogeneous shell bounded 
by similar, concentric, and coaxal ellipsoids, is called a thick 
homceoid. Such a shell exercises no 
attraction at a point P inside its 
internal surface. 

To prove this, suppose a cone of 
infinitely small angle, having its 
vertex at P, and extending in both 
directions to the outer boundary of the shell. The ellipsoids 
being similar, the plane CM conjugate to the axis of this cone 
is the same for the outer and the inner ellipsoid, and therefore 
the intercepts on this axis on opposite sides of P between the 
inner and outer boundaries of the shell are equal. Hence, 
by Art. 9, the mass inside the cone exercises no attraction at 
P, but by supposing an infinite number of such cones the 
whole mass of the shell may be exhausted ; hence the total 
attraction of the shell at P is zerOi 

It is plain that we can show in a similar manner that, 
in the case of a uniplanar distribution of mkss attracting 
inversely as the distance, a homogeneous band bounded by 
similar concentric and coaxal ellipses exercises no attraction 
at a point inside its inner boundary. 

A spherical shell, whose attraction at an internal point 
has been investigated in Art. 12, is obviously a particular 
case of an ellipsoidal shell bounded by simfiar ellipsoids. 
When the external and internal surfaces of a homoeoidal 
shell approach infinitely near to each other, the shell is called 
simply a homceoid. 
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19. Elliptic Plate. — The attraction of a homogeneous 
elliptic plate at a point on the extremity of an axis, for a 
uniplanar distribution of mass attracting inversely as the 
distance, may be found as follows : — 

Let 2a and 2S denote the axes of the ellipse, and Pi the 
component in the direction of the axis of y of the attraction 
of the plate at the point B whose coordinates referred to the 
centre are 0, - b. Taking B for origin, the equation of the 
ellipse referred to polar coordinates is 

ia'b sin 
r = 



a^ sin^fl + b^ cos*0' 



The attraction of a triangle, of infinitely small angle dd^ 
having B for vertex, and extending across the ellipse, is 
expressed by rrdO. Hence 



•2" 



Substituting for r from the equation of the ellipse, we have 

tr 



= 4ra'6 [ 

Jo 



a^ sin*0 + S' cos*fl 



4ra^ r^(de ??5!?^- 

a'-b^l[ l+|tan^fl 



a'-b^ 



^ a 2)" a + b * 



Since an ellipse is synimetrical on each side of an axis it 
is plain that the attraction component at B parallel to the 
axis major is zero. If Xi be the attraction of the plate at 
an extremity of the axis major, we find, by a similar process, 
that Xi is codirectional with the axis major, and is equal 
to Fa. 

We can now prove that at a point P on the boundary, 
whose coordinates referred to the centre are - x and - y, the 
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components, X and Yy parallel to the axes, of the attraction 
of the plate are given by the equations 



a 





To show this, draw through P a parallel PP^ to the axis 
major AO. Let Ri and R2 denote two chords of the ellipse 
drawn through the extremity A of the axis major, and 
making equal angles with it on opposite sides, Vi and ^2 the 
parallel chords through P, and 0i and 02 the angles they 
make with PP'; then dz^-di when Vi and r^ are on opposite 
sides of PP\ and 02 = tt - fli when they are on the same side. 
Again r, a chord drawn through P, is given by the equa- 
tion 

'cos^ fl sin* 0\ _^ /x cos y sin Q' 



or 



a* 



and JS, the parallel chord through A by the equation 



R 



/cos^fl sin^ON 2acosfl 



+ 



= + 



\ ^ 



► 



hence 



X 



n cos 01 + r^ cos 02 = - {R\ + R%) cos 0i. 

a 



Also the attraction component along PP' of the elemen- 
tary triangle whose side is r is expressed by rr cos rf0. 
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Henoe we have 

W IT 

X= T (ri COS fli + ra cos 62) rffli = r - {Ri + Rz) 00s fli dfli 

= - Xiy similarly T= \Yi. 
a 

If we substitute for Xi and F2 the values already obtained, 
we get 

__27rrJa;^ 2M x _^2nTay _ 2M y 

where M is the uniplanar mass of the plate. 

If P be inside the ellipse bounding the plate, suppose a 
similar concentric ellipse, whose axes are 2a^ and 2b\ drawn 
through P, then the band between this ellipse and the 
boundary, by Art. 18, exercises no attraction at P, and the 
attraction components X and Fof the plate are given by the 
equations 

_. _ 27rTb^x _ 2wTbx ^ 2'!rTa'y _ 2irTay 

20. Infinite EUiptic Cylinder.— If we put r = 2|0 in 

equations (5), we find, by Art. 11, that the attraction com- 
ponents X and T of an infinitely long homogeneous elliptic 
cylinder, whose axis is the axis of s, at a point - a?, - y, on or 
inside the bounding surface, are given by the equations 

a+b a^b ^ ' 

21. Ellipsoid. — The attraction of a homogeneous ellip- 
soid at a point on its surface may, in a manner similar to that 
employed in Article 19, be deduced from the attraction at a 
point P at an extremity of an axis. 

To find this latter attraction, let the axes of the ellipsoid be 
denoted by 2ay 26, 2c, and let P be the point whose coordi- 
nates referred to the centre are 0, 0, - <?, then the equation 
of the ellipsoid in polar coordinates referred to P as origin is 

sin*0 cos*0 sin^fl sin*0 cos*fl\ _^ 2 cos fl 
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The attraction at P of a cone of infinitely small angle 
having its vertex at P, and extending across the ellipsoid, is 
expressed by pr sin dQ d(ft. Hence, if Zz denote the attrac- 
tion component of the ellipsoid at P in the direction of the 
axis of 2, we have 



Z.= 



IT 



n w 



3 = P 



2ir ri r2 

r sin cos Odddfp = 4p\ \ r sin cos dd d<f>. 

Jo Jo 

Substituting for r from the equation of the ellipsoid, we 
obtain 



v v 



' ^"^ Jo Jo «'*' cos^fl + c^ sin^e (a^ sin^ + b' cos» ' 
Put a'b^ cos'^fl - C, aV sin'^e = ^, ^»'c' sin*0 = P, 



then, 



= 8pa'b'c f 



cos^fl sin dO 






t^0 



(7 + -4 sin'*^ + JB cos'^^' 



If we integrate with respect to we get for the corre- 
sponding integral 

y(o.i)(c.p)^^""^(J^^^"»)- 

this between the assigned limits is 



hence 



^,.4,^j.,£ 



2y{0 + A){C+B)' 

oos'fl Bin Odd 



'J' oos'fl + JV sin'O) (a' J' oos'6l + a'c' sin'6l)' 

(7) 
If we put cos fl = w, we get finally, 



= ^irpabc 



u^du 



[c' + {a" - c') u^y^ [e" + [b' - c^j e^*]** 



(8) 



From the symmetry of the ellipsoid round its axes it is 
plain that its other attraction components at P are zero, so 
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that Zz denotes the total resultant attraction at the extremity 
of the semi-axis c. 

We obtain, in like manner, 



= ivpabc 



u^du 



i ( W . ^/,2 _ ;.2\ 4/2 \i' 



{S^ + (c^- S^) ti'}^ [b^+ {a"- V) u'} 



(10) 



where Xi and Tz denote the attractions at the extremities of 
the semi-axes a and S. The expression for Z^ in equation 
(8) can be put into a more convenient form by taking the 
factor (? in the denominator outside the integral sign, and 
by putting 

Ai —y A2 ^ , 

we have, then, 

' ~ ~^ Jo (l + X.V)*(l + Vt.^)** ^^^^ 
To make Xi depend on Xi and X2, assume 

---«'' = —- r, then a w = — - ae?, 



and 



w\' a'* 



,vj c^(l + Xi^«?^)' 



Substituting for w in terms of v in equation (9), since the 
limiting values of v are the same as those of w, we get 

^ Oo (1 + XiV)^ (1 + X2V)*' ^ ^ 

If « and ^ be interchanged, Xj and Xi become Fg and X2 ; 
hence we obtain 

' ^ ^Jo(l + XiV)*(l + X2Vf" ^ ^ 
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If we put M = ^vpabc, then M will denote the mass of 
the ellipsoid, and Xi, Fj, Z^ may be expressed by the equa- 
tions 

SM P f du \ 



F,= 



c» " Jo(1 + Ai*«')*(1 + A/m')*' 
"^ Jo (1 + X.'«^)* (1 + A,'«')*' 



} • (14) 



7 ^^ r 



u^du 



Jo (1 + Xi'u')^ 



)^{l + \,'u'f ) 



If now Xj Yy Z denote the components parallel to the 
axes of the attraction of an ellipsoid at any point P on its 
external surface, whose coordinates are -a?, -y, -2, it is easy 
to show that 



^ = - Jli, J: = t- J: 2j 



2 



jj =- j^%. 



To prove this, draw through P a parallel PP' to 00, 
where O is the extremity of the semi-axis c, and is the 
centre of the ellipsoid, let JJi and R2 denote two chords of the 
ellipsoid lying in a plane passing through CO and making 
equal angles with it on opposite sides at the point (7, and let 
Ti and ^3 denote the parallel chords through P, and di and 
B2 the angles they make with PP\ Then 02 = - 0i when ri 
and ra are on opposite sides of PP\ and 02 = tt - 0i when they 
are on the same side ; also R the chord drawn through C is 
given by the equation 

^/sin*0cos*<f) sin*0sin*0 cos'^OX 2c cos 
\—^- ■"■— 6^ •'-^j = *-l^' 

and r the parallel chord through P by the equation 

^sin^fl cos^^ sin'^O sin*0 cos'fl' 



c 



a' 



+ 



2x sin cos 2^ sin sin 2^ cos 0^ 

= "^ + ^5 "^ ^5 ' 



a' 



hence 



z 



ri cos 01 + r2 cos 0a = - (Pi + Pa) cos 0i. 

c ^ ' 
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n 

Now Z=p\ {vi cos Oi + ra cos Oj) sin 0i fl?0i d(p^ 

Jo Jo 

IT 

and -Zi = p (iJi + K2) cos 0i sin 0i c?#i ^0, 

Jo Jo 



Z 



X 



y 



whence Z^ -Z3, and similarly, X = -Xi and Y= t Y^. 

c ^ a 

A purely geometrical method of arriving at these equa- 
tions will be found in Ex. 12, Art. 24. 

If we substitute for Xi, Fg, and Z3, their values obtained 
from equations (14), we have 

u^ du \ 



X = Ax = — T- X 



Z= Cz = —T- z 



(1 + X.' «»)«(! + A,' M*)*' 
o(1 + X,'m')*(1 + X,'m»)*' 



} (15) 



where -4, i?, C are constants defined by the equations above. 

The expressions in equations (15) for the attraction com- 
ponents of the ellipsoid at a point P whose coordinates 
referred to the centre are - a;, - y, - 2, hold good if P be inside 
the external surface of the ellipsoid. 

To prove this, suppose a similar ellipsoid, whose axes are 
2a', 2b\ 2c\ drawn through P ; then, by Art. 18, the total 
attraction at P is the attraction of this ellipsoid. Also, if 
M' be its mass, 

-7^ = — , and A 1 = Ai, A 2 = A2 ; 

therefore the coefficients of x, y, 2 in the expressions for the 
attraction components, are the same whether P be on the 
surface of the ellipsoid or in its interior. 

22. Jiymmetrical Expressions for Components of 
Attraction. — Symmetrical expressions for X, Z, and Z may 
be obtained in the following manner : — 

Assume v = c^ tan*0, then 

dv = 2(^ sin d sec'0 dd = 2(^ sin c'^ (c^ + v)^ dO, 
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whence sin dO = 
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also V = CO when = ^9 ^^^ 



v = when = 0. Thus (7) becomes 

From (16) and the corresponding equations we get 

dv \ 



(16) 



X = 2^p«6«^ J^ (a« + .)i(6»H-r)*(c^ + 1.)*' 

^ „ ^ r rft) 

r ^ 



y. 



(17) 



By assuming v = fi^u it is easy to show that these expres- 
sions hold good for any point P whose coordinates are - x, 
- tjy and - s, and which lies inside the ellipsoid on the sur- 
face of the similar ellipsoid whose semiaxes are /ua, /i6, and \ic, 

23. Components of Attraction at Internal Point 
found directly. — If the origin be taken at a point P inside 
an ellipsoid, the equation of its sujrface gives a quadratic 
equation to determine the intercepts on a radius vector r, 
making angles a, j3, 7 with the axes. If the lengths of 
these intercepts be denoted by r^ and ra, the component X of 
the attraction of the ellipsoid at P is given by the equation 
X = Jp (ri - r^ cos a dio ; but Vx and - ri are the roots of the 
quadratic equation in r, whence, if - a;, - y, - 2 denote the co- 
ordinates of P referred to the centre as origin, we have 



X = 2p 



/•— cos^a + -^0080 cos j3+ -2 cos a cos 7 



a' 



cos'^cu QOS^p cos*y 



dio 



r2 C2jt 

Jo Jo 



0^ 



cos'^d sin fl?0 d(^ 



cos^tf sin'^fl cos^0 sin^fl sin^^' 

+ ^ + 
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fiinoe 



r2ir 
Jo 



COS ijt d<j> 



=1 



cos*6 Bin^5cos^0 sin^O sin*6 

+ r + n 

a" b^ c" 

2W sin ^d<f> 

cos^O Bin'^fl cos'*^ sin^O sin'*<^ " 
+ r 4. r 

a' b^ c" 



The components I^ and Z are obtained in like manner, 
and the subsequent reductions are the same as those in the 
{»*eceding Articles. 

It is obvious that X may be expressed by the equation 

X = 2p^l . "°'\f . • (18) 

'^ a^ oosra cos^p cos^ ^ ' 

•^ + 1— + L 

a^ b^ & 

24. Components of Attraction expressed by Elliptle 
Functions. — The expressions for X, F, Z given by equations 
(15) can be made to depend on elliptic functions of the first 
and second kind. 

In order to effect this transformation, assume \iU = tan i//, 
and let 

a^'V = h\ a^-&^h\ ^^^ = k\ Ji - ic^ sin^// = a (t//) = a. 

(I "" c^ 

jt o tan^// , sec'^^ , , , x o 

then u^ = -x-r > ^^ = -v~^ "t'> 1 + ^1^ = sec*;//, 

Ai Ai 

1 + X2* w* = f 1 — ^ \ 2^ Binhp 1 sec^ = sed^xp A* ; 

hence, if the equations for X, F, Z be written in the form 

^ 3M ^ ^ SM ^ ^ 3M ^ 

X= — a;/., F= - ,yJ„ Z= -- .J3, (19) 

sin^MA _ 1^ f l-(l~ic*sin'^^) 
A(^) "k^J A(^) ^ 



we have Xi' /i = 



1_ 

-2 
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In the ordinary notation of elliptic functions 

Introducing this notation we have 

where t//i = tan"^ Ai. The values of I2 and /s can be obtained 
directly from (15), but it is easier to deduce them from that 
of /i in the following manner : — 

From (18) and the corresponding equations for Y and Z 
we have 

j+f +f = 2p/rfo, = 4^p, (22) 

if 



X y z 



d(o 



a^b^ cos'^y + b^e^ coB^a + c^a^ cos*j3* 
From the first of these equations we get 

J. + /, + /3 = 4.p3J=-^;==l===^. (23) 

and from the second, by means of reductions such as are 
applied to the expression for Zz in Art. 21, we have 

du 



By a transformation similar to that applied above to the 
expression for /i this equation becomes 

(1 + Xx^) /, + (1 + X^^) 1,^1,== ^^, (24) 

Hence, by (23), we have 

X? /. + X,» I, = ^i - y ^ == . (25) 

X, v/(l + Xi»)(l + X,') ^ ' 



t 



f 



' 



I I • 
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The value of Ii being given by (21), if we solve for /j 
and is from (23) and (25) we get 



/,= 



F(M 



Xj* (X.' - Xj') Xi (A,* - X,*) X,» y (1 + Xi') (1 + X,') 



"X,Wl + Xi' 



-g(^i) 
Ai A2 



• (26) 



Hence, remembering that 

Ai = tan ^Pl, c" Xi^ = k\ 0^X2^ = k^- A% 
from equations (19) we obtain 



A"* 



T=SMt/ 



kE (;//i) -f ('/'i) sin 1^1 cos 1//1 



; A» {k" - K') K'k k{k'- A*) A {xp{) ) ' 



y. (27) 



Z = 



3Jfz 



* (Ar' - A») 



{tan;/,, A(;/,0-^('/'i)} 



^Equations (27) assume a simpler form in the case of an 
ellipsoid 0/ revolution. Such an ellipsoid may be either oblate 
or prolate. 

In the case of an oblate ellipsoid of revolution a = b, and 
therefore Xi = Xj = X. Hence F{Tf/i) = i^-i - tan"'X, and equa- 
tions (23) and (25) become 



27, + J, = 
whence we obtain 



— - 2A»7- - i' ^ 



^-iH^-rrx^) ^-x^(^-tan-x). 
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and therefore we have 



r= 



amx , , , , j . HMx A 1 \ 

^^^ {^.-8in^.cos^.j = ^{tan-A-j^d. (28) 



2\^(? 



Z=|§{ian^.-^.}=?^^U-tan-^A! 



A^c* 



In the case of a prolate ellipsoid of revolution 6 = c, and 
therefore Xa «= 0. Putting Xi = X, we have, then, 

i7'(^.) = rA = log^^^4^ = logl^ + v/lTX?| = X, 

^^ ' J COS »^ ^ COS t//i * ' * '^' 

where tan (^, = X = sinh x- Hence equations (23) and (25) 
become 

/. + 27, = — i=, X'Z. = ^- ^ 



v/l + X'' ^ ^1 + X»' 

whence ^» = 2A' {^V^l^^-xl. 

and therefore 

^= X?^ JX - tanh xj = ^ (log(X.yi.X') --=j 



•^° 2XV r°*' '^ *^^^ ^ " ^ 



°IS^^^+^'-^°»(^-'^^+^')j'- 



-^=2x5^|siiihxoo8hx-x} 



3Jf2 

2XV 



jxyi + X^-log(X+yi+X')j 



(29) 



The methods employed in this Article are due to 
Mr. F. Purser. 
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Examples. 

1. If X, F, Z be the components of the attraction of a homogeneous ellipsoid 
at an internal point, whose coordinates are - a;, — y, - z, show geometrically 
that 

X T Z ^ 

X y z ^^ 

where o is the density of the ellipsoid. 

If ^1, J?2, and Rz be three parallel chords drawn through the extremities of 
the axes of an ellipsoid, and making with them the angles a, fi, and y, we haye 

J?i cos a J?2 cos iS -Bs cos y _ 

whence — + ^- H = 4iro, 

a c 

from, which equation that given above follows by Art. 21. 

2. If a straight line be drawn from the centre to the surface of a homo- 
geneous ellipsoid, prove that the directions of the resultant attraction at all 
points of the line are parallel. 

3. Prove that the attraction of a homoeoid at a point on its external surface is 
in the direction of the normal, and is expressed by iirpd, where 5 is the thickness 
of the homoeoid at the point. 

By Art. 18, the attraction at a point F inside and infinitely near the internal 
raiface of the homoeoid is zero. As F passes through the homoeoid to the out- 
side, the normal component of attraction is altered by 4ir(r, Art 16, the other 
components remaining unchanged. Hence, outside and infinitely near the 
external surface, the total attraction is in the direction of the normal and is equal 
to 4ir<r, but in this case c = pd, 

4. Show that the attraction of a homoeoid at a point on its external surface 
varies directly as the central perpendicular on the tangent plane at the point. 

If ^ denote the central perpendicular on a tangent plane, a, fi, y its direction 
angles, and a, 6, e the semi-axes of the ellipsoid, we have 

p^ = a^ cos^a + b"^ cos^iB + c* cos^y. 

Hence, if 0, 3, « vary, a, /3, y remaining constant, 

utt do dc 

pdp = ada C0B'a+ b db cos^jS -^-edc cos^= a^cos'a — + ** cos*/3 -r- + tf' cos* y — ; 

d 

but in passing from an ellipsoid to a consecutive similar ellipsoid 

da db dc . da . da 

— =s — - =s — , and therefore i? <^ = jt?* — , whence li = dp=p — ; 

a e a a 

D 
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and if It denote the attraction of the homoeoid at the point of contact of the 

tangent plane, 

da 
It = 4ir/>5 = 4ir/> — p, 

5. A mass of homogeneous fluid, subject to its own attraction, is rotating as 
a rigid body with a uniform angular velocity ; prove that its external surface 
may be an oblate ellipsoid of revolution having its shortest axis coincident with 
the axis of rotation. 

When a fluid is in equilibrium, its free surface must be perpendicular at each 
point to the resultant force. If the fluid be in motion, by D'Alembert's 
Ftmciple (see ** Dynamics," chap, ix.), the acting forces, together with the 
forces of inertia, form a system in equilibrium. In t^be present case, if x, y, z be 
the coordinates of a point on the free surface of the fluid, dx, dy, dz are propor- 
tional to the direction cosines of a tangent at this point ; and if the axis of 
rotation be taken as the axis of z, and w denote the angular velocity, the com- 

Stnents of the acceleration of a particle of fluid at x, y, z are — a/^x and — od^y. 
ence, ii X, T, Z denote the components of the force per unit of mass acting 
at the point x, y, z, we have 

(X-^u^x) £& + (r+ «2y) dy + Zdz = 0. (a) 

This equation can, in general, be satisfied by supposing the free surface to 
be an oblate ellipsoid of revolution whose equation is 

H — ;; = !• 



<J2 (I + \2) • c2 

The attraction components X, T, Zare then of the form —AXf — Ay, and — Cz, 
where A and C are given by equations (28), and the differential equation of the 
ellipsoid is 

xdx + ydy+ (i ■{■ \^) zdz = 0. 

This is identical with the equation to be satisfied at the free surface provided 
that (1 + \^) (A ^a>^) = C. If p, the density of the fluid, and <o^ be given, this 
equation determines A.. Substituting for A and C from (28), remembering ti^at 

4 w^ 

M = -T irp<j3 (I + \^), and putting - — = q, we have 
o * 4irp 

tan *A. = ^z—» 

For a discussion of this equation see Laplacei ''M6canique C^este,*' Livre 

3«* 
in., chap. iii. Laplace uses q to denote --— . 

6. An ellipsoid with three unequal axes, and having its shortest axis as the 
axis of rotation, is a possible form of relative equilibrium for a revolving mass 
of homogeneous fluid. 
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The components of the attraction of an ellipsoid at a point x, y, z on its 
surface are of the form - Ax^ - By, and - Cz. If we substitute these ezpres- 
sions for X, F, ^in (a), Ex. 5, we haye 

{A-w^)xdx+ {B-a>'^)ydy+ Czdz = 0, 
The differential equation of the surface of the ellipsoid is 

xdx ydy , ^ 



1.+ \i« ' 1+ A2» 
and this equation is identical with the former provided that 

C= (I + M*) {A - ««) = (1 + \a^) (J? - «2). 
If we eliminate «^ firom these equations, we haye 

(1 + \i«) (1 + ^2') (-4 - -B) = {\2^ - Ai2) C. 
Substitating for A^ B^ (7 from (15), and putting 

\/(l + \i2f*»)(l + M^u^) = CT, 
we get 

<'^>-)<'*-) (;(iTT75-rTw) ^-(—.1 }; '^"- 

Transposing and reducing, we haye 



(\l2-A2«) ( 

Jc 



era 



= 0. 



If Ai be giyen, one solution of this equation is A3 = Ai, which corresponds to 
an ellipsoid of revolution. If this solution be rejected, and if we put 



(Ai + A2) ( 



1 (1-«^)(1~ Ai^Aa ^ w*) tt« du 



we set that /(A2) is positive when A2 = 0, and negative when A2 = 00 . Hence 




above we find 



* "l + Ai2 l-^-Ki} (^]o (1 + Ai2«2)cr 



wbeaoe it appears that if Ai be assigned, the corresponding value of nfl is real and 
posHare. The above theorem is due to Jacobi. 

7* If the fi^e of a revolving mass of homogeneous fluid in relative equili- 
bsiiim be an eUipsoid, its shortest axis must be tibe axis of rotation. 

D 2 
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A particle of fluid at the extremity of the axis of rotation has no acceleration, 
and therefore the resultant attraction at this point is normal to the surface ; but 
from equations (15) or (27), it is plain that the resultant attraction of an ellipBoid 
is not normal to the surface except at the extremity of an axis. Hence the axis 
of rotation is an axis of the ellipsoid. If it be not the shortest axis, let it be the 
axis of X ; then the equation to be satisfied at the free surface is 

Axdx-\-(B-(o^)ydy f (C-«2)2<fe = 0, 

which must therefore be identical with 

xdx ydy 
+ ■fg<fe = 0: 

1 + \i*H-\2« 

whence (1 + A.i'*) A = C-<o\ 

andtiierefore >^^= C-(l + A^^)^ = - — A.^ j^ j^^ J^,^ ^ ; 

but this, being a negative quantity, is an impossible value for «^. If the axis 
of y were the axis of rotation, we should have, in like manner, 

2 _ _ 3^ 2 f ^ (l-«^)«*^<^« 
*" "" c» ^' Jo (l + Aa^w^T^- 

Hence the only possible axis of rotation is the shortest axis of the ellipsoid. 

8. An approximHtely spherical ellipsoid having three unequal axes is not a 
possible form of equilibrium for a revolving mass of homogeneous fluid. 

If an ellipsoid having unequal axes be approximately spherical, A.i and A2 
must be both small quantities, less than imity ; but /(A2) in £x. 6 is positive 
when A2 = 0, and remains positive so long as Ai^Aa^ < 1. Hence the value of 

Aa for which /(A2) vanishes is greater than — - ; and therefore if Ai be less than 

Ai* 

unity, A2 must be greater than unity for the ellipsoid which is the figure of equi- 

librium. This ellipsoid cannot therefore be approximately spherical. 

The theorem above is proved by Laplace by the use of spherical harmonics. 

9. A prolate ellipsoid of revolution is not a possible form of relative equili- 
brium for a revolving mass of homogeneous fluid. 

If the axis of revolution of the ellipsoid be the axis of rotation, the theorem is 
a particular case of Ex. 7, and is given by Laplace, '* M^canique Celeste,'* Livre 
ni., chap. iii. 

If the axis of rotation be perpendicular to the axis of revolution of the ellip- 
soid, /(Aa) in Ex. 6 should vanish when A2 = ; but this is not the case, and 
therefore under no circumstances can a prolate ellipsoid of revolution be a 
figure of equilibrium. 

10. Prove that the direction of the resultant attraction at any point of the 
surface of a prolate ellipsoid of revolution lies between the normal to the surface 
at the point and the line drawn from it to the centre of the ellipsoid. 

Let a be the angle which the resultant attraction at any point of the sorface 
of a homogeneous prolate ellipsoid of revolution makes with the axis of revolu- 
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tion which is the axis of x. Then x and y being the coordinates of this point 
in the plane of the generating ellipse passing through it, we have, by (29), 

tan o = ^"^ X cosh x - X ^ . 
2(x-tauhx) a?' 

also if I' be the angle which the normal at the same point makes with the axis 
of X, we have 

tani^ = (1 + A*) ?^ = ^ cosh* x- 

X X 

If we compare the expressions for tan a and tan y, we see that v > o, pro- 
vided i^(x) is positive, where 

-^(x) = X (2 cosh'x + 1) - 3 sinh x cosh x« 
Now F{x) = X (2 + cosh 2x) - i sinh 2x, 

and if we substitute for cosh 2x and sinh 2x their expansions in powers of 2x, 
we see that -F{x) is positive when x is positive, and x must be positive, since 
it is the logarithm of a quantity greater than unity. 

Again, tan a > -, provided that sinh x cosh x "" X > 2 (x - ^^ x)« 

X 

This condition is fulfilled if /(x) be positive, where 

/(x) = sinh X cosh* x + 2 sinh x "* ^x cosh x ; 

but here /(x) = J (sinh 3x + 9 sinh x) - 3x cosh x ; 

and expanding in powers of x we see, as before, that/(x) is positive. 

By a similar procedure the same result can be obtained in the case of an 
oblate ellipsoid of revolution. 

11. Find the mutual attraction between the two hemispheres into which a 
homogeneous sphere is divisible by a plane through its centre. 

If the sphere were fluid, it would be in e({uilibi ium under its own attraction ; 
then the fluid pressure p at any point would be given by the equation 

p = pUxdx-\-Tdy-vZdz)-\-C^-p\^-^rdr+C^C-i'irp^r^\ 

but jP B when T=:a the radius of the sphere ; 

.-. i?=|ir/)'(a2-r2). 

Again in this case the entire pressure P perpendicular to a central section of the 
spnere is given by the equation 

.2^ ir2/>*a* 



P=|vp2rf (a^^r^)rdrde = 



3 



Now suppose one hemisphere of the fluid sphere rigidified, it will remain in 
eqnUibiimn under the same external forces as those which acted on it before ; 
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and therefore the mutual attraction F between the hemispheres must he equal 
to P. Hence, liMhe the mass of one hemisphere, we have 

Another method of arriving at this result will be found in Ex, 14. 

12. Prove geometrically that the component, parallel to an axis, of the 
attraction of an ellipsoid ^ at a point P on its surface, is equal to the attraction 
of an ellipsoid JS\ similar to JE and similarly placed, at a point at the extremity 
of the parallel axis, provided this axis be equal to the parallel chord of S drawn 
through P. 

'^ ' Let PZ be the chord of E parallel to an axis of Ey and let C be the extremity 
of the codirectional axis of E\ then, being the centre of the ellipsoids E and 
E'y we have 20C'= PZ. 

Draw any plane through PZ, it meets the ellipsoid j^ in an ellipse whose 
axis is parallel to PZ, and the parallel plane through OC meets the ellipsoid E^ 
in a similar ellipse. Suppose these two ellipses put in one plane and made 
concentric and similarly placed, then the axis of the inner is equal to the parallel 
chord PZ of the outer. 

Draw two chords PR\ and PR2 making equal angles with PZ on opposite 
sides, join PC\ and from the point F where it meets the outer ellipse again 
draw FK parallel to PR\ ; draw also C*T\ and CT2t chords of the inner ellipse, 
parallel to PRi and PR2. Then P'Bf = PR2, and the middle points of P'U', 
CTy and PR\ are in one straight line, and C is the middle point of PF, 
wherefore 

CTi-^C'Ti = 2(TTi = PRi + P'J2'= PKi+ Pi?a 





when Ri and R2 are on opposite sides of PZ; but 

2(TTi = PRi - F^ = PRx - PPa 

when Ri and R2 are on the same side of PZ, Hence, as the attraction of a thin 
cone at its vertex is proportional to its length, the truth of the theorem is 
manifest. 
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13. Show how to represent the attraction of a homogeneous ellipsoid at a 
point P at the extremity of its axis by means of an arc of one of its focal conies 
and the tangent drawn at the extremity of this arc. 

If P be at the end of the shortest 
axis 2e of the ellipsoid, assume a 
point Q on the longest axis such that, 
being the centre, 




and draw through Q a tangent Q^to 
tibe focal ellipse ; then, if i/^ be the 
angle which the perpendicular j9 from 
on QT makes with the axis-major of the ellipse, putting OQ «= {, we have 

I* cos"i|/ = j»2 _ ^2 (^j2 cos*^ + A2^ sin^i/^). 
Substituting for | we have 

\i2 K2^ «2 = (Ai« X2* «* + A2«) %m^ ; 
whence 

Alt* , ,^ e\\M^udu 

If ^ be the extremity of the axis major of the focal ellipse, and if 
QT=i t, aic AT = 8, it is plain, by drawing a consecutive tangent Q'l" whose 
length is ^, that tf — t = bid. !/^e?| +«'-*, whence sin i/^^l = dt — ds. Now if 
Zs be the attraction of the eUipsoid at P, by (14), Art. 21, we have 

where ^ is drawn from a point iT on the axis such that 



y/a^- 



e 



2 



0K=^ b. 

e 

If the point P be at the extremity of the mean axis, assume Q on the greatest 
axis so that 

then, proceeding in a manner similar to that above, we find 

where t is the tangent di'awn from a point K such that 

b "^^ 
a:id B is the corresponding arc of the focal hyperbola. 



tfl 
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The attraction at the extremity of the longest axis can be found from those 
at the extremities of the other two by means ot the relation given in Ex. 1. The 
construction in this example is due to Mac CuUagh. 

14. Find the mutual attraction between the portions into which a homo- 
geneous ellipsoid is divided by a central plane perpendicular to a principal 
axis. 

Let j^i and J?2 be the semi-ellipsoids into which the ellipsoid E is divided 
by the diametral plane. The attraction of £ on £2 is compounded of the 
attractions of Hi on £2, and of £2 on itself, but the latter is zero, being the 
resultant of pairs of equal and opposite forces, and therefore the attraction It of 
JBi on £2 is equal to that of the whole ellipsoid on £2. 

If the diametral plane be perpendicular to the shortest axis of the ellipsoid, 
then, for the corresponding attraction i?3, we have i?3 = Cp ^^ zdxdy dz taken 
through the volume of the semi- ellipsoid, C being given by equations (15). 
If we change the variables by assuming 

f-i ^-5 i = jf 
a k' b le c k' 

we obtain Rz = Cp —r^ \ f rf| d7\ d( 

taken through the volume of the hemisphere whose radius is k ; whence 

where if denotes the mass of the ellipsoid, and Cis given by (16) or (27). 

In like manner, for diametral planes perpendicular to the other two axes of 
the ellipsoid, we have 

Ri= — Aa, B2=—Bb. 

15. Show that the mutual attraction of the two semi-ellipsoids situated on 
opposite sides of a principal plane is equal to the attraction of tl^e entire ellipsoid 
on a particle of half its own mass situated at the centre of inertia of one of the 
semi-ellipsoids. 

16. Show how to determine the attraction of a homogeneous solid of revo- 
lution at any point on its axis. 

If we take the point for origin, the axis of revolution for axis of x, and a 
perpendicular to it for that of j^, and if X denote the required attraction, by (3)^ 
Art. 14, we have 



-'"If'-vi^)!*" 
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17* Determine the form of the homogeneous solid of revolution, of given 
density and mass, whose attraction at a point on the axis of revolution is the 
greatest possible. 
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The axes bein^ taken as in the last example, the mass of the solid is expressed 
by iep^y*dx. Hence 



Jv "v'^+yV 



dx-\- ajy^dx 



is to be made a maximum, where a is constant. 

Taking the variation of the quantity under the integral sign, and equating 
to zero the coefficient in it of 8y, we get 

ay + ^^—3 = 0, 

whence, putting a = — ^, we obtain for the equation of the curve which gene- 
rates the required solid 

, - cos e 1 

a^x = r8, or — r- = -«. 

This curve passes through the origin and cuts the axis of x there at right 
angles. 

A curve whose equation is — — = C, where (7 is constant, obviously poss;esses 

the property that an element of mass, wherever it is placed on this curve, pro- 
duces at the origin the same component of attraction parallel to the axis of x. 
By varying and keeping r constant, we see that, as C' increases, the corresponding 
curve approaches the axis. Hence, if an element of mass be moved from one 
of these curves to another lying inside the former, the attraction component duo 
to this element is increased. It is now easy to verify the result obtained 
already by the Calculus of Variations ; for if the generating curve A of the 
surface bounding a solid M having the required mass be not a curve of the above 
form, describe a curve B of this form, such that the corresponding solid has the 
mass required; then, if the mass in that part of A lying outside B be moved 
into the space inside B not enclosed by A^ the attraction component of if is 
increased, and is therefore a maximum when A coincides with B, 

18. An uniplanar mass m, acting inversely as the distance, is placed at a point 
on the circumference of a circle whose centre is 0, and which passes through a 
point P; show that the force which m exerts at P in the direction FO is tho 
same wherever m be situated. 

19. A given amoimt of uniplanar mass is homogeneously distributed so as to 
produce the ^eatest possible attraction at at a given point F; the density of 
the distribution being assigned, find the form of the curve by which it is 
bounded. Ans. A circle passing through F, 

20. Deduce equation (25), Art. 24, by direct integration from the values 
of Ii and I2 given by (15), Art. 21. 

By (16) we have 

Ar M = I i 

Jo (I 4.X^2U^^ 



Jo(l+Xl2««)* (1+ X2*««)* 

= - j - — ^-rr ^ (1 + M'«*)"^ 



u 

(1 + Xa* ««)* 
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-^ f^ Xt^u'^du fi du 

" (l+Ai*)* (1 + X2*)*"" Jo (1+Xi2w*)*(l + M*w2)^ "*"Jo (l+Xi2w2)*(l+A2V)* 

whence (25) follows by transposition. 

21. Find from equations (16) by direct integration the components of the 
attraction of an oblate ellipsoid of revolution at a point on its surface. 

„ ^ 33f fi u^du 

Here j:=— r-a; l 5—5^' 

<^ Jo (1 + ^* t*^Y 

Putting xw = tan if/, we have 

_ 3Jfa; ftan^if/sec^if/rfif/ ZMx [ ,., . ^.. ZMx . , . , ,, 

^ = 1^\ sec^/ = KM 1 W-<^°«Vrf« = ,-^(^i-sm4.icoB4.i), 

where tan 4^1 = A* Again, 

„ ZMz fi w^rfw 3if2 f^ - ^. BJIfz ^^ . 
^=-3- -. rT^ = -T-, tan* 4/^4/ = — -tan 4^1- t^i). 

22. Find from equations (15) by direct integration the components of the 
attraction of a prolate ellipsoid of revolution at a point on its surface. 

In this case X = — r- I , 

^ Jo(i+a2w2)3 



■ ^BifyfV 



w^ifw 



^ Jo(1 + a2w2)* 
Putting Am = sinh x» we have 

_ Sifa; f sinh'x coshx<^x. 
A^c' J cosh^x 

ZMy f sinh'x cosh x <?x 
"" A* (J^ J cosh X 

= 25^ j («08h 2x dx - rfx) = 25^ (^"^ Xi cosh xi - Xi)> 
where sinh xi = ^* 
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CHAPTER III. 

LINES OF FORCE. 

25. Field of Force. — A region of space considered in 
reference to the action of attracting or repelling masses is 
called Afield of force. 

If a curve be drawn in a field such that the tangent at 
each point is oo-directional with the resultant force at that 
point, the curve is called a line offeree. 

If a?, y, js denote the coordinates of a point in the field, 
and X, JT, Z the components of the resultant force at that 
point, the diflEerential equations of a line of force are plainly 

dx dp dz /,v 

So long as a line of force does not pass through mass it 
is continuous. In the case of a volume distribution, the 
resultant force is always continuous both in magnitude and 
direction ; butX, F, Z are not, in general, the same functions 
of the coordinates inside and outside the acting mass. We 
have seen (Art. 13) that this is so in the case of a homo- M^/(j 
geneous sphere. The equations of a line of force in gene- 
ral, therefore, become different when the line passes from 
space occupied by mass into that which is unoccupied, but the 
two curves have a common tangent at the boundary of the 



In the case of a sphere, it happens that the lines of force 
both inside and outside the sphere are straight, and so in 
this case the one curve is the continuation of the other. 

When a field of force is due partly or entirely to a surface 
distribution, the resultant force is discontinuous at the surface, 
and therefore in passing through the surface the line of 
force either stops altogether or changes its direction abruptly. 
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A line of force at no point of which the resultant force 
vanishes, cannot be a closed curve, if the force be due to per- 
manent attracting or repelling masses. 

For if it wore, an element of mass placed on the curve 
would be driven round and round continually, and so an 
unlimited amount of work could be produced without the 
consumption of materials or using up of energy, which is 
impossible. 

"26. Cranss' Tbeorem. — For any system of mass, attract- 
ing or repelling with a force varying inversely as the square 
of the distance, if N be the component of the resultant force 
along the outward drawn normal to a closed surface /S, the 
integral J NdS taken over the entire surface is equal to 
47r-3f + 27rJf ', where M is the sum of the masses inside, 
and M^ the sum of those on the surface, and those masses 
which attract are regarded as negative. 

To prove this, let us consider the force due to the mass m 
concentrated at any point 0. If be outside /S, and if r be 
any radius vector drawn from which penetrates inside the 
surface, it must pass out again, and corresponding to every 
entrance there is an exit. 

If we now suppose a 
cone of infinitely small solid 
angle du) to have for its 
vertex and r for its axis, the 
element of surface which it 

intercepts is r, where J/ is the acute angle between r and the 

cos;// 

normal to the surface element dS, Since NiQ the component 

along the normal drawn outwards, and the force exerted by m 

is supposed repulsive, Ni the normal component of the force 

fix 
due to m at an entrance is r cos yLi. whence NidSi = - mdtjj ; 

again ^^^2 the normal component at an exit is — cos ^2, and 

therefore N2d82 = mdio^ whence NidSi + If2dS2 = 0. As 
the number of entrances is equal to the number of exits, the 
total contribution to the surface integral j NdS due to the 
cone having the line r for its axis is zero. A similar result 
holds good for any other radius vector from 0, and also 
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for every element of mass outside 8, and therefore the part of 
the integral fNdS due to mass outside 8 is zero. 

If be inside 8, any radius vector r from it must pass 
once out of the surface 8 without a corresponding entrance, 
and if r enters 8 there must for each entrance be a corre- 
sponding exit ; hence the whole contribution to the surface 
integral jNd8 due to the cone having r for axis is mdu). In 
order to get the whole portion of 

the surface integral due to m, we — t^^v^T"^ 

must integrate dto all round 0. { ^^ jvTj o j 
In this manner we obtain 47rm. v_3^ I J 

A similar result holds good for Xs^__^^^ 

every other element of mass in- 
side 8. If be on the surface S, all radii vectores from it 
on one side of the tangent plane pass out of 8 once without 
any corresponding entrance. Any radius vector from on 
the other side of the tangent plane either does not meet 8 at 
all or else accomplishes as many exits as entrances. Hence 
in this case the entire contribution of the mass m at to the 
surface integral is jmdw taken over a hemisphere, that is 

Finally, if we add together all the parts of the integral 
due to the various elements of mass, we obtain 

f NdS = 4TrM + 2TrM\ (2) 

The number of entrances and exits of any one radius 
vector which meets the surface 8 depends on the form of this 
surface. 

If the closed surface 8 contain two adjacent regions 
separated by a single sheet, this sheet must be counted twice 
over, once as a boimdary 
to each region, or, which 
oomes to the same thing, 
not counted at all. As 
an example of a surface 
such as has been described, 
we may take a sphere and 
the portion of another 
sphere terminated by the 
oorve of intersection of the two. In this case as r p 





46 Lines of Force. 

out of the complete sphere it may enter the region enclosed 
between the two spheres. The part of the complete sphere 
which forms the boundary between the two regions is then 
to bo counted twice over in the estimation of the integral, 
and in passing through this surface r accomplishes both an 
ezit'and an entrance. 

27. Equl -potential Surfaces. — When the acting mass 
is all within a finite distance of the origin, its potential at 
any point P may be defined as the work done against the 
forces of the system in bringing a unit of mass /x from an 

infinite distance to the point P, the position of the masses to 

which the field of force is due being supposed to be invariable. 

Since in any displacement of /t perpendicular to a line of 

force no work is done, the potential must be the same at all 

e lints of a surface cutting the lines of force orthogonally, 
enoo such a surface is called an equi-potential surface, 

28. Tubes of Force, Solenoids. — If through every 
)>oint of a dosed curve on an equipotential surface a line 
of force be drawn, and these lines produced to meet another 
oquiiwtential surface, we obtain a tube of force. 

IH an infinite^ smaii tube of force having no mass inside it 
ik^ piViiucf of the resuitaiU force and orthogonal section of the 
tube M coHstimt. 

For let 2^1 and St be orthogonal sections of the tube, and 
Hx and Ht the values of the resultant 
fierce at the«se sections* The portion 
of the tube intercepted between the 
emotions Si and S^ forms with them 
a dosed surface for which j -Vlr 5 = 0» 
but at each point of the surface made up of the lines of 
force JN" « 0« and at the termination 2i wiiich is peipen* 
dieulor to the lines of foKe 3" = - ifi, whilst sfc 2i the nanhal 
e<auiXMient «V « /it, whence 

sttd tlMmfioi^ i?.Si ^ jRtS> (3) 




THieji the getcvDieliicil form of s tube of foree is knovzu 
ei^iOBitioQ (S^ «ablte$ us to detennine the inteusity of the 
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resultant force at any assigned point of a line of force when 
the intensity at one given point is known. 

-5^ a tube of force pass through mass the product 0/ the 
resultant force and orthogonal section is increased by ^irMy where 
M is the total amount of mass tchich the tube contains. 

For in this case 

iJaSa - JKiSi = SNdS = 47r-¥, 
whence iZzSa = iZiSi + inM. (4) 

When a vector quantity, that is, a quantity which has 
direction as well as magnitude, varies throughout a certain 
region of space in such a way that J N'dS taken over any 
dosed surface 8 drawn in the region is zero, If being the 
component of the vector normal to the surface, this vector 
quantity is said to have a solenoidal distribution. 

From what is said above it appears that the resultant 
force due to attractive or repulsive mass has, in unoccupied 
space, such a distribution. Tubes of force are accordingly 
sometimes called solenoids. 

29. Dlscontlnaons Change of Resultant Foree at 
Sarfkce on iivhleb tbere Is Finite Mass. — We have 
seen already, Art. 16, that when a point P passes through a 
sur&ce 8 on which there is a distribution of finite mass, the 
force component normal to the surface at P changes dis- 
oontinuously by the amount 47r<r, where a is the surface 
density. The truth of this theorem, which is one of great im- 
portance, follows readily from the properties of tubes of force. 

For, draw a tube of force containing the element d8y let 
^1 and \p% be the angles which its 
direotions on each side of dS make 
with the normal to the element, 
2i and Ss its corresponding ortho- 
gonal sections infinitely near dS, 
and Oi and Q2 the volumes of the 
portions of the tube included between 
d8 and 2i and 22, respectively. Then, by equation (4), 

jRaSa = jBi 2i + 47r [piQi + P2Q2 + crdS] , 

where pi and p2 are the densities of the volume distributions 
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<jlose to dS. Now Si = d8 cos;//i, ^^^dS cos;//2, and Qi and 
Q2 are infinitely small quantities of an order higher than dSy 
and therefore 

jBg cos ;//2 = i^i COS xjji + 47r<r. (5) 

Hence, when P passes perpendicularly through the 
surface, the normal component of the resultant force in the 
•direction in which P moves is increased by 47r<r. 

If we imagine a small closed circuit consisting of elements 
of lines on opposite sides of 8 parallel to and infinitely near 
a tangent, and of two consecutive normals, and if we suppose 
an element of mass to move round this circuit, no work is 
done in this displacement by the forces of the system since 
the circuit is closed. But the work done in one normal dis- 
placement is equal and opposite to that done in the other, 
hence the work done in one tangential displacement is equal 
and opposite to that done in the other, and therefore a 
tangential component of the resultant force cannot change by 
any finite amount in passing from one side of the surface to 
the other. 

We can now write down the equations which hold good, 
at any point P of a surface on which there is a distribution 
of mass, between Zi, Fi, Zi, the components parallel to the 
coordinate axes of the resultant force on one side of the 
surface, and Z^2, ¥2, Z^^ the components on the other side. 
For, let /, m^ n denote the direction cosines of the normal, and 
A, /u, V those of any tangent to the surface at the point P, 
then, by what has been proved above, we have 

I (Z2 -- Xi) + m (F2 - Fi) +n (Z2 - Zi) = 47rcr, (6) 
X (X2 - ZO + M ( F2 - FO + V (Z2 - Z,) = 0. (7) 

30. C21ectiic Conductors and IVon-Condnctors. — 

In reference to electric phenomena, bodies are usually divided 
into conductors and non-conductors. The observed properties 
of the former, so far as we are concerned with them, may be 
explained by two hypotheses : — 1. All bodies contain inde- 
finite but equal amounts of the two kinds of electric mass 
which an electric force tends to separate and drive in opposite 
directions. 2. In a conductor, electric mass moves freely in 
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any direction in which it is urged by the electric forces of the 
field, but if the conductor be insulated, that is, surrounded 
by non-conductors, no electric mass can leave the conductor;. 

As a consequence of these hypotheses, we see that there 
can be no force at any point in the substance of a conductor 
in electric equilibrium, for if there were such a force at any 
point P, the two kinds of electricity at P would be separated 
and would move in opposite directions. 

Again, at a bounding surface of a conductor in electric 
equilibrium, the resultant force must be normal to the surface, 
for otherwise there would be motion of electric mass along 
the surface. 

Hence, when an insulated conductor is brought into a 
field of electric force, a separation of electric mass takes 
place in its substance, and this separated mass is distributed 
in such a way as to modify the field of force so that at each 
point in the substance of the conductor the resultant force 
is zero, and that at each point on the bounding surface the 
resultant force is normal to the surface. 

From this last result it follows that the surface of a con- 
ductor in electric equilibrium is an equi-potential surface of the 
then existing electric field. 

Also, if a be the density of the surface distribution at any 
point, since the resultant force inside the surface of the con- 
ductor is zero, by Art. 29 the resultant force infinitely near 
the surface outside is expressed by 47ra. 

The action of electrified bodies in producing a separation 
and redistribution of electric mass in other bodies from which 
they are separated by a non-conducting medium is called 
electric induction. Faraday discovered that this action is 
dependent on the nature of the intervening medium. 

In the case of homogeneous isotropic media and for the 
standard medium, in which the unit force is that between 
unit masses at the unit distance, results obtained from the 
theory of direct action at a distance according to the prin- 
ciples given above hold good experimentally. For other 
homogeneous isotropic media, the force between unit masses 
at the unit distance is not the imit force> but is for each 
medium a fixed constant, whose reciprocal is called the 
specific inductive capacity of the medium. To obtain results 

£ 
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experimentally correct we have then to multiply each force, 
when expressed as a function of masses and distances, by 
the constant belonging to the medium. 

The true theory for anisotropic media, that is, media 
having different properties in different directions, is compli- 
cated and not fully known. See Clerk Maxwell, " Electricity 
and Magnetism," Part i., Chap, iv.. Article 101 a. 

In the present treatise when we have to deal with electric 
induction we shall suppose, except the contrary be expressly 
stated, that the non-conducting medium is the standard 
isotropic homogeneous medium. 

It is easy to show by Gauss' theorem, Art. 26, that there 
can he no free electric mass at any point of a conductor in electric 
equilibrium except the point he situated on one of its hounding 
surfaces. 

For, let P be a point in the conductor, describe in its 
substance a closed surface Si surrounding P, then jNdSi = 0, 
since N is zero at each point of 8i ; also there cannot be a 
distribution having a finite surface density on Si itself be- 
cause If is zero both inside and outside 8i ; therefore the total 
mass inside 8i is zero, and as Si may be made as small as we 
please, it follows that there is no mass at P. 

31. Tubes of Induction. — A tube of force is positive 
when its direction coincides with that of the resultant force 
of the field acting on positive mass. 

When the field of force is due to the presence of a 
number of charged conductors in electric equilibrium, there 
is no force in the substance of any one A of these conductors ; 
but if there be a positive charge on any element dS of its 
surface, a positive tube of force T, in which jRd^ = ^iradSy 
starts from this element. 

It is possible for the resultant force to vanish at a point 
or line in unoccupied space. Such a point or line is a point 
or line of equilibrium. 

It may happen that some of the lines of force bounding 
the tube T pass through points of equilibrium ; but since 
/ Rd^ is constant, there must be a continuous portion of this 
tube for which R does not vanish. Similar reasoning applies 
to this portion in its subsequent course, and we may ooi 
that T cannot terminate in unoccupied spaoe. 
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must be some lines of force inside the tube Tior which It does 
not change its sign so long as T does not pass through mass. 
We can now see that T cannot return to the conductor A ; 
for if it did, a line of force L inside T, on which -B does not 
change its sign, would meet the conductor A in points Q and 
Q^; and the circuit partly composed of L would be completed 
by the line Q'Q on the conductor, in a displacement along 
which no work would be done on an element of mass by the 
forces of the system. Hence the forces of the system would 
do work in the displacement of an element of mass round a 
complete circuit which is impossible. 

From Art. 25 it appears that a tube of force cannot be p jL\ 
a closed tube returning into itself. On the whole, therefore, A ' 
we may conclude that a positive tube of force starts from a 
conductor on which the charge on the portion of surface 
enclosed by the tube is positive, and either goes on to infinity 
or ends on a conductor on which the charge on the corre- 
sponding portion of surface is negative, the two charges 
being equal in magnitude. 

The leading property of tubes of force in reference to 
electrical science is the numerical equality of the charges on 
the portions of the conductors by which they are terminated. 

Tubes or solenoids along which this equality is propagated 
through an insulating medium are termed tubes of induction. 

It must be remembered that the identification of tubes of 
force with tubes of induction in the manner effected above 
holds good only under the limitations laid down in the pre- 
ceding Article. 

In reference to electric phenomena it would seem that 
the existence of tubes of induction is the primary fact. This 
was recognized by Clerk Maxwell who indicated a method of 
basing on them the explanation of the observed phenomena 
of electricity. 

Another mode of doing this has been developed by Pro- 
fessor J. J. Thomson. These investigations do not come 
within the scope of the present treatise. 

In accordance with the theory adopted in this Article, the 
unUtube of induction may be defined as that in which J Rd^ 

mot an equipotential surface enclosed by 
rge JS on a oon.d\LQ.\,cst xsx^ ^^^ 
2 
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indicated by the number of positive unit tubes of induction 
starting from its surface, that is, by the excess of the number 
of positive above that of negative tubes. If n be this number, 
"we have n = 4nE. If the unit tube were defined as that 
which encloses on the surface of the conductor from which it 
starts a portion having the unit charge, we should have n^E. 
Glerk Maxwell sometimes uses one of the definitions given 
above, and sometimes the other (" Electricity and Magnet- 
ism," Part I., Arts. 22, 82, 89 c) . The latter definition is that 
which is adopted by Professor J. J. Thomson. The tubes 
which have been called above tubes of induction are by him 
termed Faraday tubes. 

In the case of tubes of magnetic induction, the definition 
of the unit tube adopted by Professor J. J. Thomson as 
well as by others is the first of the definitions given above. 

32. Induction over a Surface. — If c be the angle 
between the normal drawn outwards at any point of a sur- 
face 8 and the resultant force R at that point, the integral 
/ jB cos £ dS taken over S is called the induction over the surface. 
It is plain that if N be the force component normal to the 
surface, JK cos e = N; and we conclude, from Art. 26, that in 
unoccupied space the induction over a closed surface, having 
no mass in its interior, is zero. 

Again, the induction / over a surface 8 bounded by a 
closed curve s depends only on the curve. 

To prove this, suppose any other surface 8^ bounded by «, 
then the induction over the closed surface composed of 8 
and 8^ is zero ; that is, when the sides of 8 and 8^ next s are 
both regarded as interior, we have / = F. 

If the field of force result from the joint action of several 
force systems, the induction / over any surface 8 is the sum 
of the inductions /i, Js, &c., due to these systems taken sepa- 
rately. This is obvious since N = Ifi-\- N2 + &c. 

If .there be any two surfaces in unoccupied space, the 
intervening region being devoid of mass, and if the portions 
of these surfaces enclosed by the same tube of force, finite or 
otherwise, be denoted by 81 and 82, the induction over 81 is 
equal to that over 82. Hence we conclude that if two closed 
curves Si and Si lie on the same line-of- force surface the value 
of the induction for the one is the same as for the other. 
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33. Field of Force Syminetrical round an Axis. — 

When all the forces lie in planes passing through a common 
axis OZy and in any two of these planes are equal respec- 
tively, and disposed in the same manner, the whole system is 
one of revolution round OZ, 

In this case, points on the same line of force in their revo- 
lution trace out circles for which the inductions are equal. 

Conversely if there be two points Qi and Q2 lyin^ in the 
same plane through OZ^ and if the induction for the circle 
traced by the revolution of Qi be equal to that for the circle 
traced by Q2, then Qi and Q2 must lie on the same line of 
force. For if not, draw in the plane OQ1Q2 the equipotential 
curve passing through Q2> and let it meet the line of force 
through Qi in Q\y then the induction over the portion of the 
equipotential surface lying between the circles traced by Qa 
and Q'2 must be zero, which is impossible except there be a 
point of equilibrium between Q2 and 0^3 ; therefore, in gene- 
ral, Q2 and Q'2 are on the same line of force. 

34. Oraphic Representation of lilnes of Force. — 
If the field of force be such as would be produced by a finite 
number of masses situated on the axis of revolution, it is 
always possible to obtain any number of points for which 
the value of the corresponding induction, as explained in 
Art. 33, is known. 

Let ^ be a centre of force on the axis of revolution OZ 
at which the mass is m\ then the lines of force for m\ con- 
sidered alone, are straight, and the tubes of force are cones 
having A as vertex. Draw through -4 in a plane containing 
OZ^ a straight line APi making with AZ an angle O'l such 
that 27rm' (1 - cos ffi) = /, and draw AP2, AP^, &c., making 
angles d\, 0\, &c., with AZ such that 

1 - cos ffi = cos d\ - cos 0\ = cos 0\ - cos O's = &c. ; 
then since 



^0\ r2n ^' 



and 



a^ sin eWd(l> = 2irm' (1 - cos 0'i), 



a" 



J, 

sin ffdO'dip = 27r (cos O'l - cos O'a), 
the induction is i for each cone of revolution whose inner 
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and outer boundaries are generated by suooessive lines drawn 
as above. Hence, if i'l, I\^ &c. be the inductions due to i»' 
for circles traced by the revolution of points on -4Pi, AP%^ 
&o., we have 

/'i = iy I\ = 2e, . . . . /'„' = n'%. 

In like manner for a mass m'^ situated at a point B on 
the axis we have 

r'i= t, J^= 2e, .... rn"^n\ 

where /"i, &c. correspond to points on lines jBQi, &c. drawn 
through B such that 

27rw'' (1 - cos r i) =iy 1 - cos ff\ = cos ff\ - cos ff\ = Ac. 

If now tlie field of force be due to the joint action of w' 
and mf\ and we take the point R in which the straight line 
APn* intersects the straight Une BQn\ for the induction / 
corresponding to -R, we have 

and if the numbers n^ and w" vary, but so that w'+ w'' = con- 
stant = w, we obtain a set of points for which the correspond- 
ing induction is ni, A curve passing through these points is 
a line of force for the joint action of the two masses w/ and 
m". The points of intersection of these lines of force with 
the straight lines bounding the tubes of equal induction for 
a third mass, determine in a similar manner points for which 
the corresponding inductions are equal in the case of the joint 
action of three masses. Thus a line of force can be drawn 
for this case, and it is plain that the method can be extended 
to the case of any number of masses situated on the axis of 
revolution. 

This mode of obtaining a graphic representation of the 
lines of force is given by Clerk Maxwell, " Electricity and 
Magnetism," Part i., Chapter vii. 

35. Force acting on Element of Surface of 
charged Conductor. — When a conductor is charged with 
electricity in equilibrium, the electricity in each element of 
its surface is, in general, acted on by a force normal to the 
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element ; and as the electricity cannot leave the element, the 
same force tends to move the element itself relatively to the 
rest of the surface, and produces stresses if this motion be 
prevented by the cohesion of the material of the conductor. 
The electric force just outside the element dS is 47r<r, and 
inside the surface, in the substance of the conductor, is zero. 
To determine the force J which would act on an element 
of surface dS if it contained a unit of electric mass, imagine 
a surface Si described in the substance of the conductor, 
inside and close to S. Since, by Article 30, the resultant 
force at each point of this surface is zero, jNdSi = 0; 
and therefore, by Art. 26, since there is no mass on /Si, the 
total mass inside it must be zero. Now imagine another 
surface S2 coinciding with Si except at the element dS where 
it coincides with S ; then J iVb^/Sa = ^ttM + 27rif' ; but by what 
precedes Jf = 0, and Jf' = adS ; also, N' is zero everywhere 
on S2 except in the element dS, where it is the same as J; we 
have therefore JdS = 27ra dSy that is, J = 27r(T. The force J 
is the force per unit of electric mass acting in the element. 
To get the mechanical force FdS tending to move the element, 
or producing stress in the material of the conductor, we must 
multiply J by the electric mass in the element, that is, by 
adS. Hence we obtain 

FdS = 27ra^dS=PdSy 

OTT 

where jB is the resultant force just outside the element ; whence 
-F, the mechanical force acting on the unit of area of the 
surface of the conductor, is given by the equation 

The value of J can be obtained in another way by con- 
sidering the normal force immediately inside and immediately 
outside dS, The total normal force immediately outside dS 
is made up of two parts, one due to the distribution on dS 
itself, which may be denoted by iV"i, and one due to the 
electricity on the rest of the conductor, which may be denoted 
by ^2' Inside dS the corresponding normal forces may be 
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denoted by -flTi and N\ ; then N\ + iVa = 0, and by (6), 
Art. 29, i^i + iVa = 47ra ; but N% and N\ can differ only by an 
infinitely small quantity ; also i^'i = - i^i ; hence N2 = Ni 
- 27r<T. Again, the total resultant force which the electricity 
on the element dS exerts on itself must be zero, and therefore 

l^aA</^ 33* Pnip l apar Distributioii. — In the case of a 
ft uniplanar" distribution, the force varying inversely as the 
distance, the results of the preceding Articles hold good with 
^ some slight modifications. 

In this case curves take the place of surfaces, and solid 
angles are replaced by plane angles, so that 27r expresses the 
total angle round a point. 

Thus Gauss' Theorem, Art. 26, becomes 

!Nd8 = 2irM+7rM\ (9) 

Instead of equation (4) we have 

JBa^a = Ridi + 2irM, (10) 

where di and dz are orthogonal diameters of an infinitely 
small uniplanar tube of force. 
For (5) we must substitute 

JR2 cos xpi = El cos xpi + 27ri;, (11) 

where v is the uniplanar line density on the curve 8, Hence, 
when P passes perpendicularly through the curve s, the 
normal component of the resultant force at P in the direction 
in which P moves is increased by 27ru. Equations (6) and 
(7) become 

/(Z,-J:,) + m(r3-Fi) = 27ri;, X (Za-XiU/u (Fa-Fi) =0. 

(12) 
To see tliat these equations are consistent with those for 
cylindrical distributions in three dimensions, the force vary- 
ing inversely as the square of the distance, we must remember 
that, in a uniplanar, distribution, the mass contained in an 
element of area is double the mass in the cylinder of unit 
height standing on this area in the corresponding" cylindrical 
distribution, but that the resultant force R acting on the 
unit of mass is the same for tlie two distributions. 
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We see now that, in a uniplanar distribution, the force 
acting on the mass contained in an element of area is double 
the force acting on the mass in the corresponding element of 
volume in the cylindrical distribution. A similar result 
holds good for an element of a curve and the corresponding 
element of the surface of a cylinder. Thus instead of 
equation (8) we have in the case of a imiplanar distribution 

F . |, (18) 

where F is the force per unit of length acting on a charged 
curve. 

As a uniplanar distribution is merely a mathematical 
artifice, (13) must be transformed into (8) in order to have a 
physical meaning. 

For a uniplanar distribution, tubes of equal induction due 
to a single mass situated at a point A are sectors of a circle 
having equal angles with A as centre. Hence the method 
given in Art. 34 for drawing lines of force due to the joint 
action of any number of isolated masses, is readily applicable 
to a uniplanar distribution, the equations given in that Article 
for determining the tubes of equal induction being replaced 

mTi = i, 0% = 20'i, 0^3 = 30'i, &c. 

37. Equality of Total mass in Equivalent Distri- 
butions. — If two different distributions of mass produce the 
same normal force at every point of a closed surface 8 sur- 
rounding both, the integral jNdSis the same for one dis- 
tribution as for the other, and therefore. Art. 26, Mi = il/2, 
where Mi is the total mass in the first distribution, and Jfa 
the total mass in the second. 

Again, if the resultant force at each point of 8 be the 
same for the two distributions. If must be the same, and 
therefore as before Mi = Mi. 

If the resultant force for the two distributions be the 
same at all points outside S, it must be the same at each point 
of 8y and therefore we conclude that — 

If two distributions produce the same resultant force at 
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every point of spaoe external to a closed surface 8 surround- 
ing both, the total mass in the one distribution must be 
equal to the total mass in the other. 

If a curve be substituted for a surface, it is obvious that 
the results of this Article hold good for a uniplanar distri- 
bution in which the force varies inversely as the distance. 

38. €eiitrobaric Distribution. — If a distribution of 
mass M be such that its resultant force in external space 
always passes through the same point 0, the distribution is 
said to be centrobaric, and the point is called the baric 
centre. 

When a distribution is centrobaric, the resultant force at 
any point P in external space is the same as if the entire 
mass M were concentrated at the baric centre 0. 

To prove this, since the lines of force are straight lines 
passing through 0, a tube of force must be a cone having its 
vertex at ; then if du) denote the solid angle of this cone, 
S its section, and Mi the resultant force at a point P whose 
distance from is r, we have, by Art. 28, along this tube 

JRi r"^ dw = jBiS = constant = niidw. whence i2i = — r ; 

and in like manner the resultant force Rn at any point on a 
line Ln of force is given by the equation 

Now suppose two points P and Q at the same distance r 

from 0, at which the forces are —r and —r; take on OP and 

OQ points P' and Q' such that PP' = QQ', and connect 
PQ and P^Q' by arcs of circles having as centre; then 
the work done by the forces of the field on an element of 
mass in moving round the closed circuit PQQfP^P is zero; 
but along the circular arcs there is no work done, as they are 
perpendicular to the lines of force. Hence, in going from 

r to /y the work done by the force -j is equal to the work 
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AM 

done by the force -^, and therefore mi = ^2: in general, there- 

fore, jB = ~ ; but this is the expression for the force produced 

by a mass m placed at ; hence, by Art. 37, we have m = Mj 
and the theorem is proved. 

If there be an unoccupied region @ of space in the in- 
terior of a distribution of mass M which is centrobaric for 
this region, in which the baric centre is situated, so that 
a closed surface S can be drawn round having no mass in 
its interior ; then at every point of @ the resultant force is 
zero. 

For by a mode of procedure similar to that employed 

above, it can be shown that, at any point of the unoccupied 

region whose distance from is r, the resultant force is 
AM 

— . Hence for the surface 8, by Art. 26, we have 

but again, since there is no mass inside 8, we must have 

/ Nd8 = ; whence m - 0; 

and therefore at every point of the unoccupied region the 
resultant force is zero. 

In a centrobaric distribution due to mass within a finite 
distance from the origin^ the baric centre must coincide with 
the centre of mass. This follows from the consideration that, 
at a point at infinity, the forces due to the various mass 
elements act in parallel lines, and are proportional to the 
corresponding masses. Hence their resultant passes through 
the centre of mass; and therefore this point must be the 
intersection of two such resultants, and consequently must 
coincide with the baric centre. 

The theorems relating to the baric centre which have been 
established above may be proved in a similar manner for a 
centrobaric distribution of uniplanar mass for which each 
element of force varies inversely as the distance. 
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Examples. 

1. Determine the lines of force and the equipotential surfaces in the interior 
of a homogeneous ellipsoid. 

The differentia] equations of a line of force are 

dx dy dz 
Ax By Cz* 

where A, B^ Care the same as in (15), Art. 21. 
Integrating these equations we have 



5* = Kvc^ = Xay* 



where K\ and JTa are arbitrary constants. 

The differential equation of an equipotential surface is 

Ax dx + Bydy + Cz dz = 0, 
which integrated becomes 

Ax:^ + By^ + Cz^ = K, 

where iT is an arbitrary constant. 

2. The attraction of a homogeneous spherical shell at an internal point is 
zero, and at an external point is the same as if its entire mass were concen- 
trated at its centre. 

It is obvious from symmetry that the shell is centrobaric both for an internal 
and an external point, the baric centre being the centre of the sphere. Hence 
by Art. 38 we obtain the above results. 

3. If the resultant force in unoccupied space be uniform in direction it must 
be uniform in magnitude. 

In this case the lines of force are parallel straight lines ; a tube of force is 
therefore a cylinder whose section is constant. 

Hence by Art. 28 the force is constant along any one line of force ; and by 
a method similar to that employed in Art. 38, we can show that the force does 
not vary in going from one line of force to another. 

In this case the equipotential surfaces are planes. 

4. A hollow closed conductor is charged with electricity in equilibrium. If 
there be no mass in the interior hollow, show that at every point in it the 
resultant force is zero, and that there is no charge at any point on the inner 
surface of the conductor. 

Since the interior hollow @ is unoccupied, no tube of force can begin or end 
there ; and therefore, since a tube of force cannot be a closed curve, if there be 
a tube of force in @, it must begin and end on the interior surface of the con- 
ductor, which by Art. 31 is impossible. 

Again, since there is no force on either side of the interior surface of the 
conductor, by Art. 29 there can be no charge. 
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5. Show that the electricity on a charged insulated ellipsoidal conductor is in 
«quilihrium when it is so distributed that its density at each point of the ex- 
ternal surface of the ellipsoid is proportional to the normal thickness of the 
coincident homoeoid. 

If the electricity be distributed in this manner, by Art. 18 the force at a 
point in the substance of the conductor is zero ; and therefore, by Art. 29, 
at the external surface, the resultant force is in the direction of the normal. 
The conditions for electric equilibrium are therefore. Art. 30, fulfilled. 

6. In Ex. 5 prove that cr the electric density at any point Q of the surface 
of the conductor, R the resultant force at a point outside the surface and 
infinitely near Q, and F the force per unit of area acting in the surface of 
the conductor at Q, are given by the equations 

Ep Ep I E^p^ 

<r = 1 r-% -ft = •■;"» -r=-— 



^itabc ahc* 8ir a* d* c** 

where E is the total charge on the conductor, a, b, c its semi-axes, and p the 
perpendicular from its centre on the tangent plane at Q. 

By Ex. 4, Art. 24, we have (r = KPy where k is constant, but J ffdS^ E, and 
jpdS=4vabc ; hence we obtain o", and the expressions for M and jP follow from 
Arts. 29 and 35. 

From the expressions for cr, B, and F, it follows that these quantities become 
very large at points near the exti*emities of an elongated ellipsoidal conductor 
for which b and c are very small compared with a, 

7. Determine the distribution of electricity on an ellipsoidal conductor when 
one axis becomes evanescent. 

If p be the central perpendicular on the tangent plane at the point a?, y, z on 
the surface, we have, in general, 
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It is plain that the ellipsoid is transformed into an elliptic plate whose thick- 
ness at the edge is an infinitely small quantity of the second order. The density 
at the edge is infinite, but on that part of the surface of the plate where the 
density is infinite the total mass is infinitely small. 
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In fact, at a point on the ellipse whose semi-axes are ya and yb, we have 

and therefore 

<r = ' 



4»a* Vl - y^ 

It is now easy to show, by integration, that on one surface of the plate between 

this ellipse and the edge the total amount of mass is j^J^Vl — y^, which is zero 
when y=i. 

It is scarcely necessary to remark that a conductor such as that here sup- 
posed could not be realized in nature. 

If the ellipsoid be of revolution it becomes a circular plate, and we have 

<r = 



4»« V(rt8 - r2)* 



where r is the distance from the centre of the point of the plate where the 
surface density is cr. 

8. Find a distribution of electricity consistent with equilibrium on a charged 
insulated infinitely thin elliptic plate. 

The distribution <r, which has been obtained in Ex. 7 for the elliptic plate 
A into which an ellipsoid with an evanescent axis is transformed, gives at each 
point of the plate not on its edge a force perpendicular to its plane. If we 
suppose an infinitely thin plate -5, whose thickness follows a different law from 
that of Af but whose elliptic boundary is the same, to bo substituted for A, 
the force at any point of JB, not on its edge, due to the distribution <r on its 
f^urface can differ by only an infinitely small quantity from the force at the cor- 
responding point of A, and is therefore normal to JB, Hence electricity E 
distributed over an infinitely thin elliptic plate, whose thickness follows any 
law, is in equilibrium if its density tr on each surface of the plate at the point 
:r, y be given by the equation 



<r = 



4irV{a2*2-i»«»-a«y*}* 



The thickness of the plate B at its edge may be an infinitely small quantity 
of the Jlrat order, but the total mass distributed over the surface intercepted 
between the two faces of £ at its edge remains the same as the corresponding 
mass for A, and is therefore infinitely small, though the mode of its distribution 
is undetermined. Accordingly the expression obtained above for (r remains 
valid. 

In a subsequent chapter it will be proved that, under given conditions, there, 
is only one possible distribution of electricity consistent with equilibrium. 

9. A spherical soap-bubble is charged with a quantity E of electricity ; if 
this charge be just sufficient to keep the bubble in equilibrium, the air inside 
and outside being at tho same pressure, prove that 

E^ 

where a is the radius of the soap-bubble, and T the 
across the unit of length of the perpendionliir < 
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It is here supposed that the material surface of the sphere is equally ex- 
panded in all directions so that the tension is the same along all great circles. 
The normal pressure at a point F on the sphere is equilibrated by the tensions 
along all the great circles passing through P. Consider now a small circle 
having its pole at P, the arc ds of a great circle from P to its circumference 
being infinitely small. If dr be the angle between two tangents to a great 
circle passing through P at the points where it meets the small circle, we have 
ctdr = 2d8. Again Uie resultant of the two tensions acting at P along the same 
great circle is ITdsdB sin \dr. Hence the resultant of all the tensions passing 
through Pis 

T 

itTdr ds that is 2ir — ds^, 

a 

and this must equilibrate the total force actiog normally to the spherical area 
enclosed by the small circle having d8 for radius. Hence if P be the magnitude 
of this force per unit of area, 

T 

rFds^ = 2T-d8^. 
a 

E 
Substituting for F from Art. 36, and remembering that cr = - — ^, we obtain 

the equation required. 

10. Prove that at any point of the surface of an ellipsoidal mass of homo- 
geneous liquid, rotating in relative equilibrium round a permanent, axis, the 
force acting on a fluid particle is proportional and parallel to the corresponding 
semi-diameter of the reciprocal ellipsoid. 

The components of the force are 

-{A- «2) Xy - (5 - «2)y, and - Cz, 
whence, by Ex. 6, Art. 24, the above result is obvious. 

11. Show that, for any distribution of mass, every line of force which does 
not encounter mass or pass through a point of equilibrium has an asymptote 
passing through the centre of mass. 

From Art. 31 it appears that the line of force has a point at infinity : and, as 
the resultant force at this point passes through the centre of mass, the truth of 
the theorem is obvious. 

12. Find the equation of a line of force due to masses m\ in'\ w'", &c., 
situated at points on the same straight line. 

By Art 34 we have 

i = 2» {m' (1 - cos a') + m" (1 -cos a") + &c. }; 

whence m' cos 0' + m" cos &' 4- &c. = -Sf - — , 

Lie 

where M is the sum of the masses. If / be constant, this equation represents a 
line of force. 

It can readily be obtained from the consideration that the component of the 
resultant force perpendicular to a line of force at any point on this line is zero ; 
hence 

m' r'de' m" r^'dO" . 

r'» ds ^ r"2 ds 
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but r' BUI tf = r'' mn «" = r'" eia 9"' = &o. = &c. ; 

whence m' gin fl' iW + «" ain »" dB" + &c. = 0, ' 

which, by integration, gives the equation above. 

13. In Ei. 12 show how to draw the aaymptots to a line of force for which 
Ji^given. 

The asymplote panee through the centre of moss, and makes with the azia 
an angle 8 given by the equation 



MS- 1 



SirJf 



If I> 4irJf, the value obtained for cos ia impoaaible. In this case, the 
corresponding line of force has no point at infinity, and must therefore elart 
froni one of the acting maasea and end on anolher, or posa through a point of 
equilibrium. 

If all the masaea have the aame algebraical aiga, there ia no line of force fur 
which / > ixif ; for if dere were, we should have for a point on thia line 
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;, the other repulsive, are circles. 

17. For two equal repulaive masses the lines of force in a uniplanar distri- 
bution are hyperbolas. 

IS. If a field of force result from the action of maaaes whose sum ia zero, 
and which are situated at a finite diatance from the origin, no tube of force for 
which the corresponding induction is not infinitely amall can eitend to infinity. 

If auch a tube eitended to infinity, the induction over the portion of the 
((ihere at infinity intercepted by It would be a quantity not infinifely small ; 
but when the sum of the acting masses ia Eero, so also is the induction over the 
whole sphere at infinity, and the induction over any portion of this sphere cannot 
^ffer ^m zero by more tban an infinitely small quantity. 
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CHAPTER IV. 

THE POTENTIAL. 

Section I. — Elementary Properties, 

39. Historical. — When a particle, whose mass is unity, is 
moving under the action of a force whose components X, P, Z 
at any point are functions of its coordinates, the velocity v of 
the particle is given by the equation 

v" = 2 /(Xrfir + Ydy + Zdz) + C. 

If the quantity imder the integral sign is a perfect differen- 
tial we obtain, by integration, a function J7of the coordinates 
which is called ^q force function. 

Laplace seems to have been the first to employ the 
force function in the solution of questions relating to attrac- 
tions. The powerful analysis of Laplace led to many results 
of great value, and showed the importance of a study of the 
properties of this function. The research was taken up 
with splendid success by Green, whose great theorem may be 
said to dominate the whole field of the higher Mathematical 
Physics, and to whom the term Potential is due. 

Lagrange, in the "M^canique Analytique," made frequent 
use of the force function which corresponds to a material 
system and which is obtained by integration from that 
belonging to a particle; but in his Equations of Motion 
in generalized coordinates he substituted another function 
which is equal to the force function with its sign changed. 
This latter function has an important physical meaning, as it 
expresses the potential energy of the moving system. To it, 
therefore, the term potential can be applied more properly 
than to the force function. 

40. Definition of the Potential. — The potential of a 
mass system at any point is the energy due to the mutual 
action of the unit of mass placed at the point, and the system, 
regarded as invariably connected, placed in its actual position. 
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The potential of a system of repelling or attracting 
masses at any point may, perhaps, be more simply defined as 
the work done against the forces of the fields due to the system^ 
in bringing the unit of mass to the point from an infinite distance^ 
the positions of tJie acting masses being supposed invariable. 

Since no energy is expended in bringing an invariable 
system unacted on by external force into any assigned position, 
it is plain that one of these definitions is equivalent to the other. 

When we have to do with attractive masses the potential, 
as defined above, is negative. Hence, in the case of a gravi- 
tation potential, if the acting masses be regarded as positive, 
it is simpler to define the potential, at any point, as the work 
done by the forces of the system in bringing the unit of mass 
from an infinite distance to the point. The potential is then 
the same as the force function, and is the function which was 
employed by Laplace. In questions relating to gravitation 
the potential is still commonly so regarded. 

It would seem to be the simplest method in all cases to 
adopt as the definition of the potential the second of those 
given above ; and if the acting mass be attractive to regard it 
as negative, the unit mass acted on being always positive. 
In this way the algebraical expression for the potential will be 
the same as that for the function used by Laplace ; and when 
we have to consider only the potential and the resultant force, 
the same algebraical formulae will be equally valid for electric 
and gravitational masses. It must, however, be remembered 
that there is no mathematical artifice by which one algebraical 
formula, interpreted in the same manner, can be made to 
express the two physical facts, that masses of like kind repel 
one another in the case of electrical action, and that they 
attract one another in the case of gravitation. 

When the distribution of mass ia cylindrical, the potential, 
as defined above, is infinite, and this is true also for the 
corresponding uniplanar distribution. 

For such a distribution, if X and Yhe the components of 
the resultant force at any point of the uniplanar field, the poten- 
tial V may be defined by the equation V= - j {Xdx-h Tdy\ 
where no constant is to be added. This definition is provisional 
only, and is to be regarded as relative to the mode of arriving 
at the form of the potential given in the next Article. 
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41. matbematlcal iExpressioii for the Potential. 

— The force exerted at any point P, whose distance from the 

origin is r, by a mass m situated at the origin, is — ; and the 

r 

work done by this force in moving the unit mass from P to 

an infinite distance is 



r 



-r dr, that is, — . 



r r^ ' r 



Hence the . potential at P of a mass m at any point Q is 

— , where r is the distance QP. 
r 

Since the work done by any set of forces in a given dis- 
placement is the sum of the works done by the different 
forces taken separately, if V denote the potential at P due 
to any system of masses mi, mg, &c., whose distances from P 
are ri, Tj, &c., we have 

m 
^=2-. (1) 

When the acting mass is continuously distributed, this 
equation becomes 

F-|^. (2) 

In the case of a uniplanar distribution, the force due to a 

tn r 'M df* 
mass m at the origin is — , also = m log r ; hence, ac- 
cording to the definition at the end of Article 40, the potential 
V for a uniplanar distribution of" mass m is given by the 
equation 

F=Smlog-. (3) 

When the unit of length is assigned, this equation gives a 
definite value for the potential at every point. 

42. Spherical Shell and Sphere. — To calculate the 
potential of a homogeneous thin spherical shell at a point P 
whose distance from the centre C of the shell is c. In 
this case the element of mass is 2nG o? sin 0^/^, where a denotes 

F 2 



the radios of the Bphere, and ^ the angle which the ladiaa 
drawn to any point of its surface makes with CP ; taking 
P for origin, we have 

einoe f* = a' + c* - 2ac cos ^. 

If P be outside the sphere, the limits of the integral are 
, c+a and e - a ; it P be inside, (hey are a + c and a-c. Hence 

for an external point V= , and for an internal F=47nra. 

If now we suppose the point P variable, and take C for 
origin, we have 

V= , or V= 4nva, 

aoooiding as P is external or internal. 

If P be on the surface of the sphere, the value of F"for 
one form of the funotion is the same as for the other. 

From the equations for V given above, we learn that the 
potential of a homogeneous spherical shell has the same 
constant value for all points inside it ; and for all external 
points is the same as if the entire mass of the shell were 
oonoentrated at its centre. 

From this last result we may conclude that the potential 
of a homogeneous solid sphere at a point P outside it is given 

by the equation V=—, where M is the mftss of the sphere, 

and r the distance of P from its centre. The same equation 
holds good if the sphere be composed of homogeneous layers, 
comprued between_ spheres oonoentric with the external 
^mrfaoe. 

The potential of a homogeneous solid sphere at an internal 

filint P, whose distance from the centre C is r, is the sum of 

Ihe iini.nntial^it.t^ OOQcentiio sphere passiug through P 

and of (^■HHttj^HAndHd- between this sphere and 

" iol this loiter be a. 




Examples. 69 

> 

and that of any of the spheres making up the shell be R, 
we have, therefore, 

4 P 2 

r = - wpr" + 4twp RdR--2npa' -"^wpr". 

Here again we see that, at the external surface of the solid 
sphere, the two forms of the function V have the same value, 
viz., -^TT/oa*. 

Examples. 

1. Find the potential of a uniform thin bar of density \ and length I at any 
point F. 

Take the middle point of the bar for origin, let | and -n be the coordinates of 
P, and X the coordinate of any point on the bar, its line of direction being taken 
as the axis of x ; then, if Fbe the potential of the bar at P, we have 



-M 



^"^ =Mog{ar-|+V{(a;-|)2+^^}} 



V{(«-|)*+T?*} 



between x = -\l and x = \l. If r and r' be the distances of P from the extre- 
mities of the bar, 

To express V in terms of r and / we have 
whence, substituting for |, we get 

2. Find the potential at a point F of the portion of a homogeneous spherical 
shell intercepted between two planes perpendicular to the line joining F to tiie 
centre of the sphere. 

If V be the potential required, a the radius of the sphere, e the distance of 
its centre from P, and o- the density of the shell, then 

2Tc<ra f , 2ir<ra 



„ 2ir(ra f , 2ir<ra . , 

c J c 



where r^ and r\ are the distances from P of points on the small circles which are 
the boundaries of the annulus. 

If if be the mass of the annulus, since 

Ttra , - „ , „ 2M 

M = — (r2' - fi'), we have V = 



tf fa + n 
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3. Mass acting inversely as the square of the distance is uniformly distri- 
buted on the circumference of a circle ; prove that the chord of contact of 
tangents drawn from an external point F divides the mass into two parts having 
eqiial potentials at P. 

The normals to the circle at the two points at which it is met by a line 
drawn through P make equal angles with this line. Hence, the potentiids of the 
two portions of mass are composed of elements which are equal respectively. 

4. Find the uniplanar potential of a homogeneous circle at any point P, the 
force varying inversely as the distance. 

Let V denote the uniplanar density of the circle, a its radius, e the distance 
of P from its centre ; then if Q be any point on its circumference, and if 
r and ^ denote the distance PQ and the angle FOQy the potential V is given by 
the equation 

r = aw J log l-j d<p. 



Now r'«a' + c*-2a<Jcos^ = 



<^(i.:-^)j(x-». 



jjh^ 



whence, if P be external to the circle, 

logr=log<J-J 1^ (^ + (r<*) + J^(^2<* + ^H) + &c.| 

!a a' ) 

- cos ^ 4- T-^ cos 2^ + &c. I 



rair 



/'I 



cos ^ 4- — ^ cos 2^ + &c. } , and therefore I log r <2^ = 2» log e. 



Substituting in the expression for V, we get V = 2icva log -. If P be internal, 

c 

we obtain, in a similar manner. 



i 



2ir 



logre^^ = 2irloga, 



whence 



V = 2irva log -. 



6. Find an expression for the potential T of a plane lamina, of uniform den- 
sity o*, at any point 0, the force varying inversely as the square of the distance. 

Take for origin, let c be the perpendicular distance oi from the plane of 
the lamina, JVthe foot of this perpendicular, and ^ the distance of any point in 
the lamina from JV; then the element of mass is expressed hj (tTaJ d~ d<l>, and, 
as f^ =zs^ + <^, we have 



r=[[II^ = .[(r-<,)^, 



where the integral is to be taken round the curve bounding the lamina. If N 
be inside this curve, V= <r [jrd(f>- 27rc} , and if outside, V = <rjr dtp. 

The original expression for V may be transformed in another manner, as 
follows : 



J{r-e)dip=j^j-^c'^d<p = ^ 



Z3^ + c^ -re 






r —e 



d<l>. 
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Now if p be the perpendicular from iVon a tangent to the curve s bounding the 
lamina, zu^ d<p = p ds ; again, if a; be the solid angle subtended at by the lamina, 
and 6 tie angle which r makes with ON, we have 

Z3 dz3 d<b rdrd<be 
da> = T— ^ COS0 = 5-^ -; 

whence a; = 0|( J e^=» I d^, 

and therefore, by substitution, 

!D ds 
- — for one side of the lamina be- 

)ds * 

— , or pi vi, if vi denote the potential at of this side regarded as 

having a density equal to unity. Hence 

r = <r{i?iVi +j>2i'a + &c, — ew], 

where j9i, p2, &c. are the perpendiculars from i\r on the sides of the lamina, and 
vi, t;2, &c., their potentials at 0. 

6. Find the potential of a homogeneous solid figure, bounded by plane faces, 
at any point 0. 

It fi denote the density, and F'the potential at 0, of the solid, we have^ 

-111 '■—-'I!?- 

The volume of the elementary cone having for vertex, and standing on 

the element dS which subtends the solid angle dw&t Ois expressed by -r ^,and 

'^dS 
also by — 5— > where '^ is the perpendicular from on dS. Hence, if OTi, -573, 

&c. denote the perpendiculars from on the faces of the polyhedron, and 
vi, V2, &c. the potentials at of these faces regarded as of unit density, we have 

p i C dSi C dS2 ) p 

In this equation the perpendiculars •cji, &c. are to be regarded as positive 
or negative according as the radii vectores corresponding to each pass out of or 
into tiie polyhedron after meeting the face to which they are drawn. 

7. Find the component in any given direction of the attraction of a homo- 
geneous polyhedron at the origin 0. 

If the polyhedron be on the positive side of the origin, and x, y, z denote 
the coordinates of any point in it, then X, the required component of attraction, 
is given by the equation 

where a is the angle which the normal, drawn outwards at any point of the 



F 



^^^ 
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surface of fhe polyhedron, makes with the axis of x, and v is the potential at O 
of the corresponding face regarded as of unit density. 

The same result can be obtained from the expression for V in Ex. 6. 
In this case F is a force function, and if we change the origin and take 
^f Vi (^ ^6 coordinates of 0, we have 



, £fnr dv 

also -— = — cos a, 

and 



dv crdSdr c c dS dr rcdS 



— = cosU^, 
r 



where ^ and $ are the angles which r makes with the normal and with the axis 
of X. Substituting, we have 

P P CC dS 

X = - I Sr cos a + ^ cos ^ cos 4^ — ; 



but II cosd cosif^ — = I I 



cos $ r^ d<e 



=11! 



COS B r* dr d<o 



-\\T-\\ 



r' 
COS a dS 



=!I!^ 



dx dy dz dr 
dx 



8. Find the components of the attraction of a homogeneous right-angled 
triangle at a point on the perpendicular to the plane of the triangle at one of 
its acute angles. 

Let ASChe the triangle, C being the right angle, 
and let be on the perpendicular to its plane 
through A ; let A£ = e, ^C = a, CA = b, 0A= i?, 
OB = r2, OC — ra, and let a, /B, y denote the angles 
of the spherical triangle in which the planes meeting 
at intersect a sphere of unit radius haying as 
centre ; then, if J[, Z, Z be the components of the 
attraction at parallel to AC, CB, and OA, we have 




[[dxdydr {dy , . . . 

where Ve and Va denote the potentials at of the lines 
AB and BC, regarded as of unit density. In like 
manner 

Z = <r{vh — Ve sin B), 

and by Ex. 19, Art. 17, we have Z - <ra, where w is the solid angle which the 
triangle ABC subtends at 0. Since CB is perpendicular to the plane ACQ, the 

angle y is right, and as « = a+/B + 7-ir, we have « = /B— (o""**)? ^^* 
a^ A, and tan a = -, 
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Again, if we describe a sphere round B as centre, we get from the spherical 
triangle formed by the planes meeting at B^ 

P h 

sin OB A tan jS = tan S, that is, — tan jS = - ; 

r% a 

we haye, therefore, 

« = tan-* tan * -. 

p a a 

By Ex. 1, we have 

, p-\-r2-\-c . r2 + r8 + a _ p-k-r^ + b 

Ve = log — , Va = log , Vb = log^^ 1, 

also, from the geometry of the figure, 

hence 

, Vra + c (VfvT^ + Vfv^) , ra + <^ 

r. = log-— =\^ — ?=\=^°«T^i=- 

Vra - c ^Vra + <; + Vra - tfj Vra^ - {?« 

A similar process being applied in the case of Va and Vh, we obtain 

,r2 + <? ,ra + a ,r8 + * 

r, = log , Va = log , <?j = log 

P rs p 

Substituting for Va^ Vbj Ve, and a, the values found above, we get finally, 

(e ° p rs ) 



= (T llog 



rz + b b ra + g , 



Z = <r (tan-i --- tan-i -}, 
(pa a)* 

with the equations 

c2 = a2 + i2, ra* = p2 + a2 4.i2, ^32 =^2 ^.^i. 

9. Find the attraction of a homogeneous plane polygon at any point 0. 

From let fall a perpendicular OA on the plane of the polygon ; from AH 
let fall perpendiculars on each of the sides, and join A to each of the vertices. 
We have then a number of right-angled triangles having a common vertex at -4 ;. 
find by Ex. 8 the components of the attraction of each of these at 0. The 
resultant of all these forces is the attraction required. 

Most of the Examples in this Article are borrowed from Routh's '^Analytical 
Statics," vol. ii. 
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43. DlBierentlal Coefflelento of the Potential.— If 

the point P receive a displacement ds, the potential V be- 
oomes V at the new position of P, and by its definition V- V 
is the work done by the forces ol the field on the unit of 
mass in the displacement ds; hut if ^he the component of 
the resultant force in this direction this work is I(is ; hence 
lUs = - (V - V), and therefore 



dV 

~ da' 



(4) 



If dx, dy, dz be the inoremeutfl of the ooordiaates olP due to 
the dlBplaoement da, we have 



where l, m, n 



e the direotion oosiaes of ds ; benoe 
l,dr dV dr\ 



As a partieular oase of the above equation, if X, F, Z be 
the oompoueuts of the resultant force along the axes, 



* 



-I". 



dV 

dx ' 



Z. 



(6) 



It has been shown in Art. 1& thai, for all oontinuous distiibu- 

tions of mass, through a volume, X, Y, Z are finite at every 

point of space. Hence we conclude that bo also are the 

differential coefficients of Y. 

lu the case of a surface distribution of mass, it has been 

ahown in Art. 16 that at a point on the surface the normal 
^onent of force fe flutg. That the two other components 
'' K6 are finite suty b« aliotm to the following manner : 
igeatial DomBgnaiit of the attraotiou at is made 
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up of two parts, of which one is due to a circular plate, of 
infinitely small radius a, having for centre, and the other 
to the mass whose distance from exceeds a. 

Taking for origin, the normal at for the axis of «, 
and putting x^ + y^ ^ ;?% we have 

Jo Jo P" JJcosi// r» 

where i// denotes the angle which the normal to the surface 
at any point makes with the axis of s. 
In the first integral 



^=<^o+(^] i>cos0+^^j^i>sin0. 






Hence the first integral is of the order a. In the second 
integral, s is a function of x and y, given by the equation of 
the surface ; whence 

^/^iV--f— — — 
dx \rj r* \dx dz dx^ 

therefore, denoting the second integral by X2, and integrating 
by parts, we have 



-1 



dy 



r ooB-ifj 



' ( fl? / (T \ (T z dz)dxdy 
\dx \cos \pj cos \p r^ dx) r 



The limiting curve next the origin, round which the 
single integral is to be taken, is a circle of radius a, at whose 
circumference r and cos 1// differ from a and unity respectively 
by infinitely small quantities of the second order ; also 
dy = a cos (f0, and cr differs from a constant by a quantity 

J r cos 1// 

Inside the sign of double integration dxdy = p dp d<jt, and 
if. ' "when r is small, 2 is of the order r*, and therefore the coef- 
^ floient of dp dip is always finite. Hence we conclude that X 
iBflnitei 



of the order a. Hence for this curve I r = 0. 



f' 
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Wben we have to do with a uniplanar diBtribution, it is 
plain from the definition of V that 

and, afi X and Y are everywhere finite for a oontinnous 
distribution, here also we may oonolude that the differential 
ooeffioiente of V are finite throughout the whole plane. 

In the case of a volume diatribution, X, Y, Z are, Art. 1-5, 
not only finite but also eontinuouB, and therefore their 
difierential coeffioients must be finite; whence we conclude 
that the eecond differential ooeiEcients of V are finite. For a 
surface distribution, the normal component of force is dis- 
continuous at the surface, and in this case, therefore, at the 
Borfaoe the second differential coefficients of V are infinite. 

Similar results hold good for a uniplanar distribution. 
If it be areal, the second differential coefficients of V are 
finite everywhere in the plane, but if it be Hneai- they are 
infinite at the curve on which the mass is distributed. 

44. Matbema Ileal Characteristics of tbe Poten- 
tial. — For a continuous volume or surface distribution of 
finite mass the potential i& finite, continuous, and single valui-d 
throughout the wliole of space, as may be shown in the 
following manner : 

If rf© denote an element of volume where the density of 
the acting mass is p, and r the distance of this element from 
the point P, the potential V at this point is given by the 

equation V = \— — ; this becomes, if P be taken for 

origin, V = f pr dr dbt, in which the quantities under the inte- 
gral sign are always finite. Hence at all points, whether inside 
or outflide the acting mass, V is finite if tho total mass be so. 
Again, if over a surfaoe iS there be a distribution whose 
densi^ at the element dS is a, the resulting potential V at 

t P is given by the equation F = —— . The surface 

' ' I polar oooidinates is given by the 

'.l<pY+ (r Bin fl dr rf^)' + {rdr dS)'] . 
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Hence the expression for dS contains r as a factor, and, if 
P be taken for origin, the quantity under the sign of inte- 
gration in the expression for V remains finite when r is zero. 
Accordingly V is finite. 

When the acting mass is finite, and at a finite distance 
from the origin, the potential at infinity is obviously infi- 
nitely small. 

Since by the last Article the differential coeflScients of V 
are everywhere finite, we conclude that V is continuous. 

The continuity of V appears also from the consideration 
that the contribution of an element of mass to the value of V 
at the point P is infinitely small, even if P be inside the 
acting mass. 

A function of the coordinates of a point is single valued 
when it has only one value for given values of the coor- 
dinates. Such are all algebraical fimctions consisting of 
integer powers or of fractional powers, expressing real 
quantities of given algebraical sign. On the other hand, an 

y 

inverse trigonometrical function, such as tan'^ -, is many 

valued, tliat is, for any given values of x and y the function 
admits of an infinite number of values. 

The algebraical expression for the potential at a point P 
shows that it is a single valued function of the coordinates of P. 

That V is single valued may be arrived at indirectly if 
we consider that, in the displacement of the unit of mass 
round a closed circuit, the work done by the forces of the 
field must be zero ; because, if it were not, work could be 
obtained from permanent natural agents without loss of 
energy or consumption of material. Hence we conclude 

{dV 
that for every closed circuit — da is zero, and therefore 

do 

%f 

that the value of V at any point is independent of the path 
by which the point is reached. 

It may happen that, at each point of a certain region © 
of space, F = 0, where is not a single valued function ; but 
if this be so, there must be a region adjacent to © in which 
V is not equal to ^, or else a surface S situated in © in 
passing through which V changes discontinuously. This 
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latter alternative cannot, as we saw above, hold good when 
V is due to a continuous distribution of electric or gravi- 
tating mass, but may be fulfilled in the case of magnetic 

forces. Whichever alternative be the true one, \—- t/s = 



']dB 



for every closed circuit which can be drawn ^without pass- 
ing out of © or cutting the surface S, and it is only for 
such a circuit that F'is continuously equal to 0, and for which 
therefore the equation 



1 



-r-ds = 
as 



> 



is valid. The truth of this last statement is obvious when 
the circuit lies partly in a region for which V is not equal to 
: in the other case, that is, if there be a surface S in 
passing through which V changes discontinuously, if 0i and 
^2 be the values of <b which are equal to. V at the points Pi 
and P2 at opposite sides of this surface, ^j is not the value of 
consecutive to 0i, but is consecutive to 0'i, a value of at 
Pi differing from ^1 by a finite amount ; for example, if (p 
were an angle, we should have ^'i = ^1 ± 27r ; thus, for a 
circuit cutting the surface /8, the potential V is not con- 
tinuously equal to ^. 

By regarding the surface /8 as a boundary to ©, even 
though @ is on both sides of it, we may consider that any 
circuit cutting S does not lie inside @, and say that, in any 
case, for every closed circuit or cycle inside © we must 

have -p eife = 0. Hence ^ may be said to be acyclic for the 

region ©. 

We conclude that if for any region of space V is equal 
to a function which is not a single valued function, then 
^ must be acyclic throughout this region. 

The expressions for the potential of a homogeneous 
spherical thin shell and of a homogenous sphere given 
in Art. 42 illustrate the statement that the potential V 
at a point P is finite, continuous, and single valued 
whatever be the position of P. From Art. 42 we leam 
also that, in the case of a sphere, as P passes from space 
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occupied by mass into space unoccupied, the form of V, 
regarded as a function of the coordinates of P, changes. 
That this is true in general will be shown in Art. 45. 

In the case of a uniplanar areal distribution, the potential 
V at any point at a finite distance from the acting mass, if 
this point be taken for origin, may be expressed by the 
equation V " - jrr log r dr dO. Here the coefficient of 
dr dO sign is zero when r is zero, and is always finite 
so long as r is finite. 

When the uniplanar distribution is linear, since the 
element of the curve on which the imiplanar mass is distri- 
buted is expressed by 

the value of the potential V at the origin is given by the 
equation 

F=- vlogrc^r- v log r dr -\- &o.f 

Jo Jo 

where the terms imder the integral sign, not written down, 
have r* as a factor, and vanish therefore at the origin. 
Integrating the first two terms by parts, we get 



F=- 



V (r log r-r) - 





'•a 



V (r log r-r) 



(r logr-r)rfv + {rlogr-r)dv + &o. 



Here, when r = 0, the corresponding terms outside the 
sign of integration vanish, and so also does the coefficient of 
dv under the sign of integration ; whence it appears that, if 
the origin be on the curve where there is mass, F remains 
finite. 

Again, as the contribution to the value of V ajBforded by 
the element of mass at the ori'gin is infinitely small, V is 
continuous. 

At a point P at an infinite distance, the potential of a 

uniplanar distribution of mass is Sm log - ; if -K be the 
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distance of P from the centre of mass, which, except Sm = 0, 
is at a finite distance from all points of the acting mass, we 
have r = -B +/, where /is finite ; then 

whence F« Sm jlog — + log f 1 - ^ + &c. j j, 

which differs by only an infinitely small quantity from 

(Sm) log p. Unless Sm be zero, the value obtained for V 

is infinite and of a sign opposite to that of the total mass. 
When the total uniplanar mass is zero, its potential at 

infinity is an infinitely small quantity of the order — , where 

a is finite, and R is the distance of a point at infinity from 
a point in the acting mass. 

This appears from the consideration that, if the total 
mass be zero, for every positive element m of mass there 
must be an equal negative element; then if i2 be the distance 
of the former, and R -^ a that of the latter, from a point P 
at infinity, the joint potential of the two elements of mass at 
P is «?, where 

t? = w log -^- = m log f 1 + ^j = w f -^ + &c. j, 

which is of the order — ; hence the whole potential at P is of 

this order. 

That V is single valued can be shown for a uniplanar in 
the same manner as for a three-dimensional distribution. 

On the whole, therefore, we conclude that, for a continuous 
distribution of finite uniplanar mass comprised within a 
finite area, V is everywhere continuous and single valued; 
and is finite at all points within a finite distance of the 
acting mass, but infinite at an infinite distance, unless the 
total mass be zero, in which case V is zero. 



Equations of Laplace and Paisson. 
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45. Equations of l^aplaee and Polsson. — If we 

integrate the quantity 

'd^V d^V d^V 



dx" 



+ 



dy^ 



dz' 



d@. 



where d® denotes an element of volume, throughout the 
region bounded by the elosed surface S, we obtain 




'd^V d'V d'V 



dx' 



dy' 



dz' 



-w 



-rr dydz + \ -r- dzdx + 
dx JJ dy 



dx dy dz 



^Tz'^^y- 



The double integral 
(dV 



dz 



dxdy 



denotes the sum, for the entire 
surface /S, of the quantities 




'^r(?)J'^''^' 



izj^ 



where a line parallel to the axis of Z enters and leaves the 
space bounded by the surface 8. If /, w, n be the direction 
cosines of the normal to the surface drawn outwards, and dSi 
and d82 the elements of surface intercepted by the prism whose 
section is dx dy, we have - n^ dSi = dxdy ^ tii dSz ; whence 

'dr\ __ fdv\ \ 



dz J 2 \dz 



)j.&,rfy = «.(^^c?5, + «.(^^rfS„ 



and therefore 



W"^- 



dy = \n 



dV 
dz 



dS. 
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If we proceed in a similar manner with the two other double 
integrals, we get 



= Ui;:^ + m*^-^ + n^) dS = - 5 Nd8, 



!(■ 



dV 
dx 



dy 



d% J 



where N is the component normal to the surface of the 
resultant force. By Gauss' Theorem, Art. 26, we have 

iNdS^ifrcM^ 

andif itf be due to a contiuous volume distribution of density 
p, we have M = J/Dflf®, whence 

'dW d'V d^r . \ ,^ n 



doi^ dy^ 



dz' 



Since this equation is true for any volume, however small, it 
is true for the element d® ; and therefore, in space occupied 
by mass, whose density at the point Xy y^ z is p, we have 



d'V d'F d'V 

+ + 

dai^ dy^ dz^ 



+ ^wp = 0. 



(8) 



This is known as Poisson's equation. 

In space unoccupied by mass, (8) becomes 



(PV dyV_ dW 
da^ dy^ dz^ 



= 0, 



(9) 



which is the equation of Laplace. 
The operator 

dit"^ dy"""^ dz^ 

is of such frequent occurrence in Mathematical Physics that 
it is convenient to indicate it by a distinct symbol. 
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The notation which will be adopted in the present treatise 
is that of Thomson and Tait, Natural Philosophj/, and of 
Williamson, Integral Calculus^ in aooordance with which 

^ ^ ^ 
da^ dy^ dz^ 

will be denoted by the symbol v*« 

Clerk Maxwell uses v to express the quaternion operator 

. d , d d 
dx dy dz* 

so that, with him, v* denotes 

df ■*■ dzy' 

Theoretically speaking, this notation is more perfect than 
the other; but when there is no reference to quaternions, 
the introduction of the negative sign is inconvenient. 

We may now write the equations of Laplace and Poisson 
in the form 

V'F=0, (10) v'F+47rp = 0. (11) 

As the point ^, y, z passes from occupied into imoccupied 
space, V remains finite and continuous, but there is an abrupt 
change in the value of V* V. From this we learn that the 
form of F, regarded as a function of Xy y^ 2, cannot be the 
same in the two regions of space. 

At a surface on which there is a distribution of finite 
mass, neither of the above equations holds good. In fact in 
this case v* F is infinite and indeterminate. 

46. Differential JEquation for tlie Potential at a 
charged liurfaee. — If P be a point on a surface at which 
the surface density is <t, and N and JV' be the normal com- 
ponents at this point of the resultant force on the sides 
A and -4' of the surface in the direction from -4' to -4, by 
Art. 29 we have iV= IT + 47r(T ; now if v and v' be the normals 
drawn from P towards A and A\ then 

av av 

Q 2 
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dV dV 
whence -^ "*" 'rf"' "^ ^'^^ "" ^' ^^) 

Equation (12) is called the characteristic equation at the 
charged surface. When the surface is closed, the form of V 
on one side is in general different from its form on the other. 
Of this we have had an example in the case of a thin 
spherical shell, Art. 42. 

47. DUforentlal JEquations for Vnlplanar Dlstii- 
bntloii. — In the case of a uniplanar distribution, F is a 
function of x and y ; 

then V' becomes ^^ ^' 

dor dff 

and J/v' Vdxdi/y taken through the space bounded by a closed 
curve «, is equal to - jNds taken round the curve ; this again, 
by Art. 36, equals 2TrM; whence, taking for a the boundary 
of an element where the uniplanar density is r, we have 

V' V+ 27rr = 0. (13) 

Again, by Art. 36, we see that at a curve on which there is a 
mass distribution of density v, we have 

dV dV ^ ^ 

_^_^2^ = 0. (14) 

48. Transformatloii of Coordinates. — It has been 
shown, in Art. 45, that 



jv»rd@=j^rf5f, (16) 



where the first integral is taken through the volume boimded 
by the closed surface S, over which the second integral is 
taken, and n is the normal to the element d8 drawn outward. 
From equation (15), we can readily deduce the form of y^^V 
for any coordinates. 

In the case of polar coordinates, we have 

d@ '^r^ smddrdOd<p; 
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and the surface elements of a sphere, of a right cone, and of 
a meridian plane, are, respectively, denoted by 

r* sinO dO rf^, r siaO dr c?^, rdr dO. 

Hence, if we integrate through the region enclosed by two 
spheres having the origin as centre, two coaxal cones having 
this point as vertex, and two meridian planes, by (16) we obtain 



V^ Frf@ = I '"' ff ^r" sin dd d6 
I ri JJ dr 



I 

1^ CCdV . ^ |*« ff efF 

+ -^^r sin rfr (3?^+ — ; — nj-rdrdQ 

«x JJ ^^6 Ux JJ ^ sii^ ^^ 




If we now suppose the region through which the volume 
integral is taken to become infinitely small, we get 

^^Vr^dnOdrdOdi^ 

'f^\dr\ dr) Bm9de\ dej\m'9dip') 

r' Bin OdrdOd^ ; 

whence we obtain the operational equation 

^ 1 id d 1 d . ^d IflP) ,-^. 

r^ (dr dr &m0d0 dO sm'Oa^') 

If we put cos fl = /u, we have 

d . ^ d , 1 d d 

dO djj: sin dd dfi 
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and, substituting from these equations, we obtain 

On this mode of expressing V' V is based the spherical 
harmonio analysis of Laplace. 

When the position of a point P is expressed by the per- 
pendicular p let fall from it on a given line OZ, the distance z 
of the foot of this perpendicular from a given point on this 
line, and the angle ^ which a plane through OZP makes 
with a given plane through OZ^ the quantities p^ ^, z are 
called cylindrical coordinates. 

In this case, d<B = pdpd<l> dz, and the element of volume 
is bounded by the areas p dtjt dz, dpdz^ pdp d<^^ and their 
opposites. By a process similar to that employed for polar 
coordinates we get then 

,-^ 1 ( d ( dV\ d^r\ d'V ,-Q, 

When Fis a function of x and p only, we have 

_^ djr 

^ ^ ' da^^ df 

and, if we consider only the coordinate plane of a?, y, the 
cylindrical coordinates p and become plane polar coordi- 
nates r and ; whence, for the uniplanar potential, we obtain 

Polar, or spherical, and cylindrical coordinates are particular 
cases of curvilinear coordinates. 

For an account of the general method of curvilinear 
coordinates in which the position of a point is indicated by 
the intersection of three surfaces, and for the corresponding 
formula of transformation, see Williamson, Tram. E.I. A., 
vol. xxix. part xv. 
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49. Ijaw of Force in Electrical Action. — It -has 
been assumed in the preceding pages that the force between 
two elements of electric mass varies inversely as the square 
of the distance between them; but the most satisfactory 
method of proving this fact is somewhat indirect and 
depends on the determination of the form of the electric 
potential. 

Whatever be the law of force for electric masses, the 
definition given in Art. 40 for the potential due to a mass 
system holds good, so that if m;// (r) denote the potential at a 
point P, whose distance from the origin is r, due to a mass 
m placed at the origin, the potential Fat P of any mass 
system is given by the equation 

r = J;//(r)e?fn, (20) 

where r is the distance of P from dm. 
The force components at P are 

^dV dV ^dV/ 

dx^ dy^ dz ^ 

and if there be no force at any point of a given region, the 
potential throughout this region is constant. 

It has been found experimentally, and the method is 
susceptible of great accuracy, that when an insulated con- 
ductor is charged with electricity in equilibrium there is no 
electric mass anywhere in its interior. The experiment can 
be performed by means of a conductor such that its outer 
layer of material can be separated into two portions and 
removed by means of insulating handles. 

No matter what charge is originally imparted to the 
conductor, no electric mass can be detected in its interior 
portion after the outer layer has been removed. We con- 
clude therefore that, in a charged insulated conductor, the 
whole of the electric mass is accumulated at the outside of 
the external surface. 

Whatever be the distribution of electricity, or the law of 
force, there can be no force anywhere in the substance of a 
conductor in electric equilibrium, because if such a force 
existed it would produce a new distribution. Hence we 
conclude that the couche of electricity in equilibrium on the 
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external surface produces no force anywhere in the interior 
region, throughout which the potential, due to the surface 
distrihution, is consequently constant. 

If the charged conductor be a sphere, since this surface is 
perfectly symmetrical, the distribution of mass on it must be 
imiform, and therefore the law of force must be such that 
the potential of a homogeneous thin spherical shell is con- 
stant for all points in its interior. 

Let a be the radius of the shell, a its density, and r the 
distance of any point on its surface from a point P in its 
interior, whose distance from the centre is ^, then the 
element of acting mass is found as in Art. 42 ; and from (20) 
we have for F, the potential at P, the equation 

y^ 2^« r ^ (,) ,r = 2.,« /(illWfcD. 

Hence /(a + S) - /(a - ^ = (75? where C is constant. 
Differentiating twice with respect to 5, we have 

Hence /'' (r) must be independent of the value of r, in 

other words constant; whence — = CiV + C2, where Ci and 0% 

dr 

are constants ; but — = r\p{r)==rVi and therefore r V= CiV + ft, 

and F = ft + — , whence finally --r =" -jy that is, the 

f* dr It 

law of force is that of the inverse square. 

50. Eneri^y of a Mutually Repulsiire liystein. — 

When a system is composed of mutually repulsive mass, the in- 
ternal repulsive forces tend to drive this mass asunder, and 
would in doing so, if not prevented by restraints or opposing 
forces, perform a certain amount of work which must be 
equal to the potential energy of the system in its actual state. 
Let m denote the mass concentrated at any point Q of 
the system, and V the potential at tliat point. Imagine a 
•system B geometrically identical with the given system J, 
but such that the mass at any point is equal to the mass at 
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the corresponding point of A multipKed by a quantity /i 
constant for the whole system. Then, since the distances 
are the swae, and every mass in £ is ^ times the correspond- 
ing mass in A^ the potential at any point in B is fi times the 
potential at the corresponding point of A, 

Let us now suppose the element of mass midjui brought to 
the point Qi in JS where the mass is jumiiy and the potential 
JUL Vi. The work required for this operation is /i Vifnidfi ; and 
if a similar operation be performed for each point of the 
system -B, the total work required is 

(jiVinii + yLV%m^ + &c.) rf/i. 
Hence, if this work be denoted by dWy we have 

dJF= fidfi'SmV. 

If fi be 1, the system JB is identical with the given system A; 
and if we suppose fi to be increased continuously in the 
manner described above from to 1, we obtain the total 
work required to bring together the system A. This work 
is equal to the potential energy W of the system ; hence 



Tr=SwF[ /irf/i = iSwr. (21) 



In the case of a mutually attractive system, it is plain that JF 
expresses the work required to scatter the system to an infinite 
distance. 

51. Mutual Eneri^ of two Inirariable (iystems. — 

The energy due to the mutual action of two systems of mass 
when brought into any assigned relative position, each system 
being regarded as itself invariable, may be expressed by any 
one of three different forms. 

If Q be any point of the first system, m the mass there 
concentrated, and Vp the potential of the whole system at 

any point P in space, and if Q', m% and V^p have corre- 
sponding significations for the second system, the mutual 
energy W is given by the equations 

W=^m'r^.= ^mr\=^—, (22) 

where r is the distance between Q and Q^. 
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The truth of the equations above is obvious from the 
definition of the potential. 

52. Chani^e of Energ^y due to alteration of Mass. 

— If the geometrical form of a system remain invariable, but 
the mass at each point be altered, the potential receives a 
corresponding change, and also the total potential energy 
due to the mutual action of the parts of the system on each 
other. If the mass at any point be changed from m to m\ 
the potential at the same point from V to F', and the total 
energy of the system from TF to W\ we have 

2 (IT' - TT) = SmT' - 2m F. 

If now we suppose the two systems in Art 51 to be geo- 
metrically coincident, by (22) we have 

whence 

Sm'F-Smr=SK-m)(F'+ V) 

= SK + w)(F'-F); 
and we get 

w - fr= isK- m) ( r + V) = |sK +m){r'-r). (23) 

This equation can be established also in a manner similar 
to that employed in Article 50. 
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1. Show that the component parallel to the axis of x of the repulsion of a 
homogeneous body, of density p, bounded by the surface S^ at any external 
point 0, is equal to the potential of a fictitious .distribution on S whose density 
at any point of the surface is Ipy where I is the cosine of the angle which the 
normal, drawn outwards at the point, makes with the axis of x. 

Take for origin, let X be the force component due to the repelling mass, 
and V the potential at of the fictitious surface distribution ; then 

_.__ CCC dxdf/dz x CCCdxdydzdr _ ccdydz C pldS _ 

^]]] r2 r''"''JJj r^ dx " '^ ] ] '~7"~ ] r " *'* 

A surface distribution of density Ip is merely a mathematical artifice, and 
physically impossible (see Art. 8). 
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2. Find the potential of a homogeneous thin circular plate at a point P on 
the perpendicular to its plane through its centre. 

If 'ST be the distance of any point of the plate from its centre C7, and e the 
distance PC, taking P for origin, we have rdr — '^dzj; whence 






where a is the radius of the plate. If be taken for origin, V assumes the 
form 

2ir(r(Va« + r2-r), or 2ir(r (Va»+T* - 2), 

according as CF is regarded as a radius vector or a coordinate. In the latter 
case when z is negative V becomes 2ir<r (Va* + «* + 2). 

3. Show that equation 22, Art. 24, follows immediately from Poisson's 
Equation. 

4. Find the potential at any point of a field of force throughout which the 
resultant force is constant in direction. 

Take a line parallel to this direction for axis of z. Since the lines of force 
are perpendicular to the equipotential surfaces, these latter are parallel planes. 
Hence when z is constant F is constant, that is, F is a function of z. Laplace's 
Equation therefore becomes 

-rr = 0, whence F'= Ci « + Ci, 

5. Find the potential at any point between two infinite parallel planes, each 
of which is at a constant potential. 

Take as the plane of xy the plane whose potential is A^ let b he the distance 
of the other, and B its potential ; then Vis plainly a function of z ; and therefore, 
by Laplace's equation, we get 

V= A j—z, 



6. Two concentric spherical surfaces are each at a constant potential : find 
the potential at any point between them. 

Let a denote the radius of the inner sphere, and b that of the outer, the 
potentials at their surfaces being A and B ; then, if the centre of the spheres 
be taken for origin, it is plain that the potential at any point of the space 
between their surfaces is a function of r ; and as this space is unoccupied, we 
have, by Laplace's equation, 

dr \ dr I 



{r'-Tr) =0; 



^ Bb-Aa (A-B)ab I 

whence V = — r V — 7 • 

b — a b — a r 

7. In the last example, if the spherical surfaces be the boundaries of two 
charged conductors in electric equilibrium, find the surface density' and charge 
on each conductor. 
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If 0- be the surface density at any point of the inner surface, and v and v 
the normals to it drawn outwards and inwards, 

dV dV ^ ^ ^ dV ^ 

1- H 4ira' = 0, but — =0, 

dv dv' ' dv' ' 

since there is no force in the substance of the conductor ; therefore 

__dy_ {A - -g) ab 1_ 
^'''■" dr " b-a a«' 

which determines the surface density ; also, if E be the total charge, we haye 

A-B 

E «= 4ira'a* = — ab, 

b-a 

If E^ be the total charge on the outer spherical surface, by Art. 32 

dV 
This also appears directly from the value of j— at the outer surface. 

dT 

A combination of two conductors, one of which entirely surrounds the other, 
constitutes what is termed a condenser. When the condenser is formed of two 
concentric spheres, it appears, from what is said above, that the charge on either 
surface is proportional to the difference of their potentials. That this is true, in 
general, will be proved subsequently. By means of an electric machine we can, 
in general, bring a conductor in communication with it to a given potential. 
The use of a condenser such as has been described is to enable us to increase 
the corresponding charge. 

The charge on an insulated sphere at potential A iaAa; but when surrounded 

by another sphere, as described above, the charge on the inner sphere is 

b . . b 

Aa 7 when the outer sphere is at potential zero, and the multiplier 

—a b — a 

can be made very large. 

8. In the case of a uniplanar distribution, find the potential of a homogeneous 
circular plate at any point in its plane. 

Let a be the radius, and r the uniplanar density of the plate ; then, if the 
centre be taken for origin, V is plainly a function of r solely, and therefore 



_1 rf / dV\ 
r dr\ dr )' 



At a point outside the plate, v' F = ; whence, by integration, -— = — , and 

dr r 

taken round the boundary of the plate 

CdV 



but -f~rf« = 2irJf, 



J dr 

' ] dr 



f2ir 

d8= Cide== 2irCi; 



V 



whence (7i = — Jf = — irra*, and V = vra^ log -, 

no constant being added. 
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At a point inside the mass v^V + 2irr = 0, from which, by integration, 

dV C 

— -=- vrr + -, 
dr r 

and, as there is no resultant force at the centre, where r is zero, (7 must he zero ; 
and, therefore, integrating again, we have ^ 

At the boundary of the plate the external and internal yalues of V must be 
equal; whence 

HTflf^ 1 

— + Cg = vra^ log -. 

2 a 

Substituting for C^ from this equation, we have, at an internal point, 

r= TT { J (fl» - r2) - fl2 log a}. 

9. Two coaxal circular cylinders of infinite length are each at a constant 
potential ; find the potential at any point between them. 

Let a denote the radius of the inner cylinder, and b that of the outer, their 
potentials being A and B. Then, as the potential at any point between them 
is a function of p, its distance from the axis ; and as this point is in unoccupied 
space, we have, by Laplace's equation. 



1 rf_ / dr\ 

p dp \ dp ) * 



P 

integrating, we get V = Ci log p + Cz, 

When p = a the potential is A, and when p =b the potential is S ; whence 
we obtain 

log b — log a p log b — log a 

10. If the cylinders in the last example be the surfaces of conductors in 
equilibrium, find the density of the surface distribution on each. 

If the surface densities be denoted by <ri and <r2, we haye 

A-B, b A-B^ b 

(Tl s= -; log -, 0-2= - —-r- log -. 

4iro a 4ir^ a 

From these expressions it appears that the charges on the two cylinders per 
unit of length are equal in magnitude, but opposite in algebraical sign. 

11. Find the uniplanar potential of a circle on which there is a uniform 
linear distribution of mass. 

If M denote the total uniplanar mass, a the radius of the circle, and r the 
distance of any point from its centre, the potential at an internal point is given 

by the equation V — M log -, 

and at an external by the equation 

F^Jflogi. 
r 
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12. Show directly that if r be not zero, 

where r»= (x - fl' + (y _ ^)« + (« _ f)2. 

13. How does an algebraical process, similar to the proof of the theorem 
aboye, fail when r is zero ? 

The algebraical expressions which were obtained for 

cP m d^ m eP m 

are then illusory, their real values being indeterminate as well as infinite. 

14. If throughout any continuous region of unoccupied space the resultant 
force be constant in magnitude, show that it is constant in direction. 

In this case JS? + J^ + Z^ = constant, and therefore 

but _z»=2JZ^+(-)j,4c., 

whence, by addition, 

t if)\ (S)% (f\% m\ if)\ if):«, 

\dxj \dy I \dz/ \dxf \dy / \dz / 

dV d 

now v'X = - V* -r- = - T-V'^= ; 

ax dx 

and in like manner, v'F« 0, v*^= ; and therefore the sum of the nine 
— — I , &c. is zero : whence each of these squares is zero ; and there- 
fore 2 = constant, F= constant, Z^ constant. 

16. If the force due to an element of mass vary inversely as the «'* power 
of the distance, prove that the potential of a system of mass which is all of the 
same sign cannot be constant throughout a &iite unoccupied portion of space 
except « = 2. 

Throughout any portion of space where V is constant, v' V must be zero ; 

but if the force due to an element of mass m be — , we have 

r'» 

and when all the mass is of the same sign, this cannot be zero except n a 2. 
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53. Potentials and Ijines of Force for Uniplanar 
Distribution. — In the oase of an uniplanar distribution of 
mass acting inversely as the distance, the potential V in the 
unoccupied part of the plane satisfies the equation 

da^ dy^ 
The general solution of the differential equation 

df" dz" 

is readily obtained by assuming two new independent vari- 
ables ^ and I) connected with z and t by the equations 

^ = z + at, ti = z-at, 

from which we have 

d d d d d d 

dt d^ dr\ dz rf| dri 
and therefore 

^"^ dl^dn dz' de "• 
Hence 

where /i and/2 denote arbitrary functions. 

If we now suppose a' = - 1 the equation whose solution 
has been obtained becomes that satisfied by V\ and putting 

t = v^-l, we get 

r^Mx^iy)^Mx-iy). (24) 

, . . d dV d dV 

Ajram, since — "r- = ~ t" "T"* 

° ' dx dx dy dy^ 

we may assume 

dVdxp dV_^_^d^ 

dx dy* dy dx^ 
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where i/> is a function of x and y. Hence, if x and y be the 
coordinates of a point on the curve ;// = constant, we get 

dV 
dy^ dy ^ 
dx dV 

dx 

and therefore the tangent to the curve at any point is in the 
direction of the resultant force at that point; accordingly 
)/» = constant is the equation of a line of force. 

d\L d\L 

Again, d^^-dx^f^dy 

= -*{/i(« + «» -'f2[x-iy))dx+ {fi{x + iy)+f:,{x'-iy)]dy\ 

whence multiplying by «, and integrating, we get 

^ = fi[x + iy) -f2[x - iy). (25) 

Putting 2/1 = il^we have from (24) and (25), by addition, 

V^^^P^F[x^v iy). (26) 

Functions and i// satisfying the equation 

+ *;/; = 2^0? + iy) (27) 

are called conjugate functions of x and y. It is plain that 
if I and -q be any two conjugate functions of x and y, the 
functions Fand ^p are conjugate functions of ^ and »j, and 
conversely that, if two functions and yjj are conjugate 
functions of $ and ly, they are conjugate functions of 
x and y. 

Again, if and ;// be any two conjugate functions of 
X and y, we have, from (27), by differentiation, 



At 



dy dy \dx dx 
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whence 





^'^J'^, and ^'^^ '^t 




dx dy dy dx 


and therefore 






d^iji dh\j d^<p 


• 


dx^ dxdy dy'^^ 



that is, v'^ = 0. Also, in like manner, vV = 0. 

A more complete account of the theory of conjugate 
functions, and of its application to the investigation of the 
potential and lines of force of a uniplanar distribution of 
mass, is reserved for a future chapter. 
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1. Find the potential of a uniplanar distribution of mass whose lines of force 
are straight lines passing through a point 0. 

If r and 9 be the polar coordinates of any point referred to (? as origin, we 
have tf^°8 '■**S = a; + ty. Hence, V and ^ are conjugate functions of log r and 
6 ; but the equation of a straight line through Oi&B = constant, and therefore 

^ = Ce, r=C71ogr, 

where C7 is an undetermined constant. 

2. If the lines of force of an uniplanar distribution of mass be confocal 
hyperbolas, find the potential. 

If we assume 

x = c cosh 17 cos {, y = c sinh 17 sin {, 
we haye 

«'' =1. 



(^ cos'{ c^ sin^f 

This equation represents a hyperbola whose primary semi-axis is cos |, and if | 
vary we obtain a system of confocal hyperbolas. Hence in this case the 
equation, { = constant, represents a line of force. 
Again, as 

cosh 17 = cos in, % sinh 77 = sin iri, 
we have 

a; + iy s <; cos (( — ti7) = <; cos f — r-^ J . 
Hence, 17 and { are conjugate functions of x and y, and we have 

where C, CfyOjid C* are undetermined constants. 

H 
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54. Potential of Magnetic Particle. — Let 8 and N 

be the south and north poles, and C the 
eentre of a magnetic particle, or small linear 
magnet, then the potential energy due to 
the presence of a unit north pole at a point 
P is the potential V of the particle at that 
point. Hence, if Vi and r^ denote the dis- 
tances of P from S and iV, and m the 
strength of the north pole of the particle, 
we have 

K= = — ^ ; but ri - ra = 6W cos c, 

where ds is the length of the magnetic axis SN of the 
particle, and e the angle it makes with CP, also the magnetic 
moment n of the particle is defined by the equation fi = mrfs, 
and the product rir2 differs by an infinitely small quantity, 
or, in the case of a small magnet by a negligible quantity, 
from r*, where r is the distance of P from C ; hence 

^='^^ (28) 

If distances measured on lines parallel to the magnetic 
axis 8N drawn through C and P be denoted by A' and A, 
and the distance CP be now denoted by r, the potential V 
may be expressed by either of the equations 

F=|> ^ = -;| ^. (29) 

ah T ah T ^ ' 

For any system of magnetic forces, the equation of Laplace 
holds good in unoccupied space ; but in the case of a finite 
body continuously magnetized, as volume density has here 
no definite meaning, it is not obvious by what equation that 
of Poisson should be replaced. 

As the potential due to magnetized bodies having finite 
dimensions requires special treatment, this subject is reserved 
for a future chapter. 

55. Mai^netic lihell. — A collection of magnetic particles 
80 disposed that their centres form a continuous surface 8 to 
which their axes are normal is called a magnetic shell. The 
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sum of the magnetic moments of the particles whose centres 
lie on the surface element dS divided by that element is 
called the strength of the shell, and is supposed to be finite 
and continuous. If J denote the strength of the shell at any 
point, JdS may be regarded as the moment of a magnetic 
particle whose axis is the normal to dS. 

If r denote the distance of dS from an external point 0, 
at which V is the potential of the shell, c the angle which r 
makes with the normal to dSj and dia the element of solid 
angle which dS subtends at 0, we have 

If the shell be uniform, J is constant, and 

r=Jl2, (30) 

where Q, is the solid angle which the shell, or its bounding 
curve, subtends at 0. 

In a magnetic shell whose surface is 8, that side of 8 at 
which north poles of the magnetic particles are situated is 
regarded as the positive side. 

Examples. 

1. Proye that the potential at a point P of a uniform magnetic shell, whose 
strength is /, is increased by 4ir/ as P passes from the negative to the positive 
side of the shell. 

The potential at P due to an element of the shell is — -^ , but this is 

the expression for the normal force at P due to an element of surface dS whose 
density is /. As P passes through the element in the direction of the force, this 
force increases by ^irJ, Arts. 16, 29 ; therefore so also does the magnetic potential 
due to the same surface element of the shell ; the rest of the magnetic potential 
varies continuously ; hence, on the whole, the magnetic potential of the sheU 
is increased by 4ir/ as P passes from the negative to the positive side of the 
shell. 

2. Find the potential energy due to the mutual action of two small linear 
magnets. (See Art. 17.) 

Take the centre of the first magnet for origin, and let h\ and ^ be lines 

parallel to the two magnetic axes, drawn through any point P, dhi and dh2 

being displacements in mese diiections ; tiien, if | be a coordinate of P measured 

di 
in any direction, -^ is the cosine of the angle between the directions of { and hi ; 

dr ^^1 

also rr- is the cosine of the angle between r and hi. Similar results hold good 
dh\ 

for ^2* 

H 2 






100 The Potential. 

Let V be the potential of the first magnet at the centre of the second, ix\ the 
magnetic moment of the first, /i2 that of the second, h the length of its axis, 
and mi the strength of its north pole ; then, if J?^ denote the energy required, 
we have 



W=''fm 



(r-jg&) + «.(rHgfe) 



, dV dV 

This may be put into two other forms. By Art. 64 we have 

dhx\r}' 



whence 



^^-^'^'dh^^\r)' 



Again, if €i and €2 be the angles which r makes with hi and ^2, and 0i2, the 
angle between the two latter, 

—^ fJi\ cos 61 ^ /lilfCOS fi ^ 

and therefore 

d . . 3rcos€i 

^(rcosci)- 



^=MlM2|j3 




= ^-j-{C08 ^12 — 3 COS €1 COS €2} . 

In each of the following examples, two small linear magnets are supposed to 
act on each other. 

3. Find the moment round the centre of the second magnet of the forces 
due to the action on it of the first. 

Give the second magnet an angular displacement d<p round a perpendicular 
axis through its centre ; if Jf be Sie component tending to increase ^ of the 
required moment, the work done by the forces producing M in the displacement 
d^ is Md<p, and this must be equal to the loss of pot^tial energy, that is, to 

^dW 

d(t> * 
hence, 

Jf = - -3- = - ^-Vi - wn ^12 ■^- + 3 cos 61 sin €2 -rr} » 
dip r^ { d<f> d<f>) 

since the displacement d<t> does not alter r or 6i. 

If a and fi be the angles which the plane of if> makes with the plane of 
hi and A2, and the plane of r and A2, respectively, &om considering the arcs on a 
unit sphere described round the centre of the second magnet as centre, we have 

ddiz = cos a d<l>, d€2 = cos ;3 dip, 
whence 

MIM2 3iiiil2 

M = — r- sin 6i2 cos a r— cos 61 sin 62 cos fi. 



J . 



Examples. 101 

This expression for Jf shows that it is the sum of the components in the plane of 
<p of two couples, one Lh in the plane parallel to the axes of the magnets, and 
one Lr in the plane of r and the axis of the second magnet, the magnitudes of 
these couples heing given hy the equations 






- iA.\iA.'i . UM1M2 

Lh = —-^ sin 012, Zr = :£- COS ei sm 62. 



The first couple tends to increase 0i2, and the second to diminish 62. The 
couple G^ whose moment is required is the resultant of these two. 

4. Find the resultant of the forces exerted hy the first magnet on the 
second. 

Give the second magnet a displacement of translation parallel to a direction 
As ; then if JTs he the component of the required force tending to increase hz, the 
work done hy the forces exerted hy the first magnet on the second in the 
displacement dhs is Ssdhz, and this must he equal to the loss of potential 

energy, that is to — — - dh^ ; 

dhz 

, „ dW <^ (COS 013 ^rcos€i rcos€2) 
hence, ff, = -_ = _^.^,_j__ _ 3 ^ }. 

The angle 0i2 is unaltered hy a translation of the second magnet, and 
dr d(r cos €i) ^ d(r cos €2) 

TT = cos €3, -, ' = cos 013, -^^TT = ^OS 023, 

a/Is ^^ ^^8 

where cs, 0i3, 023 are the angles which A3 makes with r, Ai, and Az, respec- 
tively. Hence, by substitution, we have 

3yui LL2 
S3 = {cos 012 cos €3 + COS 023 COS €1 + COS 031 COS 68 — 600S €1 COS 62 COS 63}. 

This expression shows that S3 is the sum of the components along A3 of three 
forces jB, JSTi, and H2, in the directions of r, Ai and A2, respectively, the 
magnitudes of these forces being given by the equations 

3uxU2 

jB = —4— (cos 012 — 6 cos €1 COS 62), 

„ 3/tlijU2 „ 3/iijU3 

Xtl = 3 — COS 62, M2 = 3 — COS 61. 

r* r* 

The required force F is the resultant of these three. 

If we suppose the couple G produced by two equal and opposite forces 

applied at the poles of the second magnet, one of these forces is of the order 

r 
F -, and is therefore very great compared with F, 
h 

5. Find the couple and the force acting on the second magnet in each of the 
following cases : — 

1^. When the axes of the magnets are in the line of centres. 
2°. When the axes of the magnets are parallel to each other, and perpen- 
dicular to the line of centres. 
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3**. When the axis of the first magnet is in the line of centres and that of 

the second perpendicular to it. 
4®. When the axis of the first magnet is perpendicular to the line of centres 

and the axis of the second in that line. 




In estimating the angles hi is supposed fixed, and ci, C2, and Bvi are counted 
from it in the same direction ; so that, if the three angles he in the same plane, 

^12 = •! + €J. 

1*. Herd fi = €2 = ^i2=0|; whence Xa=0, Zr = 0; also €3 = 0i3 = 023f 
and therefore 

JTs = T— COS €3 ; 

r* 

whence Pis an attraction along the line of centres whose magnitude is ^ . 

2^ Here *» = ^» *'^~i* ^12 = 0; 

3ui 11% 
whence Xa « 0, Xr = ; also Hz = — f- cos €s ; 

and therefore Pis a repulsion along the line of centres whose magnitude is 

3fiiMs 









r* • 




3*. 


Here 




€1=0, €2 = 


9n=\ 


then, 1 


AS L\ and Xr 


are in 


the same plane, 

0==:XA+Xr = 


2fiiMS 


A0 


■ftin. 


n 


! = n ^1 = 0. 


jr _3Ml/at 



Hence the resultant couple tends to turn the second magnet into the^ line of 
centres, and the resultant force tends to move it in the direction of its own 
axis. 

4\ Here *^ " i» «J = 0, On = ^ ; 

whmoe Xa = ^^^, Xr«=0; also -8 = 0, JTi*?^, Jr2 = 0. 
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Hence the resultant couple tends to turn tlie axis of the second magnet into 
a direction opposite to that of the first, and the resultant force tends to move the 
second magnet in a direction parallel to the axis of the first. 

It is to be observed that the couple in case 3° is double of the couple in case 
4°. In case 3° the deflecting magnet is said to be end on, and the deflected 
magnet broadside on, whereas in case 4? the deflecting magnet is broadside on, 
and the deflected end on, 

6. Find an expression for the energy due to the mutual action of two small 
magnets when the force emanating from a magnetic pole varies inversely as the 
«** power of the distance. 

In this case the potential of a magnet, whose moment is ju, at a point at a 

distance r from its centre is , where e is the angle which r makes with 

the magnetic axis. Then the mutual energy W of two small linear magnets 
whose magnetic moments are /ui and fiz is given by the equation 

Ml M2 
W = —^ {cob 012 •- {n+ 1) C0S€1 COS 62 j. 

7. If the force due to a pole vary inversely as the n*^ power of the distance, 
prove that when one small magnet is acted on by another, the deflecting couple 
when the deflector is end on and the deflected broadside on, is n times the 
deflecting couple when the deflector is broadside on and the deflected end on. 

By a process similar to that employed in Ex. 5 the deflecting couple in the 

, nil\ U2 Ml /*2 

first case is found to be — ^—^, and in the second case ^—5-. 

8. Prove that, in the two cases considered in Ex. 7, the resultant force on the 
deflected magnet has the same magnitude and direction, the latter being perpen- 
dicular to the line of centres. 

When the deflected magnet is broadside on, 



i? = 0, Ji = 0, H2 = 
When the deflected magnet is end on. 



{n + 1) fii fi2 



M¥2 



V-(\ w (»» + ^) Ml M2 ^ 



* 

0. 



9. Show how to arrange an experiment to test the truth of the results 
obtained in cases 3° and 4° in Ex. 6. 





Place two small magnets SN and 8^N', whose centres are C and C, in 
water on floats with rigid arms TQ and TQ' projecting from the floats, TQ 
being parallel to SN and perpendicular to CT, and C'TQ' perpendicular to 
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8'N'. If CQ^ be made double of TQ, C placed on the production of C'Q'y TQ 
made parallel to CQft and Q and Qf fastened together by a string equal in 
length to CTy the whole system is found to be in equilibrium. 

This shows that the mutual action between the magnets when placed in the 
manner described is reducible to a single repulsive force perpen£cular to the 
line of centres at the point of trisection of tUs line, the shorter segment being 
next the magnet which is end on. 

This agrees with the results obtained in cases 3° and 4°, Ex. 5. 

We see also from the reduction of the mutual action to a single force that 
the result in case 4°, Ex. 5, follows from that in case 3°, and that the couple 
acting on the magnet which is broadside on is double of the couple acting on Che 
magnet which is end on. 

The arrows in the figure indicate the directions of the tension of the string 
resisting at Q and Q* the forces due to the mutual action of the magnets. 

10. If the law of the force due to a magnet pole be unknown, show how it 
may be determined. 

The result of the experiment described in the last example combined with 
the theorem proved in Ex. 7 shows that the law of force must be that of the 
inverse square. For, by Ex. 7, if the force vary inversely as the «'* power of 
the distance in the experiment of Ex. 9, in order to have equilibrium, CQ 
should be made n times TQ, 

11. Prove that, when a small magnet M2, whose centre is fixed, is in stable 
equilibrium under the action of another fixed small magnet ifi, the force pro- 
duced by M2 on a magnet pole at the centre of M\ in the direction of its axis is 
the greatest possible. 

The mutual energy W of the magnets is given by the equation 



dh\ dh^ 




The centres of the magnets and the direction of hi being fixed when M2 ia 

in stable equilibrium, A2 takes the direction which makes W a minimum. If 

we now suppose hi and Aa to be drawn through C\, the centre of Jfi, instead of 

d d 

through C2, the centre of Jfa, the operators -rr- and -rz- both change sign, and 

dh\ dh2 

the expression for W^^ remains unaltered ; therefore the direction of A2 is such as 

d d /1\ 
to make -rr rr [-) ^ maximum ; but if F2 be the potential of M2 at Ci, we 
dhi ahi \r/ 

have 

dr2 



^_£_/l\ d_( _^/M2\\ . 

^'^ dhi dh2\v)'"' dhi\ dh2\T} I 



dh\ 

Hence the axis of M2 is in such a direction as to make the force in the 
direction of h\ exerted by M2 on a magnet pole at C\ the greatest possible. 

The theorem of this example enables us to place a magnet with its centre at 
a given point so as to produce the greatest possible force in a given direction on 
a magnet pole placed at another given point. 

12. When a small linear magnet M2, whose centre C2 is fixed, is in stable 
equilibrium under the action of another fixed magnet Jfi, show that the axis of 
M2 is in the direction of the force exerted by M\ on a magnet pole at C2, and 
that the axes of the two magnets lie in the same plane. 
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Let Ni and Si be the poles of Mi, and N2 and 82 those of Mz, the length of 
its axis being h* The forces acting on M2 at Nz and iS'2 are equal and opposite, 

h 
neglecting quantities of the order — as compared with these forces. Hence, in 

order that the moment round C2 should vanish, S2 jS'2 must be in the direction 
of the force on a north pole at C2. The force exerted by the magnet Mi on a 
pole at C2 is the resultant of forces whose lines of direction are Ifi C2 and Si C2, 
and must therefore lie in the plane CzNiSi. 

13. The small linear magnet Mz, whose centre is fixed, is in equilibrium 
under the action of the fixed magnet Mi ; find the resultant force on M2. 

By the last example the axes of M2 and Mi are in the same plane, and 
therefore dn = ci + e2 ; also in the equations of Ex. 3, G = ; whence 
sin (ci + 62) - 3 cos ei sin 62 = ; and therefore 

sin€i 2 cos 61 

tan €1 = 2 tan €2, sin €2 =» .77^ — s 5^ — "vi <*os ca = 



V(l +3 0083 61)' '* V(l + 3C0S»€l)' 

then, from Ex. 4, we have 

3jUl fl2 1 + 7 cos* €1 



J2 = - 



r* V(l + 3 cos» «i)* 



6jUl fl2 COS 61 __ 3/Al fl2 cos €1 

^" "H~ V(l + 3 COS* 61)' ' " r* 

In this case, as the forces are all in one plane, we may resolve JTjs in the 
directions of It and Si, and if Hf and H'l denote the total forces acting on M2 
in the directions of r and Ai, we have 

jy 3/il/A2 1+4 cos' 61 _ 3/Aifl2 C0B61 

"■ ~r*~ V(l + 3 cos' 61)* ^ " r* V(l + 3 cos' 61)' 

14. In Ex. 13 show that the resultant force on M2 tends to move it in the 
direction in which the force exerted by Mi on a magnet pole at C2, tiie centre 
of M2f increases most rapidly. 

Let Vi be the potential of Mi at C2 ; then by Ex. 2, 

since A2 is in the direction of the resultant force on a magnet pole at C2 by 
Ex. 12. The force on M2 tends to move it in the direction in which TF* dimi- 
nishes most rapidly ; and from the expression for W given above, this must be 
the direction in which the force due to if 1 on a magnet pole at C2 iacreases most 
rapidly in absolute magnitude. 
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Section II. — General Theorems. 

56. daiiss' Tbeorem. — If V denote the potential at 
any point due to masses acting inversely as the square of the 
distaneOy and 8 the surface of a sphere whose radius is 12, 
then 

J VdS = 47ri2» U, + 47riJ Jf, (1) 

where the integral is taken over the entire surface of the 
sphere, and where Uq denotes the value at its centre of the 
potential of those masses which are outside it, and M the 
sum of those masses which are internal. 

To prove this, let U denote the potential at any point 
due to the masses outside the sphere, and v that due to the 
masses which are internal, then V -U ■¥ v. 

Now taking as origin the centre of the sphere, by (2), 
Art. 26, we have 

Hence J Udia taken over the surface of any sphere 
having for centre is independent of the radius, provided 
the sphere does not enclose any of the mass producing U: 
thereiore, by supposing the radius infinitely small, we obtain 

J Udia = 47rCro. 
Again, - 4:kM= \—d8=^R^ — \ vdto; 

4jrM 



whence -z-lvdu) = - 



i\' 



B^ 



and integrating on the hypothesis that the sphere is of 
variable radius, but continues to include the whole of the 
mass Mj we have 




1 



t? rfoi = 47r -^ + C. 
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If we suppose the radius R to beoome infinite, t? is zero at 
each point of the surface of the sphere. Henoe C^ = 0, and 
we get 

vdw = 47r^. 

Adding this equation to that previously obtained for ZT", 
we have 



1 



1 



Fe?(o = 47rj?7-o+ ^j, (3) 

from which (1) follows at once. 

57. fJniplaiiar Distributioii. — In the case of a uni- 
planar distribution of mass acting with a force varying 
inversely as the distance, Gauss' Theorem becomes 



[ rds = 27riJ j Uo + Jlf log ^j, (4) 



where a is the arc, and JB the radius of a circle, M the uni- 
planar mass inside it, and Uo the potential at its centre of the 
external mass. 

For in this case, at a point on the circle whose radius 

li is infinite, the value of t? is Jf log -^ Hence the value 

of j vdff taken round this circle is 2TrM log -p, and the 

theorem can be proved in a manner similar to that employed 
above for a three-dimensional distribution of mass. 

58. Careen's Tbeorem. — If U and V be two functions 
of the coordinates which, as well as their differential coef- 
ficients, are acyclic, finite, and continuous throughout a 
region © of space bounded by a surface /S, then 



F'^''*^iF'''"*8-ii''f^^*i'''''^'® 



MdVdV^ dUdV^ dUdV\^^ .gv 

dx dx dy dy dz dz ) ^ 

where the volume integrals are taken through the whole of 
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the region @, and the surface integrals over the whole of the 
boundary 8^ and v denotes a normal to S drawn into the 
field of the triple integration. 

To prove this, we integrate by parts the expression 



and we get 







?^^^y^^=jj^S'^^^^- 



TJ-zr^dxdydz ; 
d^ 



whence, by the addition of two similar equations, if Q denote 



we have 



[[[(dUdV dUdV dUdV\ 
J JJ \ dx dx dy dy dz dz J ' 



Q=\\ Vi -J- dy dz -\- — dz dx + — dxdyj- 




Uv'Vde. 



that 



By a process similar to that employed in Art. 45, we find 



\\ KS''^^ '^^ + ^^^ '^'^ -^ S^'^'^ '^^) = - if ^ ^''^ ' 



'dv 



whence, by substitution, we obtain 



\i 



dv 



Z7v'Frf© = -Q. 



(6) 



By an interchange of TJ and V we have, also. 



w 



V-r-dS^- 
dv 



Fv*?7-rf@ = - Q, 



(7) 



and thus we get (5). 

If the field © consist of the space comprised between two 
closed surfaces of which one is inside the other, equation (5) 



Special Case of Chreenh Theorem. 



109 



can be proved in the same manner as above, and this mode 
of prooi is still valid when © is the space outside any number 
of separate closed surfaces, and inside another enclosing them 
all, the surface integral in each of these cases being the sum 
of the surface integrals taken over each boundary. If a sphere 
whose radius is infinite be the outside surface, © will consist 
of the whole of space outside a system of closed surfaces. 

Again, if © consist of a number of separate detached 
regions, Green's equation is obtained by the addition of the 
equations holding good for each of these regions respec- 
tively. 

Lastly, if © include the regions on both sides of a surface 
8y whether closed or open. Green's equation can still be 
proved in the same manner as before, the surface integral in 
this case being taken over both sides of the surface S. 

When the region © is bounded by a number of surfaces 
in any of the ways described above. Green's equation may 
be written in the form 



¥ 



dV 
dv 



d8 + 



Uv^VdiS 



-4 



av 



Vv^m® 



dUdV dUdV dU dVX ,^ 



]\dx 



+ 



+ 



dx dy dy dz dz J 



(8) 



but the simpler form (5) is equally valid, provided it be 
understood that the surfape integral is to be taken over the 
whole of all the boundaries. 

When the functions U and V are identical. Green's 
equation becomes 



fi 



V-T-dS+ 
av 



Fv'Frf@ = - 



UdVV fdV 
\\dxj ^[dy 



KUh 



(9) 



59. Special Case of Green's Tbeorem. — If the 

function ?7", or some of its differential coefficients, be infinite 
at a point P inside the field, the integrations implied by 
Green's equation may become illusory, and the equation itself 
may require modification. 
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If U=U' + -y where e is constant, r the distance of any 

point from the point P, and IT a function which is finite 
throughout the field, an important theorem can be obtained 
which is expressed by the equation 

* ff ^S''^^ ■*" Iff ^^' ^"^^ "If ^Tv"^^ -^erp+ [[[fv^ ird(S 

J J J V ^ ^ dy dy dz dz J ' ^ ' 

where Vp is the value of V at the point P. 

To prove this, describe, round the point P as centre, a 
sphere S' of radius a so small that S' does not meet any of 
the boundaries, and apply equation (5) to the field ©' con- 
sisting of that part of © which is outside S^; then we have 

^zr^ds+lu^dS' + luv'rdB' 

[ Fv' V"d& + [ Fv* Q d®' 

^^[(dUdV dUd_F dV^dr\ , 

]\dx dx dy dy dz dz ) * ^ ^ 

If we take P for origin, and if Q, denote the volume of 
the sphere 8\ we have 

do, =^ r^dr dwy and dS^ = a^dwj 

where dw is the element of a solid angle having its vertex at 
P ; also the value of 

-7- ( - ) at the surface S' is — - • 

^^^^^ dv \rl a^ 



+ 
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We have then, 
CT— dS == a^ \l/ — dvj ■{■ ae \ — rfw, 



[ 



(12) 



f U^^ Vda = I Z7 V VdQ + e{v'Vrdr dw, 

[dUdV ,^ [dU'dV,^ [dV , , 

I -5- -r- »Q = — ; — -T- dH-eX^r- QOia drdw, 
i ax dx J dx das ] dx 

where a is the angle which r makes with the axis of x ; also 

V' I - J = at every point of the field ©'. 

If we now suppose a to become infinitely small, we see 
from equations (12) that 



1 



r£(i).s-.-4,F„ 



and, since @ = @' + Q, we see also that 

[ Z7v'Frf©'=[z7v»F'rf@, 
[dUdV,^, [dUdV,^ 

Wx-^'^'U-^'^'^ 

thus (11) becomes the same as (10). 

60. Uniplanar Form of Oreen's Tbeorems. — 

When 11 and V are functions of the coordinates of a point 
which is limited to the plane of xy^ equation (5) assumes the 
form 

r U'J^da + [[ Uv^Vd^dy = [ V^-^da + [[ Vv^Udxdy 

fdUdV dUdr\, - ,,^, 
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11 U ^U' -v e log -, where r is the distance of any point 

from a point P inside the field, since r log r = when r = 0, 
we obtain as the uniplanar equation corresponding to (10) 

where Vp is the value of V at the point P, 

61. Constant Potential. — If a closed equipotential 
surface have no mass inside it, the potential is constant for 
the whole of the internal space. 

For, since V is constant over the equipotential surface S, 
and there is no mass inside it, by Art. 26 we have 



1 



V'^^dS = 0. 

av 



also v'F'= at every point inside 8; hence, by (9), 

and since every term here is positive, we must have 

dV^ dV^dV^^ 
dx dy dz 

throughout the whole space inside S, whence V must have 
the same vqlue throughout this space as at the boundary. 

A* similar theorem holds good for an uniplanar distribution 
of mass acting inversely as the distance. 

Again, if the potential have a constant value C for any 
finite portion A oi unoccupied space, it must have the same 
value for the whole of space wluch can be reached from A 
without passing through mass. 

For if in any portion B of space adjacent to A the poten- 

be everywhere greater than (7, we can describe a sphere. 
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of radius iJ, having its centre and part of its surface Sin A 
and the rest of its surface in B ; then J Vd8 taken over the 
surface 8 is greater than J CdS^ that is, than 4cwR^C ; but by 
(1), Art. 56, we have J Vd8 = ivR^C. Hence there cannot 
be a region B adjacent to A throughout which V> C. In like 
manner we can show that there cannot be an adjacent region 
throughout which V < C\ but since V is continuous, if it be 
not equal to C everywhere in the space adjacent to -4, there 
must be some finite portion of this space throughout which 
either F > C, or else F < C, either of which alternatives is 
impossible. 

Thus A can be continually increased by the addition of 
adjacent portions of space so long as no mass is encoun- 
tered. 

In the case of a unipianar distribution of mass acting in- 
versely as the distance, we can, by means of Art. 57, show in 
like manner that, if the potential be constant throughout a 
finite unoccupied area A^ it has the same constant value for 
the whole of the plane which can be reached from A without 
passing through mass. 

When a mass distribution is symmetrical round a straight 
line, if the potential F have a constant value C for a finite 
portion I of this line situated in unoccupied space, it must 
have the same constant value for the whole of space which 
can be reached from I without passing through mass. 

To prove this, draw a plane through the axis of symmetry, 
and if Fbe not equal to C in the part of the plane adjacent 
to I there must be a finite portion B of this plane, having 
/ for a boundary, throughout which F is everywhere greater 
or everywhere less than C; and if the plane be made to 
revolve round the axis, this must be true for the region 
generated by the revolution of the area B. If now a 
sphere be described in this region, having its centre in I, 
we see, as before, that the supposed inequality of F is im- 
possible. 

62. Potential Zero. — If the potential be zero at each 
point of a closed surface, outside which there is no mass, it is 
zero for the whole of external space, and the total mass is 
also zero. Conversely, if the total mass be zero, and the 
potential have a constant value C for a closed surface 8 

I 
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surrounding the entire mass, C is zero, and the potential is 
zero for the whole of space external to 8. 

These two theorems are an immediate consequence of 
equation (9). The boundaries of the region © are in this 
case the closed surface /S, and a sphere S' at infinity. If 
R be the radius of this sphere, and M the total mass, we have 

F-T- d8' -\-^ -Tz^R^dta = (}^ since R is infinite. 
J av ] It K 

Hence, as v' F = throughout @, we get 

-ii(iOMf)MTrj!-i-f-«. 

when V is zero on 8 ; whence, as in Art. 61, V has the same 

value throughout © as on the surface /S, and is therefore zero. 

Hence again at each point of any closed surface surrounding 

dV 
8 we have -r = 0, and therefore, by Art. 26, the total mass 
(iv 

is zero. 

Again, if F be constant over 5, and the total mass zero, 



1 



F^ dS = 0, 

av 



and therefore, as before, V is constant throughout @, and is 
therefore zero since it is zero at infinity. 

Another theorem, which is more general than those given 
above, and which may be proved in a similar manner, may 
be enunciated thus : — If the potential be zero at every point 
of the boundaries of a region in which there is no mass, the 
potential is zero throughout the region. 

63. Zero Potential for Uniplanar Distribution. — 
If at a point P the potential of a uniplanar distribution of 
mass acting inversely as the distance be zero independently 
of the absolute magnitude of the unit of length, the total 
mass must be zero. 
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For the expression for the uniplanar potential F at a 

point P is '2m log —, where L is the unit of length, and r the 

distance of the mass m from P, the lengths r and L being 
expressed in terms of the same imit. If we choose another 
absolute length i' instead of L as the unit, the expression 

for V becomes kSw log — , where »c is a constant depending 

on L and L\ If this be zero, Sm log — = ; and if the first 

v 

expression for V be also zero we have, by subtraction, 

jy 

(Sm) log — = 0, 

and therefore S/w = 0. 

It is now easy to see that, if the uniplanar potential be 
zero, independency of the absolute magnitude of the unit of 
length, at every point of a closed curve s, outside which there 
is no mass, the potential is zero for the whole of the plane 
outside Sy and the total mass is also zero ; and conversely, 
that if the total mass.be zero, and the potential have a con- 
stant value C for a closed curve s surrounding the entire 
mass, C is zero, and the potential is zero for the whole of the 
plane outside s. 

In fact, from what has been said, it appears that in each 

of the supposed cases the total mass is zero, and therefore, by 

dV 
Art. 44, the potential at infinity is zero, and as -j- ds at a 

dv 

point on a circle at infinity is (2m) dO, if we integrate round 

f dV 
this circle, we find that V -z- dsiB zero. The theorems above 

are proved then in the same manner as the corresponding 
theorems for a three-dimensional distribution of mass. 

64. £qiiivalent Distributloiis. — If two distributions, 
A and -B, of mass have the same potential at every point of 
the boundary of a region to which both distributions are 
external, they have the same potential at every point through- 
out the region, 

I 2 
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To prove this, suppose one distribution A to be reversed, 
that is, suppose the eJgebraical sign of each element of mass 
reversed, and suppose the distribution thus obtained to coexist 
with the other. The potential V due to this conjoint dis- 
tribution is then zero over the boundary of the field which 
is unoccupied, and therefore, by Art. 62, F is zero throughout 
the field. 

Hence, at every point the potential due to A must be 
equal to that due to B. 

It is to be observed that the boundary of the region here 
considered may consist of any number of separate surfaces. 

As a particular case of the theorem above, we have the 
important result, that — 

If two distributions of mass have the same potential at 
every point of a closed surface enclosing both, they have the 
same potential throughout the whole of external space. 

Again, it readily appears from Art. 61, that — 

If two distributions of mass give potentials which have 
a constant difference C at every point of a closed surface 8 
to which both distributions are external, the potentials due to 
these two distributions differ by C at every point of the 
region enclosed by 8, 

Another theorem which is easily deduced from Gtreen's 
equation, Art. 58, is, that — 

If two distributions of mass produce the same normal 
force at every point of the bouildary of a region to which 
they are both external, their potentials throughout this region 
can differ only by a constant. 

For, as before, suppose one distribution when reversed to 

co-exist with the other, and let V be the potential due to the 

dY . 
conjoint distribution, then — is zero at every point of the 

boundary, and as v'' ^ = throughout the field, by equa- 
tion (9) we have V constant throughout the field, that is, the 
difference of the potentials due to the two disbributions is 
constant. 
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Examples. 

1. Prove that the mean value of the potential, due to any system of mass 
acting inversely as the square of the distance, throughout a sphere having none 
of this mass inside it, is equal to the potential at the centre of the sphere. 

Suppose the sphere divided into an infinite number of shells concentric with 
it, then the result given above follows from Art. 56. 

2. Prove that the mean value of the potential due to any system of uniplanar 
mass, acting inversely as the distance, throughout a circle having none of this 
mass inside it is equal to the value of the potential at the centre of the circle. 

3. If two distributions, A and B, of mass have the same closed surface 8 
enclosing both as an equipotential, every surface outside S which is an equi- 
potential for A is also an equipotential for S, 

Let Vi be the potential due to A, and Fa that due to S, then 

Vi = Ci and V2 = C2 on the surface 8, 

Now imagine a distribution A' whose elements of mass occupy the same 
positions as those of Ay but such that any mass tn' belonging to this distribution 

is given by the equation mf = -—m, where m is the corresponding mass belong- 

ing to A. Then, if F'l be the potential due to A\ we have V'l = V2 at the 

surface 8, and therefore, F'l = F2, and Fi = — F2 for all space external to 8. 

Hence the equipotential surfaces are the same for the two distributions 
A and S, and the resultant forces due to them are codirectional, and in a con- 
stant ratio to each other. 

4. If two distributions, A and Bj of mass, which are both external to a 
region @, produce normal forces at each point of the boundary of ® which 
have everywhere the same ratio to each other, then throughout the region @ the 
resultant force due to ui is codirectional with that due to B, and has to it a 
constant ratio. 

5. If two distributions, A and B, of mass produce throughout a region ®, 
to which they are both external, codirectional resultant forces, the ratio of the 
magnitudes of these forces is constant. 

Throughout @ the equipotential surfaces and tubes of force due to A coincide 
with those due to B, Let 2i and Sa be two orthogonal sections of an infinitely 
thin tube of force T, and Pi and Pa the corresponding resultant forces due to A^ 
then Pi2i = PaSa. 

Again, if Qi and Qa be the resultant forces due to B at the same points, 

QvZi = Q2X2, and therefore —-=-—. Hence along the tube T the resultant 

Qi Q2 . . 
forces due respectively to the two distributions are in a constant ratio. If now 
we consider a circuit composed of infinitely short elements, ds and ds'j of two 
lines of force comprised between two consecutive equipotential surfaces, and of 
the lines on these surfaces joining the extremities of ds and ds', we have, by the 
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principle of the Conservation of Energy, Pd8 = Pd8% and also, Qds = Qd8\ 

F P* 

whence, in going from one line of force to another, — = -— . Hence, throughout 

P 
®, the ratio — is constant. 

6. If two distrihutions, A and B^ of mass have throughout a region @ to 
which they are hoth external the same equipotential surfaces, the resultant 
forces due to these distrihutions are throughout the region ® codirectional and 
in a constant ratio. 

Throughout @, if TI and V be the potentials due to A and By we have 
V=f{V) and also v*Cr= 0, v*F= 0. Hence U= kV-\- e where k and e are 
constants. 

7. If two distrihutions, A and B^ of uniplanar mass, acting with a force 
varying inversely as the distance, have the same closed curve a surrounding both 
as an equipotential, every curve outside s which is an equipotential for A is also 
an equipotential for B. 

Let Ml be the total mass, and Vi the potential corresponding to A, and Mz 
and V2 those corresponding to -B, and let the values of Vi and V2 at a be Ci and 

Cz'i then, putting — -=^ = k, we have icJfi + M2 = 0. 

Ml 

Now imagine a distribution A' whose elements occupy the same positions as 
those of A, but such that any mass m' belonging to it is given by the equation 
w' = KMf when m is the corresponding mass belonging to A. 

Let the distribution A' coexist with B, and let V be the corresponding 
potential ; then at s we have V=kCi-\- d; and since F is constant and the total 
mass zero, by Art 36, we get 



I 



dV 
ay 



when the integral is. taken round the curve ». But by Art 44, the integral 



! 



dV 

r^da 

ap 



taken round a circle at infinity is zero; therefore, by (13), Art. 60, Fis con- 
stant throughout the whole plane outside a, and being zero at infinity is therefore 
zero. Hence since kVi + F2 = F= 0, the distributions A and B have the 
same equipotential surfaces everywhere in the plane outside «. 

65. Potential a Maximum or a minimum. — If the 

potential V of any system of mass be a maximum at a point 

P, there is positive mass at P, and if the potential be a 

minimum, there is negative mass. 

To prove this, describe a small sphere S round P as 

centre, and take P for origin ; then if F be a maximum at 

dV . 
P, at each point of the surface of this sphere — is negative, 



Variation of Potential in Space unoccupied by Mass. 119 

and therefore so also is -z- rfS taken over the surface ; but 

J dr 

dV 

-r- dS = - 4cirMy where M is the mass inside the sphere ; 

dv 

lence M is positive ; and as the sphere may be diminished 

■without Kmit, there must be positive mass at P. If F be a 

minimum, it can be shown in a similar manner that there is 

negative mass at P. 

It follows from what has been proved above that V 

cannot he a maximum or a minimum in unoccupied space. The 

game theorem can be proved in a similar manner for a uni- 

planar distribution of mass acting inversely as the distance. 

66. ITariation of the Potential in lipace un- 
occupied by mass. — The potential of masses which are 
outside a closed surface 8 has at all points inside this surface 
a value which lies between the extreme values on the surface. 

For, let A be the greatest and B the least value of the 
potential on the surface 8 ; then if anywhere inside the sur- 
face V be greater than A^ or less than J?, there must be a 
point where it is a maximum or a minimum, which is impos- 
sible. 

It follows, as a corollary, that if V be constant over S, it 
is constant throughout its interior. 

Similar results hold good for uniplanar mass. 

If the potential Voi masses inside a closed surface 8 has 
at all points of 8 the same algebraical sign, it has the same 
sign at all points outside 8, and its greatest magnitude irre- 
spective of sign in external space is less than its greatest 
magnitude on 8. 

For, if V were positive at every point of S, and negative 
at any point outside 8j since Fis zero at infinity, there must 
be a point outside 8 at which F is a minimum, but this is 
impossible. In like manner it can be shown that if V be 
negative at every point of 8 it cannot be positive at any 
point in external space. Again, if V have at any point 
outside 8 a value of the same sign, but greater in magnitude 
than any of its values on 8y it must be a maximum or a 
minimum at some point in external space which is impossible. 
Lastly, if A be the greatest value of V irrespective of sign 



s 
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at the surface /8, the value of V at an external point P cannot 
be equal to A except A be zero. For, if V were equal to 
A at P, describe a sphere round P as centre not meeting or 
enclosing 8 ; then by Art. 66, since V has the same algebraical 
sign at all points of the surface of this sphere, and nowhere 
exceeds A in magnitude, it must be equal to A at all points 
of this surface, and therefore for all the included region, and 
therefore for idl space external to S. Hence A must be zero. 

By describing a sphere enclosing the surface 8y it is now 
easy to see, by Art. 56, that — 

If the potential of masses inside a closed surface 8 have 
at every point of this surface the same algebraical sign, the 
sum of the masses has the same sign as the potential at 8. 

As an immediate consequence from the above it follows 
that— 

The potential of any system of masses whose simi is zero 
cannot have the same algebraical sign at every point of a 
closed surface enclosing these masses. 

67. Points and Idnes of Equllibriam. — A point of 
equilibrium is one at which the resultant force is eero. At 
such a point, if V be the potential of the acting mass, 

?^=0 ^=0 ^=0. 
dx * dy ^ dz 

A point of equilibrium is therefore a double point on the 
^ equipotential surface F - -ZT = 0. 

, If at every point of a Ime of any form — , — , and — 

!2^ be zero, the line is a line of equilibrium, and must be a double 

^ line on an equipotential surface, which accordingly must have 

^ at least two sheets intersecting in this line. 

N If an equipotential surface have two sheets cutting one 

another in unoccupied space, they must intersect at right 

angles. 

To prove this, take a point on the line of intersection as 
origin ; then, at any near point a?, y, 2, we have, by Taylor's 

+ &0., 
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and the equation of the equipotential surface V - K =0y 
becomes in the neighbourhood of the origin 

but, since the equipotential surface consists of two sheets in- 
tersecting in a line passing through 0, the terms of the 
second degree in the equation above must be of the form 

{Ax + % + Cz){A'x + ^y + Cz), 

where Ax + B^ + Cz = and Ax^B'y + CT'g = 

are the equations of the tangent planes to the two sheets. 
Hence we have 



AA'^BB^GCr^ 






since is a point in space unoccupied by mass, and therefore 
the two sheets of the equipotential surface out at right 
angles. 

68. Rankine's Theorem. — If n sheets of an equi- 
potential surface in space unoccupied by mass intersect in 
the same line, the angle between each pair of adjacent sheets 



. TT 

IS -. 
n 



To prove this, take a point on the multiple line for 
origin, and a tangent to tms line as axis of z ; then if be 
a multiple point of the order m on the equipotential surface, 
the tangent cone to this surface at is of the form -ETm = 0, 
where Hm is a homogeneous function of the m^* degree in 
Xj y, z. Also, as the tangent planes to the n sheets of the equi- 
potential surface pass through the axis of 2, their equation is 
of the form Un = 0, where «<» is a homogeneous function of 
the n*^ degree in x and p ; and, since they intersect in a line, 
on the cone Sm = 0, and are tangent planes to this cone, Hm 
is of the form Un z^"*^ + w^+i 2*""**"^ + &c. + w«,> where Wn+i> &c., 
are homogeneous functions of x and y of the degree w + 1, 
&c. Now in the vicinity of the origin V= K+ H^ + -Hin+i 
+ &c., where Hm^i^ &c. are homogeneous functions of x^y^z i 
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of the degree m + 1, &c. ; and, as V* V= for all values of the 
coordinates, V*J?m = 0, and therefore equating to zero the 
coefficient of the highest power of z in V^Smy we get 



(: 






If J? be the perpendicular from any point on the axis of 2, we 
have Un =pV{i>) ; and by equation (18), Art. 48, we get 



+ 






da? 
whence we obtain 

and therefore 

/(0) = A sin {n<j> + a). 

The value of ^ for a tangent plane to the equipotential 
surface is given by the equation f{<p) = 0, and therefore 
w0 + a = STT when s is an integer. 

Hence ^1 = — , 6% — » &o., and 02 — 0i = ""> that 

^ n ^ n n ^ ^ n 

is, two adjacent sheets of the equipotential surface intersect 

at the angle -. 

n 

In the case of uniplanar mass acting inversely as the 

distance, it can be shown in a similar manner that if an equi- 

Eotential curve in a part of the plane unoccupied by mass 
ave a multiple point of the order n, the angle between two 

adjacent tangents at the point is ~. 

69. Diagrams of Equipotential liurfaces* — If the 

value of the potential at a point P be known for each of 
the portions of mass of which a system is composed, we can 
find the potential of the whole system by addition. This 
principle enables us to construct the equipotential curves due 
to a set of centres of force of given intensity. If the centres 
of force be situated on the same straight line L the equi- 



Thomaon^s Theorem. 



123 



fotential surfaces are surfaces of revolution round L as axis, 
f there be two centres of force, A and jB, for which the 
corresponding potentials are u and «?, take any plane passing 
through i, and draw in it the circles round A as centre for 
which t/ = 1, w = 2, &c. Draw the equipotential circles also 
for B\ then, if the circles for which u =m and v = n intersect, 
the value of the total potential V at their point of intersec- 
tion is w + w. Now by altering the values of m and w, their 
sum remaining constant, we obtain a number of points on 
the equipotential curve for which F = m + ;^, and thus the 
curve can be graphically constructed. Having drawn the 
equipotential curves due to A and B conjointly, we may 
suppose a third centre of force at a point C on the line join- 
ing A and -B, and having drawn the equipotential circles 
corresponding to it we may proceed as before, and so on for 
any number of centres of force. The method of drawing the 
lines of force in the case supposed has been already described, 
Art. 34. By drawing also the equipotential curves in the 
manner given above, the diagram of the field of force is com- 
pleted. 

70. Thomson's and Dirichlets' Theorem. — ^An 
acyclic function of the coordinates always exists, which 
satisfies the equation v'0 = throughout a given region ©, and 
is equal to a given function at each of the boundaries of this 
region. 

There is only one such function. 

To prove this, let t* be a function of the coordinates 
satisfying the equation w = /i {xyz) at the first boundary, 
w =/» (^2) at the second boundary, and so on, and let 



Qu = 



ifduv" fduV fdu\] ^^ 



taken throughout the region ©; then if v be another function 
of the coordinates, and a a constant, we have 



Q«+ar = Qi* + a^'Qv + 2a 



= Q„ + a^Qv - 2a 



'du dv du dv du dv\,^ 
^dx dx dy dy dz dz 



du _^ 
dv 



t?v^ w^© ! . 



i 
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If V be selected in such a manner as to be zero at each of 



the boundaries, and so as to make 



W^ud® positive, and 



if a be positive and so small that its square is negligible 
compared with its first power, we have Qu^v < Qu- Hence, 
if f/ =u + av^ the function w' satisfies the same boundary con- 
ditions as w, but Qu' < Qu- From this it follows that if a func- 
tion u satisfy the boundary conditions, we can always find 
another function u^ satisfying the same conditions, and such 
that Qu' < Qu9 unless V*w = throughout the field of integra- 
tion. Now Qu is essentially positive and cannot therefore be 
diminished without limit. Hence a function exists which 
satisfies the boundary conditions, and is such tnat Q^ cannot 
be made less, but if this be so we must have v*^ = throughout 
the field @. ^ 

Again there is only one such function. For if there were 
two, and 0', and if we put - 0' = x, we should have x == ^ 
on the boundary, and v*X ^ ^ throughout the field, and there- 
fore have X zero. Hence = 0'. 

A similar theorem holds good for a plane. 

It is to be observed that the validity of the proof given 
above for the first part of Thomson's theorem is not admitted 
by Weierstrass and other eminent mathematicians. 

71. liarface DIstribatfon. — It is always possible to 
distribute mass over a closed surface iS so as to produce the 
same potential in external space as a given distribution of 
mass M which is inside the surface, or the same potential 
in internal space as a given distribution M which is out- 
side. 

To prove this, let ©i be the region outside S, and @2 the 
region inside, vi the normal to 8 drawn into @i, and V2 the 
normal drawn into ©2 ; then, if F be the potential due to Jf, 
by Art. 70, there is a function ^ such that ^ = VeA 8y and is 

of the order — at a point P at infinity, where JB is the dis- 

tance of P from the origin, and that v'^ = throughout ©i, 
and a function \p such that ;^= F" at S, and v'^ = through- 
out ©s. 
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Again, if P be a point in the region @i, and r denote the 
distance of any point from P, by Art. 59, we have 

Also, by Art. 58, we have 

jrdv2 J dv2\rj 

Adding this equation .to the former, and remembering 

that at the surface S we have \fj = <ji = F, and that 

d d 

y- = - ;t-, we get 
avi av2 

Hence at any point in @i the function expresses the 
potential of a surface distribution whose density is 

__ _1_ /rf^ ^ 

47r \dvi dv2j 

In like manner \p is the potential in @2 of the same surface 
distribution. Also, if M be situated in ©a we have = F 
throughout @i, and if M be situated in @i we have \p = V 
throughout @2. Hence the surface distribution is determined 
which produces the same potential on one side o/ 8 bb a, 
given mass distribution existing on the other side. 

When the mass M is inside 8 it is equal to the total mass 
of the surface distribution. 

It is obvious that we can show in a similar manner, that 
if space be divided by a boundary or set of boundaries into 
two regions, it is always possible to distribute mass over the 
boundary so as to produce in one region the same potential 
as that produced by a given distribution of mass existing in 
the other region. The density of the required surface dis- 
tribution is determined in the same manner as before. 

Another theorem, in some respects more general than 
those given above, is the following : — 

It is always possible to distribute mass over a surface 8 
closed or open so as to produce a potential which is equal at 
each point of /S to a given function of the coordinates. 
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In this case, if /S be an open surface, we have to determine 

a function 6 of the coordinates which at a point F at infinity 

M 
is of the order ^, where J/ is a finite constant, and £ the 

distance of P from the origin, which equals at S a given 
function of the coordinates, and which satisfies the equation 
V*0 = throughout the whole of space on both sides of 8; 
the density <r of the surface distribution is then determined 
by the equation 

\dvi dv2/ 

72. Curve Distribution of Vniplanar Mass. — If V 
be the potential of a uniplanar distribution of mass M acting 
inversely as the distance, and s a closed curve surrounding 
My a function ^ of the coordinates x and f/ exists which is 

equal to V at the boundary s, and is equal to M log — at a 

point P at infinity whose distance from the origin is i2, and 
which also satisfies the equation v^^ = throughout the part of 
the plane outside s. Proceeding then as in Art. 71, we find 
that the density v of a distribution on the curve 8 producing 
outside 8 the same potential as that due to if, is given by the 
equation 



\dvi dv%j 



Again, if if be outside $, we find in like manner a distri- 
bution on the curve s giving the same potential as M inside «. 

The theorems for uniplanar mass corresponding to the 
remaining theorems of Art. 71 are investigated in like 
manner. 

73. Distribution on fiquipotential liurfaces. — If 
the equipotential surfaces corresponding to a distribution of 
mass ifbe closed surfaces surrounding iT, and if mass be dis- 
tributed on the equipotential surface iS so as to produce in 
external space the same potential as that produced by i/, the 
density of this distribution at any point of S is inversely pro- 
portional to the normal distance at this point between S and 
the oonseoutive equipotential surface. 




Dtstrihution of Ekctridty on Conductor. 127 

For in this oase -^ in equation (15) is constant, and 
since ^ = F, where V is the potential of the mass My we have 



■^-slfT. <-) 



and a, the density of the surface distribution producing V in 
external space, is given by the equation 

= . J_ ^ 
47r dv 

But a V=C for the equipotential surface /8, at a con- 
secutive equipotential F'= (7+ dC^ and 

^rfv=F'-F=rfC, 
av 

1 dC 
wnence <t = — -j — t" • 

47r ai; 

It is easy to obtain (16) directly from (10), Art. 59, 
since at the surface 8 the potential Fis constant, and r being 
the distance from an external point, 



1 



dv \r 



Similar results hold good for uniplanar mass acting in- 
versely as the distance. 

74. Determination of £qnipotential8. — If iS be a 

closed surface on which there is a distribution of mass whose 
density at any point is <r, and whose potential is constant on 
S, and if dv be the normal distance between S and a con- 
secutive equipotential surface S'; then, since 

1 dC 
dv = -j , 

if <T be known, the surface 8' can be determined. 

75. Distribntfon of Electricity on a Conductor. — 

We have seen. Art. 30, that when a charged conductor is in 
electric equilibrium, the electric mass is distributed on the 
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fiurf aoe so as to produce at each point a resultant force normal 
to the surface, which is therefore an equipotential surface for 
this distrihution, and the electric mass constitutes what is 
termed a couche de niveau. 

If the total amount M of mass be given^ there is only one 
possible distribution consistent toith electric equilibrium. 

For, if there be two possible distributions, let their 
potentials in external space be U and V; then at the surface 
8 of the conductor we have ?7 = d, V= O^; and if v be 
the normal to 8 drawn outwards, 

Hence 



i<-^(f -?)-»■ 



also if X = ^ -Vy by equation (9), Art. 58, x is constant 
throughout the whole of space outside fif, and therefore 

3^ is zero at every point of 8 ; whence the density of the dis- 
dv 

tribution producing TI is everywhere the same as that of the 

distribution producing V» 

It can be shown, as in Art. 70, that there is only one 
possible distribution of mass over a closed surface 8 producing 
a given potential at every point of this surface. 

Hence, if an insulated conductor be charged to given poten^ 
tialf the quantity and distribution of electricity on its surface is 
determined. 

Examples. 

1. The potential V ia<p (a?, y, z) throughout the region inside a closed 
surface 8, and is zero throughout external space ; find the corresponding dis- 
tribution of mass. 

In order that it should he possible to fulfil the required conditions ^ (Xj y^ z) 
must be zero at the surface S ; then inside 8^ the density p is given by the 
equation 4irp + v^^ = 0, and the surface density a* on /S' by the equation 

4ir(r + -- = 0, where v is the normal to 8 drawn inwards. Since /S* is an equi- 
potential sur&ce corresponding to F, we have 



2='J|(2)'*(g)'-(l) 
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2. Find the equipotential surfaces of a homogeneous homoeoid in external 
cpace. 

A homosoid is a cowhe de niveau^ and therefore the method of Art. 74 is 
applicable. By Ex. 4, Art, 24, the surface density tr varies as p the central 
perpendicular on the tangent plane. Now il a + da, b -h db, e + de^he the 
axes of an ellipsoid confocal with the inner surface of the homosoid, and p + dp 
the central perpendicular on its tangent plane, since * 

p2 = a* cos* a + J2 cos* fi + e^ cos* y, 

we have 

pdp = ada cos* a + bdb cos* $ + cde cos* y ; 

and, as fl* — J* and a* — c* are constant, we get ada = bdb = cdc, and therefore 
pdp = ada, andi? varies as — . Hence <r varies as — , but, by Art. 74, a* varies 

as -r-y that is, the consecutive equipotential surface of the homoeoid is an 
dv 

ellipsoid confocal with its umer surface. A surface distribution on this, giving 

the same potential as that of the homoeoid, is a couch de niveau, and (Art. 75) is 

therefore, another homoeoid, whose equipotential is another ellipsoid confocal 

with the inner surface of the original homoeoid. Proceeding in this manner we 

see that the equipotential surfaces of a homoeoid are confocal ellipsoids, and also, 

that confocal homoeoids of equal mass (Art. 37) have the same potential in 

external space. 

A fuller accoiint of the properties of confocal homoeoids will be found in 

Chapter V. 

3. Find the potential F of a homoeoid H at any point P in external space. 

Since the equipotential surfaces of S are confocal ellipsoids, V varies only 
along with the axis major 2a' of the confocal ellipsoid If passing through P, and 
therefore V=f («')• ^®* 2 (a' + 5«') be the axis major of the outer surface <rf 
a homoeoid E! whose inner surface is E\ then if Jbf' be its mass, and p its 
volume density, we have 

Jf ' = 1 »p' 8 {a'b'c') = 4irp' Vc'W, 

but if JS* and S have the same potential in space external to both, M' = M, and 

therefore 4irp'5a' = r^-,. Now if a*' be the surface density of the distribu- 

be 

tion on the ellipsoid E' which produces F, at the point which is at the extre- 
mity of the axis major of E' we have (/ = p*Zd , and also, by Arts. 46 and 61, 
we get 

dV 

Hence, 

dV M M 



da' Vc' V(^'2 _ ^2j(^'2 _ j^) 
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Integrating, and remembering that r = when a' = ao , we get 

da' 



-'i: 



y/ («'* - A*) (a'2 - k^) ' 



where h and A; are the oonstants of the confocal system. If we transform the 
integfal bj assuming a' sin = A;, we get 






where JP is an elliptic integral of the first kind whose modulus is -^ and whose 
amplitude is 0. 

4. Show that the potentials of two confocal homoeoids at any point outside 
both are proportional to their masses. 

5. Prove that the potentials of confocal homogeneous ellipsoids, in spaoe 
outside both, are proportional to their masses. 

Let E and E' be &e ellipsoids, the semi-axes of E being 0, h, c^ and those of 
E' being a\ b\ e\ then if Xa, Kh^ \e be the semiaxes of an ellipsoid similar to 
Ey and \a\ \b', \c' those of an ellipsoid similar to E', since, a* - J^= a"^ - A'*, and 
a* - <j2 = a'» - c'\ we have A* («» - b^) = \^ («'« - J'2), x* («« -<^)^\^ {a'^ - <j'2), and 
if A. go from to 1, the ellipsoids E and j^are each divided into an infinite number 
of homosoids, the bounding surfaces of the homoeoids composing E being confocal 
with those of the corresponding homceoids of E', Also the mass JEC of any 
homoeoid in ^ is 4irp\^abcdK, and the mass H' of the corresponding homceoid in 

E' is 4irp'A VJ'cWx, and therefore -=, = -=7.,, where M. and W are the masses of 

the ellipsoids. Hence as the potential of E is^ the sum of the potentials of the 
homoeoids of which it is composed, and a similar statement holds good for J^, 
and as the potentials of each pair of corresponding homoeoids in external space 
are proportional to Jlfand M\ this is also true of the potentials of the ellip- 
soids. 

The theorem above is usually ascribed to Mac Claurin. 

6. Find the equipotential curves due to an elliptic homosoidal band of uni- 
planar mass acting inverselv as the distance. 

By an investigation similar to that of Ex. 2, it can be shown that the equi- 
potential curves required are confocal ellipses. 

7. Find the potential of an elliptic homoeoidal band of uniplanar mass in 
external space. 

If if be the uniplanar mass, and V the potential at the point P, of the 
homoDoidal band iJ, a' the semiaxis major of the ellipse passing throughP confocal 
with jEr,and Ic the distance between its foci, as in Ex. 3, we have 

dV M 



da' V(«'* - ^) ' 

Assuming a' = e cosh 17, and integrating, we get V^ 0- Mri. 
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When a' is inflnite, 

F= - if log fl' = - Jf {u + log ie} ; 
and therefore, in general, 

r=if {log 2- log c-1,}. 

8. A distribution of mass M has for an equipotential surface an ellipsoid 
JB enclosing M; find the potential of M at any point P outside JB, 

If F* be the potential required, 

J« V^(a'2-A2)(a'^-Ar«) 

where 2a* is the axis major of an ellipsoid passing through P confocal with E, 
and h and k are the constants of the confocal system. 

9. An insulated ellipsoidal conductor is charged with a quantity JB of elec* 
tricity ; find its potenti^ at any point P in external space. 

If V be the potential, 



-c 



da' 



W v^(a'a-A2)(a'2-Ar2)' 
where a', &c., have the same meaning as in Ex. 8. 

10. If two distributions of mass, M and if ', in portions of space @ and ©' 
separated from each other by a continuous surface 8^ produce tangential forces 
equal and in the same direction at every point of 8^ a surface distribution on 8 
can be effected which produces the same resultant force throughout @ as that 
produced by M\ and the same throughout @' as that produced by M. (Thom- 
son and Tait.) 

If V and V be the potentials due to M and JIT, and if there be a surface 
distribution whose potential is 17, and such that U= V on. 8; then by Art. 64 
U= rthroughout @'. But at 8 we have V - V*=C\ hence 17= T' + C at -^, 
and therefore U = V + C7 throughout @ by Art. 64. 

11. A hollow conductor, comprised between two closed surfaces, has electric 
mass in its interior : show that the whole potential in external space is that 
due to the charge on the external surface 8. 

Let V be the potential due to the charge on the outer surface, and let V be 
the total potential ; then if r be the distance from any point P in the region @ 
outside 8y by Art. 69 we have, 

whence, as v* V=0 throughout @, and V is constant on -S', we get 

] dv r 
K2 
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Again if <r be the density of the surface distribution on -S^, by Art. 46 we have 

dV dV ^ 
av av 

and since there is no force in the substance of the conductor 

5/ = ^' 

{ffdS 
also V = I — . 

Hence, substituting for <r, we obtain Vp = Vp, 

12. In £z. 11, show that the total electric mass on the interior surface of 
the conductor is equal in magnitude and opposite in algebraical sign to the total 
mass in the interior hollow, and that the potential of the two distributions con- 
jointly is zero in the substance of the conductor. 

If ti be the potential due to the mass in the interior hollow in conjunction 
with that on the inner surface, and V and v have the same meaning as in Ex. 1 1, 
then F = f + «, but in external space F = v, and therefore « = 0, and being 
due to mass none of which is outside the inner surface, u must be zero up to this 
surface, Art 61 ; hence by Art. 26 the total mass producing u is zero. 

13. A hollow conductor, whose external surface is an ellipsoid, has electric 
mass E' in its interior, and receives a charge E ; find the potential in external 
space. 

If the conductor were uncharged, there would be in consequence of the mass 
in its interior a charge — E' on its inner surface, and a charge + E' on its outer 
surface forming a couche de niveau. If now a charge E be communicated, the 
total charge on the outer surface becomes E+E'; and as it forms a eouehe de niveau^ 
the potential is obtained by putting E-{- E' iox Em the answer to Ex. 9. 

14. A material particle, under the action of forces due to mass attracting or 
repelling inversely as the square of the distance, and situated in space unoccupied 
by this mass, cannot be in stable equilibrium. 

15. If a particle be placed at a point of equilibrium in unoccupied space, 
and receive a small displacement E of given magnitude, show that the force 
which acts on the particle in the direction of R varies inversely as the square of 
the codirectional radius vector of a hyperboloid having as centre. 

If the coordinates of (> be a;, y, z, the potential F at a point in the vicinity 
of Of whose relative coordinates are |, ly, ^, is given by the equation 

the equipotential sur&cee in the vicinity of are therefore hyperboloids ; and 
if we take their principal axes as axes of coordinates, we have 

then the components of the force acting on the particle are — AR cos a. 
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— BR cos $t - CR cos 7, where a, iS, 7 are the direction angles of R ; whence 
the force along JZ is — (-4 cos* o + ^ cos^ jB + (7 cos* 7) R^ox — ^ J2, where r is 
the radius vector of the hyperholoid whose equation is A^^ + Bri^ + Cf ' = iT. 



/^ 



16. In the last Example, if j? he the central perpendicular on the tangent 
plane to the hyperholoid at the point where it is met hy r, show that the total 
force acting on the particle is in the direction of p, and is inversely proportional 
Xjopr, 

It is to he ohserved that in this and the preceding Example, when the 
direction of R is such that A cos* o + ^ cos* jS + C cos' 7 is negative, we must 
use the hyperholoid A^^ + ^ij« + Cf* = - K, 



i^ tflitfkv 



17. Prove that at 0, a point of equilihrium, sets of three mutually perpen- 
dicular lines can he found such that a particle at displaced along one of them 
is not acted on hy any force in the direction of this displacement. 

If we suppose the axis of ^ to lie on the cone r whose equation referred to 
its principal axes is Ax^ + By^ + C«* = 0, since then the coefficient of f* must 
vanish, and since the invariant ^ + -9+^=0, the equation of r assumes the 
form 

«(i* - 1?'^) + 2A€i? + 2M+ ya = 0. 

But as the factors, X and T, of a(|* — ij*) + 2h^n are necessarily real, and re- 
present when equated to zero perpendicular pl^es, the equation of r hecomes 
XT + Z( {MX + NT) = 0. Hence the lines of intersection of the planes X, T; 
X, (; and T, (, are mutually perpendicular, and are all edges of the cone 
r. A particle, therefore, displaced from along one of these lines remains 
on the equipotential surface passing through 0, and is therefore imacted on. 
hy any force tangential to this surface. 

18. If a distribution of mass itf consist of two parts. Mi and itf2, round each 
of which a closed surface can he drawn, the intervening space heing unoccupied, 
and if for the whole of space outside these surfaces. Si and 82^ the distrihution 
M be centroharic, prove that the haric centre must he inside either 81 or 82, and 
that if it lie inside 81 , the potential of the mass inside 82 must he zero for the 
whole of space outside 82* 

If O, ike baric centre, be outside both 81 and 82, describe a surface 8 in the 
space external to 81 and 82 enclosing O ; then, if iVbe the normal force at any 
point of this surface 8^ since ilf is outside 8, we have jNd8 = ; and therefore, 
throughout all space outside 8i and 82 the potential is that due to a zero mass 
placed at Gf and is therefore zero. Hence G must lie inside either 81 or 82* 
If G be inside 81, imagine a surface distribution on ^5*2 giving the same potential 
as M2 through space outside 82^ and let V be the potential due to this distribu- 
tion coexistmg with the distribution Mi and the mass — M placed at G, then V 
is zero throughout all space external to Si and 82, and being zero on the 

dV 
surface 82 is zero throughout the enclosed region. Hence -r- is zero at both 

sides of 82y and the surface density at each point of 82 is zero, and the potential 
in external space of the supposed distribution on 82 is zero, and therefore also 
the potential due to i/z. 

19. If a system of mass M be centroharic throughout a finite portion ® of 
space outside My it is centroharic for the whole of space outside itself. 
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Throughout @ the potential of JIT is the same as that of a mass M concen- 
trated at a point G. Hence by Art. 61 the potentials of these two distributions 
are the same throughout the whole of space outside M, 

20. If the system of forces exerted by an invariable mass system A on 
another invariable mass system B be always reducible to a single force passing 
through the same point O in A whatever be the position of Bj then A is cen- 
trobaric for all space outside itself. 

Take a point P so distant from A that a sphere can be described, with Pas centre, 
not meeting A, and capable of containing B between 
its centre and its surface ; place B in uiis position, 
and draw any line FK meeting B. Concentric 
spheres having P as centre will pass through succes- 
sive layers of P, and each layer will constitute a 
figure on the sphere on which it is situated. If B 
be made to rotate round PJT, the set of particles 
lying on the sphere whose radius is FK generate 
by their successive positions a spherical figure bounded 
by a circle of which K is pole. The successive 
copolar circles of which this area is composed have 
been passed over by sets of particles which are 
different for each circle, but each point on the same 
circle has been passed over by the same number of 
particles. Hence if we suppose the successive positions of P to coexist, the 

density of P being changed from p to -, where n is infinite, we obtain a solid of 

revolution P' formed by a series of layers on successive concentric spheres, each 
layer being bounded by a circle, and such that the density at any point in the 
layer depends solely on its distance from the pole of the bounding circle. 

If we now suppose the line FK with the solid B' rigidly attached to take 
every possible position round the point P, and all these positions to coexist, the 
density being again divided by an infinite constant, we obtain on the sphere 
having FK as radius a homogeneous shell, since the conditions determining the 
density are perfectly symmetrical for all points on this sphere, and on the whole 
we obtain a set of concentric spherical shells, each of which is homogeneous. 
Hence the resultant attraction of ^ on a set of concentric homogeneous spherical 
shells having P as centre passes through O ; and, therefore, the attraction of A 
on a mass concentrated at P passes through G, 

It can be shown in like manner that this holds for every position of P 
throughout a finite volume. Hence A is centrobaric for the whole of space 
outside itself. 

Another method of proving the above theorem wiU be found in Art. 81, Ex. 8. 

21. The surface density on a conductor under the influence of other con- 
ductors is positive in some places, and negative in others; show that the 
equipotential surface for which the potential is that of the conductor has more 
than one sheet. 

22. Find the equipotential surfaces belonging to a homogeneous thin bar 
AB whose density is A. 

Let P be any point outside the bar, by Art. 10 the resultant force at Pis 
in the direction of the bisector of the angle AFB^ that is, it is along the normal 
to an ellipse passing through P and having A and P as foci. Hence the equi- 
potential surfaces required are confocal ellipsoids of revolution. 
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23. Find the distributioii of mass on one of the equipotential surfaces which 

produces the same potential as that produced 
by the bar in external space. 

Let AB = 2c, APB = <f>, AP^n, 
BP — r2, ri + rz = 2a, let C be the middle 
point of ABy and let the perpendiculars from -4, 
Cf and B, on the external bisector of the angle 
APB be denoted by jpi, p, p2t and the perpendi- 
cular from P on AB by q. Then, if m be the 
mass of the bar, and B tiie resultant force at 
P, by Art. 10, we have 




m 



2\ sin i<f> 2\e sm ^(p 2m sin h4> 

Ji = = = ; = - 

q eq r\r2 sm ^ rira cos f ^ 



ma 



ma 



r\r2a cos J^ nrzp ' 
but, by a well-known property of the ellipse, we have 



nrz- 



fl«32 



whence, by substitution, we get 



jj=^= 



mp 



ab^ a(a^ - c^) ' 

and if 0- be the density of the required surface distribution, we have, 

mp 



4ir<r = 



«(»« - <?)' 



where p is the central perpendicular on the tangent, and a the semiaxis major, 
of the ellipse passing through P and having A and B as foci. 

This result can otherwise be deduced from Ex. 22, by means of Ex. 2 and 
Ex. 3. 



76. Careen's Fanction. — If there be a closed surface 
Sy and two points P and Q, on the same side of this surface, 
Green's function is the potential at Q of a surface distribu- 
tion on 8 which, in conjunction with a unit of mass at P, 
produces a zero potential at all points of S. 

Let p denote the density of this distribution ; then, if 
Green's function be denoted by Qpq^ we have 



Q 



pq 



where A is any point on the surface S. 



136 The Potential 

We can now show that if U denote the potential of any 
distribution on 8^ the potential Up of this distribution at P, 
is given by the equation 

Up^'lpUdS. (17) 

To prove this, let a be the density of the distribution pro- 
ducing U\ then 

?7i>=J^, but.^=G^P^=J^^, 

where A' is any point on S different from A, Substituting 
we have 

Z7> = - j,rfS j^' = - j/rfS' j ^, - j ?7-../rffir, 

which is the same as the right-hand member of (17). 

It follows readily from (17) that no alteration is pro- 
duced in Green's function by interchanging P and Q. For, 
let Uq = GpQ, then, if q be the density of a surface distribu- 
tion corresponding to a unit mass at Q, we have 

77. £iiergy in Terms of Resultant Force. — The 

potential energy due to the mutual action of mass which is 
continuously distributed through a volimie or over a surface 
may be expressed in terms of the resultant force. 

If V denote the potential due to the mass, 8 the surface 
or surfaces on which there is a distribution, ® space on both 
sides of these surfaces, m the mass concentrated at any point, 
R the resultant force, and W the energy required to produce 
the distribution ; by (21), Art. 50, we have W=\ SmF; but 
if <T be the density on a surface where there is a distribu- 
tion, by Art. 46, we have 



m 



-^'-U^^'^^^-- 
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also ^Ifroughout the field on both sides of this, surface 

1 „ 

m = pd<S = - T- V^Vd<S. 

I Hence, by (9), Art. 58, we obtain 

' 9^W = - j v{^ ^ '^,\d8-[ Vv'Vd® ^{lPd(S, (18) 

^here the volume integrals are taken through the whole of 
bce. 

Examples. 

)ye that if the potential he given at every point on a set of surfaces, the 

EotentialSmergy due to the mutual action of the mass producing this potential 
\ least wmn all the mass is on these surfaces. 
Let S denote the set of surfaces, @ the whole of space on hoth sides of these 
surfaces, V the potential of a mass distribution on them such that V has the 
assigned value everywhere on 8f and V-\- v the potential of anj other distribu- 
tion fulfilling this condition. Then, if Qv have the same meaning as in Art. 70^ 
by Art. 77 we have 

« T^ ^ r^ r^ J t ^V dv dV dv dV dv\ ,^ 

= er+ 0. - 2 J «. ( J+ ^ rf«- 2 j jv^rrf® ; 

but V must be zero everywhere on S^ and v* F = throughout @, since corre- 
sponding to F* there is no volume distribution ; therefore, Wy^^=- Wr+ Wv, 
and therefore the energy corresponding to the distribution producing V is 
least. 

2. Show that of all surface distributions of given charges on a given system 
of conductors that which is consistent with equilibrium has the least potential 
energy. 

This follows immediately from the general dynamical theorem that in a 
moveable system the potential energy is least when the system is in stable 
equilibrium. 

It may be proved directly as follows : — 

Let Si, S21 &c., be the surfaces of the conductors, Fthe potential due to a 
surface distribution producing a constant potential on each conductor, and such y 

that each conductor has the assigned charge, F + v that due to any other surface • / 
disbibution fulfilling the latter condition. Then, if JSi be the charge on 8\, we ^ 



have 



and also 
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whence 

and a gunilar equation holds good for each of the other conductors. Again 

^ ^ ,.{ IdVdv dVdv dV dv\ ,^ 
t^jrr..= Qv.,^Qv+Q. + 2\(-- + -^ + ^^)de 

since, by what is said above, the surface integrals at Si^ fi^, &c. vanish, rbeinjg 
constEuit at each of these surfaces, and, as there is no volume distribution, A^v is 
zero throughout @. Hence Wr+v - Wr+ ^v, and the energy corresponding 
to F is the least possible. 

3. Prove that a charged body cannot be in stable equilibrium under the 
action of electric forces. 

Let e be the charge in any small portion of the charged body A, and Fthe 
potential of tlie electric forces ; then W, the potential energy due to tiie presence 
of -4 in the electric field, would be 2 Te if all the electric mass were rigidly 
fixed in the bodies in which it is distributed. Let {, ij, ( be the coordinates 
of a point P in the body A, and «, J, e the coordinates of any point Q in ^ 
relative to P; the absolute coordinates a:, i/, z ot Q are given then by the equa- 
tions « = ! + «, y = i? + J, z = (+ e. For a motion of translation of A, the 
coordinates a, J, e are constant, and for variations due to such a motion 

—- = — , &c. Take a point in the vicinity of P as origin, and describe a 

sphere S round as centre, so small that, when P moves about in this sphere, 
no part of A can enter the region occupied by the electric masses producing F. 
Let r be the distance of P from 0, let if = 2 Ve^ and suppose P to move about 
in the region @ inside 8y the corresponding motion of A being one of translation, 
and all the electric mass being supposed to be rigidly attached to the bodies to 
which it belongs. Then 

Hence -j- cannot have the same sign at all points of S, If we now suppose 

to approach infinitely near P, and the sphere to become infinitely small, we 

see that there must be a displacement 8« of P for which -;- is negative. In the 

as 

actual state of things the electric maiis is free to move on the conductors to 

whichit belongs ; and whenPreceives a displacement 8«, the change of the potential 

energy W is given by the equation HW = -7- 8« — JK«, where iT is essentially- 

positive. Hence, when — is negative, 8 7F is negative ; and therefore it is 

possible to give a displacement by which the potential energy is diminished, and 
therefore A cannot be in stable equilibrium. 
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Section III. — Expansion in Series. 

78. Potential at Distant Point. — ^If the origin be 
taken in the interior of a system of attracting or repelling 
mass, the potential at a point P, which is more distant than 
any point in this mass from 0, may be expressed in a con- 
vergent series of descending powers of r, the distance of P 
from 0. 

Let a?, y, z be the coordinates of P, x\ xf^ %' those of any 
point in the acting mass, / its distance from 0, dm the element 
of mass there concentrated, F the potential at P, and M the 
total mass ; then 



F= [dm {r» + /2-2(a»' + y/ + »?')) "* 
__ [dm L 2{axii + y/ + ggQ r^'l 

"jTr"^ ? "^2' 2' 2 



i{xaf + y/ + zsT)^ 1 r'* ^ , 
^ 2-?^^'' 

If we now suppose to be the centre of inertia of M, and 
the axes of coordinates to be the principal axes of M at 0, 
we have 

/ a/dm = / i^dm = / s^dm = 0, 

/ afy'dm = jt/ss^dm = jz^a/dm = 0, 
whence 

If P be so distant that { - ) is negligible, it is unnecessary to 

consider any terms in the series for V except those given 
above. Let -4, P, denote the principal moments of inertia 
of M at 0, and / its moment of inertia round OPf and let 
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the direotion angles of this line be denoted by a, /3, y, then 
we have 

X y ^ z 

- = cos o, - = COS p, - = cos 7, 

T T T 

qIbo jx'^dm ^ j r^dm " Aj with two similar equations; and 

neglecting tenns of an order higher than ( - ] , we get 

\rj 

Hf 1 r 

r = — + g-g {3 (a^ cos* a + 2/^ cos' ^ + 2" cos' y) -r») dm 

M 1 

= - + J^ {2jr'^dm - 3(^ cos' a + -B cos'0 + Coos' 7)) 

= 7+j^(^ + -B+C'-37). (2) 

It follows from equation (1) that, at a point P so distant 
from M that ( - ) is negligible, the potential of JIf is the same 

as if the entire mass were concentrated at its centre of inertia. 

The term moment of inertia when applied to electric mass 
signifies merely an integral depending on the positions and 
intensities of the force-centres of which the electric mass is 
composed. A remark of a similar character applies to the 
term centre of inertia, 

79. ]IIoinent exerted by Distant Body. — If ilfbea 
rigid body, and a naass L be concentrated at a distant point 
P, remembering that in the case of mutually attracting 
bodies the potential is a force function, we see that the 
moments round the axes of the force which M exerts on L are 

rfdV dV\ . 
L\x —- - y -^r h &C. ; 
\ dy ^ dx )' 

but since these are equal and opposite to the moments 
exerted by L on M^ if these latter be denoted by i^i, -flTa, N^y 
we have 
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Substituting for V from (1), neglecting terms which are 
omitted in (2), and remembering that 



2^£-^|)^ = o, 



dx ^ dy 
we get, 

We have then for the three moments required 

or 



or 
or 

N,= ~{B-A)m, 



> • 



(3) 



80. Ellipsoid of SmaU £Ulptlclty.— In the case of 
a homogeneous ellipsoid of small ellipticity, equations (2) 
and (3) are approximately true, no matter how near the point 
P is to the surface of the ellipsoid. 

To prove this, let a, 6, c be the semi-axes of the ellipsoid 

whose mass is -3f, and a\ b\ c' those of a confocal ellipsoid 

inside i[f whose mass is M\ and moments of inertia A\ 5", C ; 

then if V be the potential of the latter ellipsoid at P, by 

^^ , „ M „, 
Ex. 5, Art. 75, we have F = -i7> V . 

M 

The largest value of r' for the mass M' is a', and if P be 

outside M the smallest possible value of r is c. Hence, 

taking M' as the acting mass, we have ~ < -j. Now, if the 

/ c 

n. — Q 

ellipticity of the ellipsoid M be denoted by c, on the 

hypothesis that ^ is negligible a*- c*=28C*, whence a"=c'*+28C% 
and -J = T + 26 ; but c' may be made as small as we please, 

and therefore — < 2c, and ( — j is negligible, so that 



/ 
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equation (2) holds good for V\ Again, 

A' + B -{^Cr 'Zr^A' (co8'^ + co8»7-2cos'a) + &o. 

= 00B« a (5' - ^' + (7 - ^') + &o. ; 
and as 

we have 

^' + 5^ + (T - 3/ ' = ^' (4 + 5 + C - 3/). 

Henoe equation ^2) holds good for F, provided c be so small 
that its powers higher than the first may be neglected. 

Equations (3) oeine deduced from (2) also hold good for 
an ellipsoid of small ellipticit j no matter how near be the 
point F to its surface. 

It is plain that the above results can be extended to a 
mass composed of homogeneous shells bounded by coaxal 
ellipsoids of small ellipticity, since the potential, mass, and 
moments of inertia of a diell are the differences of the 
corresponding quantities for the ellipsoids between which the 
shell IS comprised. The results which hare been obtained 
may therefore be regarded as valid in the case of the Earth. 

The Theorems of this Article are due to Laplace, but the 
mode of proof here adopted is that of Mao Cullagh. 

8L riairavt^ TMeoreai.— If the Earth be supposed 
to be formed of homogeneous strata bounded by concentric 
ellipsoids of revolution of small elliptidty having a common 
axis, a relation of much importance exists between 7 the ratio 
of the excess of polar over equatorial eravity to tbe latter of 
these quantities, e the ellipticity of the external surface of 
the Earth, and q the ratio of the centrifugal forw at the 
equator to gravity. 

This relation which was discovered br Gairmut is ex- 
pressed by the equation 

The following proof of this proposition is that of 
MtieCuIIagli* but is here presented in an improved form due 
to Dr. Williamaon. 
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If C denote the moment of inertia of the Earth round its 
polar axis, and d the angle whioh the radius vector r makes 
with this axis, sinoe in the present case A = £, we have 

A + B+C-3I^{0- A){3 sin' 0-2); 
whence 

^=7+^(3sin'0-2). (6) 

If 2a and 2c be the equatorial and polar axes of the Earth, 
the equation of a meridian is 

, /sin* cos' 0\ ^ , a - c 

r' I — ;:— + — : — I = 1, and e = 



^.. 



a^ (? ) '' ' c 

whence, if e' be neglected, r = c (1 + e sin* 0). 

The greater part of the surface of the Earth is covered 
with liquid in equilibrium, and therefore at the surface ; if 
cu denote the Earth's angular velocity, we have 

_ (uVsin'0 , , 

V + 5 — = constant ; 

accordingly, after expressing r in terms of 0, we may equate 
to zero the coeflBcient of sin' Q on the left-hand side of this 
equation ; thus, neglecting small quantities of the second 
order, we get 

M 3(C-A) oiV ^ 

whence, as g^ = — = -tr^, approximately, we have 

-60- A q 

The anffle which the vertical line or normal at any point 

of the Earth's surface makes with r is of the order c, and its 

cosine differs from unity by a quantity of the order «' ; also 

the component of the Earth's attraction perpendicular to r 

is of the order c, and this resolved along the normal is 

of the order «' ; hence, e' being neglected, the component 

dV 
of the Earth's attraction alonff the normal is -r- • 

° dr 



t 
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Again, the oomponent along r of the centrifugal force is 
w^r sin^ 0, and this may be taken as the component of the 
same force along the normal. Hence, if g denote the accele- 
ration of gravity at any point, we have 

AT = - -; — wV sin' Q. 
dr 

If we substitute for Ffrom (5) the term involving [C - A) is 
of the order e, and in it we may put r = c. In the term — , we 



r« 



have r = c (1 + € sin* 0). 

Making these substitutions we get 

g = J(l~2£ sin' fl) + ^^^^ (3 sin' 6 - 2) - cu'c sin' 6. 
Substituting in this equation the value obtained in (6) 
for — Tpa"» ^^ ^^^^ 



M& 



^ = ^{l+^-2e-i-(e-|g)sin'0J. (7) 



If gp and g^ denote polar and equatorial gravity, respeo- 
tively, we get 

M 

and in terms of the order £ we may put gp = g*= ^r- 1 hence 

Cr 

we obtain 

ge 2 
which is the same as (4). 

From (7) we have g-ge^(^q - cj— cos' d ; whence, if 
we put 'jQ = - — =^, we get 

ffe 

g 

ya sec' 0+6 = 5*5'. (8) 



7« -— — = ^q-e, 
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Examples. 

1. If two distributions of mass haye the same potential throughout space 
external to both, their centres of inertia and principal axes are coincident, and 
their principal moments of inertia are equal, respectively. 

If each potential be expanded as in Art. 78, the two series must be equal 
for all values of r greater than a certain limit, and for all directions. Equating 

then the coefficients of — in the two series and also those of -?, we obtain the 

results required. 

2. If a body be centrobaric, its baric centre coincides with its centre of 
inertia, and its moments of inertia round all axes through this point are equal. 

3. Find the components of the Earth's attraction, at a point on its surface, 

parallel and perpendicular to the line joining this point to the centre. 

dV 
If the components required be denoted by -Band P, wehave i?=— -j- ; whence, 

by Art. 81, we get, 

i? = ^(l-26 8in2e) +£(^I^)(3sin*d-2) 

= :J ji + y-26+ (€-fy) flin^ej. 

Again, P = -. 

Hence, neglecting small quantities of the second order, by (6) we have 

^ ZiC-A) . ^ ^ Z(C'A) . ^ ^ M^iC-A) . ^ ^ 
P= —^—z — - sin 6 cos 6 = — ^ — 7 — ■ sin d cos d = — - ~^7=— ^ sin d cos d 

whero A is the latitude of the place. 

The direction of P is towards the equator. 

• 

4. A rigid body having its centre of inertia fixed is attracted by a distant 
homogeneous sphere; find the equation of the potential ellipsoid which determines 
the small oscillations of the body about its position of stable equilibrium. (8ife 
** Dynamics," Art. 320, Ex. 6.) 

Let m be the mass of the sphere ; r the distance, and Xy ^, z, the coordinates 
of its centre P, referred to the centre of inertia and principal axes of the body ; 
then iVi, N2f JV3 are given by equations (3), m being put for Z in those equa- 
tions. If now the body receive small rotations 0, ^, ^ round its principal axes, 
the coordinates of P are altered in the same way as if it received equal and 
opposite rotations, and the body remained fixed. Hence 



8a? = yif^ — sf^, 8y = «6 - ari^, liz = x<t>- yd, 

L 



r 
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also, since 8r is zero, N\ becomes N\ + L, where 

-C = -jj (C- B) {y [xit> -ye)+z {z0 - xrj,)} 

and as the original position is one of equilibrium, Ni » 0. Similar results hold 
good for Nz and Nz. Again, if o* be the magnitude of the rotation which brings 
the body into its actual position, a, $, y the direction cosines of its axis, and 
W the work done by the attraction of the sphere in the displacement, 



w = j; (X 



a + Jfi8 + Ny) dtr. 

Substituting their yalues for Z, M, N, and remembering that B=^<ra, <t> = c/S, 
^=(ry, we get by integration 2W=Ze + Mtf^ + iVt^. Since -ATi, N2, N^ are 
each zero, so also are the products xy, yz, zx ; hence the point P lies on one of 
the principal axes of the body, and 

2W=^-^{(B-C){y^-z^)e^ + (C-A){f^x^)^^-\-(A'-B)(x^^y^)^}. 

In a position of stable equilibrium TFmust be negatiye for all yalues of B, ^, 1^. 
Let A > B> C; then if a; = and y = 0, 

2W = -^^z^ {{B-C)e^+{A'-C)<p^, 

This is always negatiye, and the equation of the potential ellipsoid is 
(B — Cf) x^ + {A — C) y'^ — constant, which represents a cylinder. For stable 
equilibrium, the centre of the sphere must be situated on the production of the 
axis of least inertia of the body. 

If the body be a homogeneous ellipsoid of small ellipticity , the preceding 
inyestigation applies eyen though the sphere be not distant. 

5. A rigid body iT haying its centre of inertia fixed is attracted by a distant 
immoyeable homogeneous sphere ; the initial position of K being given, deter- 
mine the impulsive couple which must act on it in order that its axis of rotation 
should be invariable. 

If iTbe free, find the position and motion which must be given to it initially 
in order that it should continue to revolve round the same axis. 

If wi, u>2, m be the angular velocities of the body round its principal axes, 
its equations of motion ('* Dynamics," Art. 267) are 

dui Zfn 

A -^ - {B - C) mw3 = Ni = — [G- B) yz, &c. ; 

and — = 0, provided <»2 «3 = —5 yz. 
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Let the direction angles of the initial axis of rotation be a, j3, 7 ; then 
«3 W3 = <v' cos jS cos y, so that if 

«» = _, CO80 = -, cosy = r, cos« = -, we have —, — , — 

initially zero. Also x, y, and i are initially zero. Hence, the successive diffe- 
rential coefficients of wi, W2, wz, with respect to the time, are all zero initially, and 
therefore »i, mj »3 are constant. 

If S be the moment of the impulsive couple required, its components round 
the axes are, therefore, 

IZm ^ Idin ^ Izin ^ 

V^F--^*' yj^'^yy \;5--^^» 

and the invariable axis of rotation is the line joining the centre of inertia of K 
to tiie centre of the sphere. 

If K be free, let G denote its centre of inertia, and the centre of the sphere ; 
then, if GO be made to coincide with a principal axis of K, and if iT be pro- 



Im 



jected with a velocity -y- along another principal axis, and be given an angular 

Jffi 
— round the third, one principal axis of K will always be directed 

towards 0, and K will continue to rotate uniformly round an axis perpendicular 
to its plane of motion, whilst G describes in this plane a circle round as centre 
with a constant velocity. * 

6. Find the potential of the mass distributed over a plane area at a distant 
point P in its plane, the force due to an element of mass varying inversely aa 
the distance. 

Let G be the moment of inertia of M round the principal axis perpendicular 
to its plane at G its centre of inertia, r the distance of Pfrom G, and I the 
moment of inertia of M round GF; then V, the potential at P, is given by the 
equation 

_ __, 1 C-2I 

7. If the potential energy due to the mutual action of two invariable masa 
systems, A and By be zero for all positions of B outside A, and if the total mass 
of B be not zero, show that at all points outside the system A its potential i» 

zero. 

If V denote the potential of ^ at a point Pin P whose coordinates are x, y, z, 
at any other point Q, whose coordinates relative to P are jf, 17, f, the potential 
of ^is 

^ rfr dF ^dV ^ 

^+^^^ + "^■^^57 + ^^- 

and if p denote the density of B at Q, and W the energy due to the mutual 
action of the systems A and P, we have 

L2 * 
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HencQ 

ax dy dz dx^ 

where m denotes the mass of B^ and a, 6, &Cm are quantities depending on the 
position of F in the system By but independent of its position in space. For all 
positions of P more remote from the origin than the most distant point of A 
the potential V can, by Art. 78, be expanded in a series of descending powers 
of ^r, so that 

where M denotes the mass of A^ and Yn is a function of the angular coordinates 

of the point P. 

If this expression for Fbe substituted in W^ it becomes a series in descending 

powers of r ; and since ^is zero for all positions of jB outside^, the coefficients, 

in this series, of the different powers of r must be each zero. The process of 

, d d d 

operating with t-» ;r » or -7 on F, or any of its differential coefficients, 

diminishes by unity the exponent of each power of r in the expansion of the 

function. Hence, is the term in W containing the lowest power of r- \ 

and therefore M-d, The first term in Fnow becomes — and, consequently, 

♦Ml "V 

— — is the term in W containing the lowest power of r- ^ : whence Y\ = 0. 
r* 

Proceeding in- a similar manner with respect to F2, &c., we find that each term 

of F is zero. 

The theorem above is due to Mr. F. Purser. 

8. Proye Thomson's Theorem, Ex. 20, Art. 75, by the method of the last 
Example. 

If we take as origin the point in A through which the resultant force passes, 
if V denote the potential of A at any point Xj y, 2, and m the mass of By and 
if we put 

dV dV ^ 

X- y -T-^ TJ\ 

dy dx 

w 

we have jUdm = for all positions of B, Then, as IT" can be expanded in 
descending powers of r, by a process similar to that employed in the last 
Example we find that U=0, and as the axis of z may have any direction, we 
conclude that A is centrobaric. 

This proof of Thomson's Theorem is due to Mr. F. Purser. 
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CHAPTER V. 
Surfaces and Curves of the Second Degree. 

82. Introductory. — The attraction of a homogeneous 
ellipsoid at a point on its surface was investigated in Arts. 
21, 22 ; and in Art. 75, Ex. 5, it was shown that on the 
result of this investigation could be based a method of finding 
the attraction of an ellipsoid in external space. 

This problem is one of great celebrity in the history of 
Mathematics, and has been solved by various methods, of 
which the most celebrated are those of Mac Claurin, Chasles, 
Ivory, and Thomson, 

A number of expressions for the potential of an ellipsoid 
have been given by mathematicians of eminence; and in 
consequence of its connexion with the theory of columnar 
vortices in a perfect liquid, the determination of the uni- 
planar potential of a homogeneous elliptic plate is a question 
of much interest. 

The distribution of electricity on conductors whose sur- 
faces are hyperboloids or paraboloids has been treated by 
Maxwell, following Lam6, by means of elliptic coordinates. 

It is proposed in the present chapter to give some account 
of the results enumerated above. 

83. Surface Distribution EquiTalent to Solid 
Ellipsoid. — If we assume a distribution of mass such that 
the potential V is zero at every point outside the surface of 
the ellipsoid whose equation is 



0?' y^ *' _ 1 



and that 




at every point inside this surface, where K is a constant ; then 
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V is continuous and satisfies the differential equation V* V= 
in external space, and the equation 






throughout the interior of the ellipsoid. Also at the sur- 
face -j-j -j-j and — change disoontinuously. Hence the 

potential V is due to a homogeneous volume distribution 
throughout the ellipsoid conjoined with a surface distribution 
whose effect in external space is equal and opposite to that 
of the former. 

To determine the density <t of the latter distribution, 
let - /, - m, - w be the direction cosines of the normal v drawn 
inwards at any point of the ellipsoid, and p the central per- 
pendicular on the tangent plane ; then, since - = —, &c., we 

have 

dV [,dV dV dV\ 
dv \ dx dy dz J 

= 2Jir^/-+mf, + »^j=-. (1) 

Hence, by Ex. 2, Art. 75, the density a at any point is pro- 
portional to the thickness at that point of a shell comprised 
between the given ellipsoid and an infinitely near confocal 
ellipsoid. Such a shell is called 2ifocaloid. 

If the surface distribution whose density is <t be reversed, 
we get a distribution which is equivalent to the solid ellipsoid 
in external space. (See Art. 64.) 

We have therefore Thomson's Theorem, viz. : — 

The potential of a homogeneous ellipsoid in external space 
is the same as that of a focaloid of equal mass coinciding 
with its surface. 

84. Thomson's Proof of Mac Claurin's Theorem. — 
If we suppose the mass of a focaloid to be uniformly distri- 
buted throughout the space bounded by its internal surface 
the potential in external space is thereby unaltered. Hence, 



Attraction of Ellipsoid at ^eternal Point. 161 

if a homogeneous ellipsoid be diminished in size, but increased 
in density, by removing a f ooaloidal stratum of mass from 
its exterior, and distributing this mass uniformly through the 
remainder of the space occupied by the ellipsoid, the potential 
in external space is imchanged. This process may be repeated 
<id infinitum, and therefore we conclude that : 

Gonf ocal ellipsoids of equal mass have the same potential 
in space external to both. 

85. Attraction of Ellipsold.at Kxternal Point. — 
If - 0?, - 2/, - 2 be the coordinates of the point P outside the 
homogeneous ellipsoid whose axes are 2a, 26, 2(7, and whose 
mass is M^ and if 2a\ &c. be the axes, and M^ the mass of the 
confocal ellipsoid passing through P, the components X\ 
Y\ Z' of the attraction of Jf ' at P are given by equations 
(15) Art. 21. 

By Art, 84 the components X, F, Z of the attraction of 
4f at P are connected with X', F', Z' by the equations 



Hence 



^'W^' ^-W^' ^"F'^' 



^ " "7^ Jo (1 + AVt*')» (1 + XVti»)i 



If we change the variable under the integral sign by 
V u 

assummg - = ->, we get 
c c 

and the limits of the integral become -> and ; whence 
^ _ ZMx f ? f^dv 



Jo(rTT?v> 



i(l + A,V)» 

T and Z are obtained in a similar manner. 

The components of the attraction of a homogeneous 

s 
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ellipsoid at an external point, whose coordinates are - a?, -y, - s, 
are given therefore by the equationsi 



X = 



3 Jfof? 



J„(l + Xi»t*»)Mi + Vt*')- 



F = 



SMyC? 



C? u^du y. 



(2) 



Z = 



SMz[? 



JoCl + Ai'fi 



u^du 



')4 (1 + A,' «»)4 J 



These expressions differ from those of (15), Art. 21, only 
in the upper limit of the integral which occurs in each. 

Since Jf, A, and k are the same for two confocal ellipsoids 

of equal mass, if \p^ be substituted for xpi in equations (27), 

k 
Art. 24, where tan \p^ = ->, we obtain 






F= 8MJJ^iLL _ 11^ _ sin f cos f 



Z = 



3Jtfg 

A (A' - A») 



{tan ^' A{rp')-JE (f ) } 



(8) 



It is to be observed that c;^ is a function of x, y, s, and 
therefore that the components of the attraction of an 
ellipsoid at an external point are complicated functions of 
the coordinates, but at an internal point are linear functions, 
as we have seen in Art. 21. 

86. Potential of Ellipsoid. — If V be the potential 
of a homogeneous ellipsoid at an internal point whose co- 
ordinates area?, y, a, by (15), Art. 21, we have 



dV 
dx 



= - Ax^ 



dV 
dy 



--By, 



dV 
dz 



= -Cz. 
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Integrating 'we get 

r^Vo'i{Aa^'¥Bt/'+ C%% (4) 

where Fo is the value of V at the centre of the ellipsoid. To 
find the value of Fo we have 

aWd'anOded^ 



2J0J0 « 



W cos' + c» sin' e (a' sin' ^ + 5' cos' 0, 

Treating the integral in a manner similar to that employed 
in Art. 21, we get 

3if 



^•~ 2c 






If, as in Art. 24, we put XiW = tan \p, we obtain 

q a/- 

where k = t> and tan \pi = Xi. 

Substituting their values for Fo, A, B, in. (4), we 
find 



2c» 



Jo I 1 + Ai'«' 1 + A,'m' '")(l+X,'«')*(l + A,V)i* 

(7) 

If the integrals in (7) be expressed by elliptic functions, 
we have 

V ~F{rp,)-i{Aa^ + S!,^+C!^), (8) 

I 

where A, Bj and C, are the coefficients of x^ y^ and z in equa- 
tions (27), Art. 24. 

To find the potential of a homogeneous ellipsoid at an 
external point a?, y^ 2, we suppose a conf ocal ellipsoid whose 
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smallest axis is 2c\ to pass through the point and prooeed 
in Art. 85. In this manner we obtain 



du 



(l+X,V)i(l+A,'tt»)4 



(9) 



If we desire to express the potential at an external point 
by means of elliptic functions, we may use equation (8), sub- 
stituting in that equation xf^' for xj^u where c' tan xf/ = k. 

87. Symmetrical Kxpressions for Potential audi 
Components of Attraction. — By the transformations 
given in Art. 22, we find that at an internal point oa^ y, 2, the 
potential F of a homogeneous ellipsoid is given by the 
equation 

(10) 

At an external point if 2a', 2J', 2c' be the axes of the 
oonf ooal ellipsoid passing through it, we have 

JoV a''-^v''b'' + v c'^ + v) y («'2 + e,) (p'' + v) (c'^ +v) 

If we put a'' + t? = a* + u, we have 6'* + t? « 6* + w, 
c'* + t? = c* 4- u, and dv = du ; also u = co when t? = 00, but 
t* = a'* - a^ when v = 0, Hence, if q be the greatest root of 
the equation 

a^ y^ «' , 



4 



we obtain 



F=^^ 






;)(5» + m)(c» + «) 
(11) 
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In like manner, if X, Y, Z denote the components of the 
attraction of the ellipsoid at the point whose coordinates are 
- X, - y, - z, we have 

du 



X. = 2irpabcx 



7 = 2^pabcy J^ ^^—^^-^^j-^—- 



)» 



r du 

Z - 2wpabcz J^ (^+„)j(ja + „)j(c'+«)l . 



. (12) 



Examples. 

1. Prove that, at an internal point, x, y, 2, the potential Tola homogeneous 
ellipsoid is given by the equation 



C dl dl dl ^) 



where 



du 



J* du 

This follows from equation (10). 

2. Show that the potential of an ellipsoid at an external point may be put 
into the form 

ZM { ^, . dl' ^ ^ dr ^ ^ dl' , ) 

4 I ^ rf(a'2) ^ rf(*'2) ^ ^ rf(c'«) r 

where IT is the mass of the ellipsoid, a', 6', c' the semi-axes of the confooal ellip- 
soid passing through the point x^ y, «, and 



Jo v^(a'2 +«)(*'* + «)(c'3 + «) 



3. If J have the same meaning as in Ex. 1, show that 

2ira4c7= J/r^dw, 

where r is the radius vector from the centre to any element of the surface of the 
ellipsoid, and dia is the solid angle subtended at the centre by the element. 
If Fq be the potential of the ellipsoid at its centre, we have 



4. Prove that 



,,-*./= To =jjj?^ = ^-J|^*.. 



a" 



dl 



d{a^) 



i^+*' 



dl 



dl 



d{b^) "^ ""^ die') = i ^- 



s 
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From the equation of the ellipsoid we haye 

1 coe' $ sin' B cos^ A sin' $ sin' <b 

— ss 1. 1- 4 i 

and {{ f^dtt = {'y r»amed$d<l>. 

Hence -^ I I r* <f« 

is a homogeneoos fonction of a', ^, and e> of the degree — \. 

5. ProTethat 

2 (a« - i!") ^-:^^ — e — - — • 

6. If the components of the attraction of a homogeneous ellipsoid at an 
internal point a;, y, c, be denoted by — Ax, — By, - Cz, show that 

^ da ^ db ^dc 
A — + B -r--\- C — 
a e 

is a perfect differential. 

dl 
Here A= — iwpahe -zr-^^, &c. 

<f(a«) 

Hence, if we put |, ri, { for a\ 6', e^, we haye to show that 

is a peifect di£ferential ; but this follows immediately from Ex. 5, by which 

d*I dl dl 



2«-i|) 



d^dii d^ dii 



7. Find the potential of a homogeneous focaloid at an internal point. 

If F be the potential of a homogeneous ellipsoid, and 27 that of a focaloid of 
equal mass haying the surface of the ellipsoid as its boundary, by Art. 83, at aa 
internal point x, y , z, we haye 



where 



— (.-J-^S. 






the mass of the focaloid being M. 

H.^^.p.-x.(J-4)^.(£-£)^.(£-D,. 

where the yalues of Fo> A, JB, and C are giyen by (5), Ait. 86, and (15), Ait. 
21. 
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8. Find the components of the force produced at any point inside an ellipsoid 
by a distribation of mass on its surface whose density <r at any point z,f/, zib 
giyen by the equation <r = j» (Lz + i^y + iV^«)> where p is the central perpendi- 
cular on the tangent plane at the point, and L, M, i\r are constants. 

Imagine a homogeneous solid ellipsoid E bounded by the giyen surface to 
receiye a small tran^tional displacement whose components parallel to the axes 
of its initial position are cj, €2, cs. The perpendicular distance of the origin, 
or initial position of the centre, from the tangent plane at the point whose initial 
coordinates are x, y, z^ becomes then 

px py pz 

P + 61— z + €8 — + €3 -r» 

where p is the yalue of this perpendicular before the displacement. Hence the 
normal thickness ^p of the shell comprised between the two positions of the 
surface of the ellipsoid is giyen by the equation 



_ (61 , €2 . «3 ) 



The density o* of a surface distribution equivalent to the shell is p^p ; and by 
making p, the yolume density of E, sufficiently great and assigning proper 
yalues to ej, €2» €3, we can satisfy the equations 

^-A ^-^, J-^^ 

The components X, T, Z, of the force exercised at the point P by the sur- 
face distribution of attractiye mass of density <r are now seen to be the changes 
in the components of the attraction of E at P, when P receiyes displacements 
— €i» — €2, and — €3. Hence X = -4ei, Y= Btz, Z= Ce3, where -4, 3, C are 
giyen by (15) Art. 21. 

9. The density o- of a distribution of attractiye mass is given at any point 
Xy y, s of the surface of an ellipsoid by the equation <r = pf{xy^y where/ denotes 
a homogeneous quadratic function, and p the perpendicular £rom the centre on 
the tangent plane at the point x, y, z: find the components of the attraction of 
this mass at any point inside the ellipsoid. 

Suppose the solid ellipsoid E bounded by the given surface to receive small 
angular displacements 90, $^, $1^, roimd its axes, and let E be its new position. 

If a, $,y denote the direction cosines of the perpendicular on the tangent 
'plane to E at the point x, y, z, we have j»' = d^a^ + ^^iS' + ^7*. If p' denote 
the perpendicular on the parallel tangent plane to E', the direction cosines ofp' 
referred to the axes of J^ are a + 8a, &c., where 8a = fiBr^f — 78^, &c. (* Dyna- 
mics* (7), Art. 256), thenj?' -p + ^Py where 

pdp = a^ada -f b'^fiBfi + c*787. 

The thickness of the shell comprised between 

E and E' ia Bp; 
ox 
also, we have a = -r-» &c., and therefore 

a* 

o»_4J «»-«» «»-a» 



d 
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Again, suppose each semi-axis of the ellipsoid ^ toreceiyea small increment, 
then the thickness $p of the shell comprised between the ellipsoid thus generated 
and -E is given by the equation 

pip = a^aia + $^bdb + y^eZe ; 
whence 

p a' 0^ tf* 

If we now superpose the two shells, for the total thickness ip we get 

9p=p |;^T^ + ^^— ^y + &C.J ; 

hence pip can be identified with the given form for <r. 

The components of the force due to ^ at an internal point x, y, z are 
- Ax, — 5y, - Cz, and those due to -E* are - -4 (a? + 8«) + ByB^ — Cz9<f>f &c., 
where i» = yi^ — zB<p, . Hence the component X, parallel to the primary axis 
of E, due to the attraction of the superposed shells, is given by the equation 

X^-'(A-B)y^ + (A-Crjzdip-- (^9a-¥^9b+^Bc\ «, 

and similar equations hold good for Zand Z. The quantities pia, pid, &o. 
being already known in terms of the coefficients off{x, y, z), the forces X, TyZ 
are determined as linear functions of the coordinates. 

10. If a concentric ellipsoidal cavity be cut out of a homogeneous sphere, 
find the equipotential surfaces in the interior of the cavity. 

The force at any point inside the cavity is the resultant of tbat due to an 
attracting sphere and that due to a repelling ellipsoid of equal density. Hence 
if Xy Y, Z be the components of this force, 

i = — t irpx + Ax 
and therefore by (22), Art. 24, 



X 



X= {A^\{A-^B-\- C)} x=(2A-- B ^ C) ^, 

3 

and the equipotential surfaces are given by the equation 

{2A^B- a)x^-\- &c. = constant. 

11. If a homogeneous ellipsoid B be divided into two parts by any plane P, 
show that the mutual action between the parts is reducible to a single force, and 
find its amount. 

If Bi and B2 denote the portions into which B is divided by P, the force and 
couple produced by the attraction of B2 on Bij are the same as those produced 
by the attraction 01 B on Bi, since the resultant force and couple due to the 
attraction of Bi on itself are each zero. Let X, Y, Z be the components of the 
resultant force, and Z, if, N those of the resultant couple, then 

Xr^-Alxdm, Y:=-Bjydm^ Z = -Cjzdm, 

Z = {B-C) i yzdm, M = j {C - A) S zxdm, N = {A ^ B) S xydm, 
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where the integrals are taken throughout the entire volume of E\. Hence 
putting . / = - (LX + MY + NZ), 

we have 

^ = A{£ -C) i xd^ j i/zd^-\- B {C - A)Si/d<BSzxd<B + C(A - B) izd^^xyd^,. 

IT 

where d^ denotes an element of the volume of E\, Assume 

^-i y.^t f.=C. 

a R' b B' e B' 

then, when the point a?, y, z is on the ellipsoid By the point |, 17, f is on the- 
sphere jS' whose radius is B ; and when the point x, p,zia on the plane P whose 
equation is JPa; + G^ + -H* + ir= 0, the point f, 17, f is on the plane Q whose 
equation is 

Fa ^ Gh Sc ^ ^ ^ 

B^^B^^^-B^^^-' 
and we have 

where <ffi is an element of the volume of the portion of 8 cut off hy Q. Trans- 
form the axes of {, 97, (Uidi perpendicular (' to the plane Q and two other 
perpendicular axes parallel to Q, tiien 

I = ail' + 02V + oaf, n = i8i|' + ^8217' + ^zCy f = nf + 721?' + Tsf ; 

andas Jf'Sfl = JV<^ = 0, and also /€Vrffl = /Vf'rffl = 1^^^^ = 0, 
we have 

+ ^ (C - u4) i83 J (7101I'* + 72a2i7'* + yzazC^) da 
+ C{A - B)y3J{ai$ie^ + 02/8277'' + 03)83^) rfQ}. 

The coefficient of / C'^dQ, in the expression inside the bracket is obviously 
zero, and we find for the remaining terms 

AB {71 (03)81 - i830i) J|'2<to + 72 (a3i82 - $902) S Ti'^da] + &c., 
but 03i8i - i83oi = 72, and 03/82 - ^8302= -71, also /|'Vn = Srf^da > 

hence the coefficient of AB is zero. In like manner the coefficients of BC and 
CA are each zero ; hence / =: 0, which is the well known condition that the 
force and couple should be reducible to a single force. The components of this 
force are — mAxi, —mByi, and — wCfci, where a;i, yi, ^i are the coordinates 
of the centre of inertia of Ex, and m is its mass. 

1 2 . A homogeneous ellipsoid is divided into two parts by a plane perpendicular 
to an axis : find the mutual attraction between the parts. 

Let the plane be perpendicular to the axis of 2 at a distance q from the 
centre, then if Z be the required force, we have 

Z= pC^zdxdydz =^ ^ { ^z^dxdy - j» 5}, 



I 
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where 2 is the area of the ellipse in which the plane meets the ellipsoid. We 
may assume 



then 



- = 8m0cos^, -r *B sm $ em (bt - = cos9, 

a € 



where cos Oi = -, and aibi = — — ^-^ 



whence 



4 c* 4irabe 



13. Prove that the attraction of a homogeneous ellipsoid ^ on a cuhical or 
spherical portion Ei of its own mass is the same as if the mass of ^i were con- 
centrated at its own centre of inertia. 

If I, Tit ( denote the coordinates of an^ point relatiye to the centre of inertia 
Pi of iu and xu ^u ^i those of Pi relative to the centre of the ellipsoid, and 
if Z, M, N denote the moments of the attractive forces round Ihe axes meeting 
at Pi, we have 

In like manner M ^0, N= ; hence the proposition is ohvious. 

I 

88. Vniplanar Potential of Kllipse. — By a method 
similar to that employed in Art. 83, a distribution of uni- 
planar mass can be determined whose potential is zero at all 
points in the plane of distribution which are external to an 

ellipse, and equal to i ( 1 - — ^ - t^ ) at all internal points, the 

equation of the ellipse being — ^ + ^^ = 1. Since the potential 

is zero at infinity, the total mass is zero (Art. 44), and, as in 
'Art. 83, we find that : — 

The imiplanar potential of a homogeneous ellipse at any . 
external point is equal to that of a f ocaloidal band of equal 
uniplanar mass whose boundary coincides with that of the 
ellipse. 

It is then easy to prove, as in Art. 84, that — 

Conf ocal ellipses of equal uniplanar mass have the same 
potential at all points in their plane which are external to both. 

From this it follows that the attractions of confocal 
ellipses of equal mass are equal at all external points. 
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If X and Y be the components at the point P, whose 
coordinates are x and ^, of the force due to the ellipse E^ 
whose uniplanar mass is Jf, and whose semi-axes are a and b, 
by Art. 19, we have, therefore, 

where a^ and b' are the semi-axes of the confooal ellipse 

passing through P. 

To find the potential V at an external point, we have 

F= C-j{Xdx-{- Ydy). Since a'*- J'2 = a'- J' = c* we may 

a? if 
assume «' = c cosh ?j, J' = c sinh ?j, and since -75 + t^ = 1, we 

may assume a; = a' cos ^, y = J' sin ^ ; hence we have 
X- c cosh T} cos ^, y - c sinh i| sin ^ ; 

and differentiating we obtain 

dx^-c cosh nwildl^c sinh 17 cos Un, 
dy = c sinh 17 cos ^ £?S + cosh 17 sin ^efr/, 

also, we have 

a' + b' = ce-n, ~ = cos g, ^7 = sin?; 

whence, \^ substitution, we get 

Xdx + Ydy = M[-e'^ (sin 2gd5 + oos2|rfi|) + rf»j} 

=^M [id (c-2'»oos25) +rfi|}, 
and therefore 

F=0-J!f {i| + ic-^cos25}. 

At a point at an infinite distance from the centre of the 
conf ocal system ij is infinite and r*^ = 0, also a' = -5 e', and 

r= ilflog ^ = i!f aog 2 -logc - „); 
hence we get C ^ M (log 2 - log c). 
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The potential V at an external point is given tkeref ore 
by the equation 

F= if {log 2 -log c - II - i e'^ cos 2?}. (14) 

At an internal point the potential V is given by the 
equation 

a + o\a J 
Henee at the boundary 

F= Fo- J {1 + ^-^^008 21}, 

where c oosh /3 = a. Comparing this with the value of F at 
the boundary given by (14), we get 

Fo = Jf(i + log2.1og(j-/3), (15) 

and for the potential F at an internal point we obtain the 
equation 

F= M !i + log2-logc-oosh-^ - - -^. - T-/--Tx! • 

(16) 

EZAMPLBS. 

Find the uniplanar potential of a homogeneous focaloidalbandat an internal 
point. 

If U denote the required potential, M the iiniplanar mass of the band, and 
2a, 2b, and 2e, its axes, and focal interval, Uia given by the equation 

17= Jf U + log 2- log c - cosh-i r— - + ; ^ji,2. JA ' 

89. Confocal Homoeoids — The whole theory of the 
attraction of ellipsoids has been derived by Chasles from the 
properties of confocal homceoids, which depend chiefly on the 
relations between corresponding points. 

If there be two coaxal quadrios whose semi-axes are a, by c^ 
and a\ b\ d^ two points are said to correspond when their 
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ooordinates a?, y^ 2, and af^ y\ %\ referred to the axes of the 
quadrios, satisfy the equations 



X 



a a 



n 






% z 



Two coaxal ellipsoidal shells @ and ©' are made up of corre- 
sponding points if the codirectional axes of the boundaries of 
@ are proportional to those of &. 

To prove this, let a, J, c, be the semi-axes of one boundary 
of @, and Xa, /u6, vc, those of the other, then the semi-axes 
of the boundaries of (S' are a', J', c\ and \a\ fih\ vc\ and if 
we assume 



X X 



a a 



/J 



y / 



% % 



j> 



when the point a?, t/, 2 is on a boundary of (S, the point a?', ^, 2' 
is on the corresponding boundary of &l 

If any two points. Pi and P2, be taken on the ellipsoid 

whose semi-axes are a, b, c, and the 
■"' corresponding points P^i and P'2, 

i on the confocal ellipsoid whose semi- 
^ axes are a', J', c', the distances Pi P'a 
and P'l Pi are equal. 
For let iTi, yi, Zi, be the coordi- 
nates of Pi, with a similar notation 
for the other points, then, 

PiP'z' = a?i* + yi' + 2i« + a/,' +3^V + 2V 

-2(a?ia/2 + yy2 + 2i2'2), 
but 




/7* A* ^ 

a?i +yi +2i =175^* +V2^^ "'■72^1 






^1 + i75 — y 1' + -J- z'^ 



= a* - a'» + ii?'i^ + y V + 2'l^ 
and in like manner 

3^2' + yV + 2V = a" -a' + a?2' + 3^2' + 22% 

M2 



i 
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also 



and similarly 



, a , a , 

XiX 2 = —/i^l — X2 =^ X 1 3^2, 

a a 



yiy\ = 2/1^2, ^is^a = 2'iS2 ; 



hence by addition we see that PiP\ = P\P2* 

It is easy to see that, in the theorem above, we may for 
ellipsoids substitute hyperboloids of the same family. 

If there be two thick or thin homoeoids, H and -iT, such 
that each boundary of f is conf ocal with the corresponding 
boundary of H\ the homoeoids may be called doubly confocal^ 
and the codirectional axes of the boundaries of H are pro- 
portional to those of H.\ 

For the semi-axes of the boundaries of H are a, d, c ; 
Aa, X6, \c ; and those of the boundaries of iT are a', J', (f ; 
fio^^fiVyiicf \ then, as 

a^-b'' = (^^-V\ and XV"*') =m'(«''-^'')» 

we must have X = /u. 

We can now show that if P and P^ be corresponding points 
on the surfaces of doubly conf ocal thin homoeoids, JjTand H\ 
whose masses are M and JIT, and if Vp' be the potential of H 
at Py and V'p that of E' at P, then, Vp, : V'p ::M: M. 

For, bv the precedingpart of this Article, the volumes S and 
JT'of the homoeoids are composed of corresponding points, and 
as dS the element of the volume of JT at the point a?, y^ z, 

/7TT flTT' 

is dxdydZf we have -7- = -777-7 ; whence, if p and p' be the 

aoc a c 

volume densities of the homoeoids, -ttf^ = constant = •=- • 

pdW M 

Again Q being any point in Hy and Q' the corresponding 

point in K\ we have 

V -{P^ and r - P^^ 

but Q and Q' are infinitely near corresponding points on the 
confocal ellipsoids passing through P and P', and therefore 
PQ^ and P'Q can differ only by an infinitely small quantity ; 
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henoe Vp. : F p : : -Jf : M\ It is plain that this result holds 
good whatever he the law of force, provided the force due to 
an element of mass varies as the product of this mass^ and 
some function of its distance. 

If the thickness of one homoeoid JST' he altered, its potential 
F" and its mass If are altered in the same ratio. Hence the 
theorem proved above is true for any two confocal homoeoids. 

It follows from this theorem that the equi-potential surfaces 
in external space of a homogeneous homoeoid are confocal 
ellipsoids ; and also, that at a point external to both, the 
potentials of confocal homoeoids are as their masses. 

In fact, if we suppose W outside JST, since a homoeoid has 
the same potential at all internal points, V^p is constant, and 
so therefore is Fj.*, whatever be the position of P' on the 
surface of H\ 

Again, if we have two confocal homoeoids ff and JST, 
through any point P" outside both we can suppose another 
confocal homoeoid H'' described ; then, 

V p" y p y pt y p»* 

It is now easy to prove MacClaurin's Theorem by the method 
given in Ex. 5, Axi 76. 

90. Ivory's Theorem. — If there be two confocal homo- 
geneous solid ellipsoids, ^and -B', of the same density, whose 
semi-axes are a, 6, c, and c(y b\ (f ; and if Xp, be the compo- 
nent parallel to a of the attraction of ^ at a point P' on the 
surface of ^, and JC'pthe parallel component of the attrac- 
tion of ^ at the point P on E corresponding to P\ then, 

X.p» Xp 

This theorem is independent of the law of attraction^ provided 
the force due to an element of mass is proportional to this 
mass multiplied by some function of the distance. 

To prove Ivory^s Theorem, let a?, y, z be the coordinates 
of any point of E^ and / its distance from P', and let/' (/) 
denote the force due to a unit of mass at the distance /, then 
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If the total charge on the metallic dust he E^ and if we suppose its action to 
be the same as that of a homogeneous ellipsoid, the distribution on iSi is a 
f octdoid whose mass is — E, and that on /82 a homoeoid whose mass is E, and 
the potential in external space is that of the latter. 

3. A soHd ellipsoid is composed of homogeneous shells bounded by. similar 
surfaces : find its potential at an external point P. 

If a, b, e be ihe semi-axes of the ellipsoid, and 170, rjh, rie those of the 
interior surface of the homoeoid whose density is p, the potential of this 
homoeoid at P is 



•^abepri^dn j , ^,, 



where a*, h'^ c' are the semi-axes of an ellipsoid confocal with the homoeoid which, 
at the lower limit of the integral, passes through F (Ex. 3, Art. 75). If we put 

and denote the coordinates of P by Xy y^ z, we haye 

LiV"). 2,jN/(a» + «)(*» + «)(«» + «)* 
where v, the lower limit of the integral, is giyen by the equation 

-Z— a. -ii— J- = ,,2. 



Hence if F be the potential of the solid ellipsoid at P, we obtain 

II fOO du . . 

0^ iv A/(a* + «)(*'* + «)(<j2+«) 
If q be the greatest root of the equation 

«? y« «a 



a^ + q b'^ + q e^ + q 



= 1, 



when 9} = 1 we have <> = $', and also i; = 00 when i| = ; hence, substituting 
for tj in terms of t; in (a), we get 

4. Find the potential of a homogeneous ellipsoid at an external point. 
If the ellipsoid be homogeneous, p is constant, and integrating by parts the 
expression for V giyen by equation {a) in Ex. 3, we get 

r ( , r du ) 

dv 
1?' T- <^ 
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The first term in thia expreeaion for FTuiishee when n = 0, and when if « 1 
itbecomea 



In the aeeond term 






«• as + ^ 4 



and aa before v^q when i| = !» and 9 = 00 when ri = 0. Hence finally w» 
obtain 

6. If the density p at any point Q of an ellipsoid be giyen by the equation 

where r is the distance of Q from the centre, and B the codirectional semi- 
diameter : find the potential of the ellipsoid at an external point. 
In this case, in £x. 3, we have p = iTi}**, and 

fi f* du 

V=2TKabc\ rf**^dn\ ■ 

Jo J^y/{a^+u){b^-\-u){e^'{-u) 

Integrating by parts, as in Ex. 4, we obtain 

^^ 2irKabc ('^( / x^ y» g^ yh) dv 

n + 2 ]g[ V«Hv b^ + v c2 + t;/ ) ^ (a^ + v){b^ ■{■ v){c^ + v)' 

6. If r and r' denote the yolimies of cones haying the centre as yertex and 
resting on portions, 8 and 8\ of the surfaces of quadrics of the same family 
whose semi-axes are a, b, e, and of, b\ e\ proye that, if S and 8* be composed of 
corresponding points, 

T _ abc 

When the point x, y, z comes on the straight line joining the centre^ to 
^i» ^1, zi the point x', y\ z* corresponding to x, y, z comes on the straight line 
joining tiie centre to x'l, y'l, g'l, corresponding to x^ yi, »i, and when x, y, z 
comes on 8^ the corresponding point sf, y\ / comes on 8'. Hence r ^Idxdydz, 
and r' = jdz'dy'dz', where x', y', z' is always the point corresponding to x, y, «, 
and therefore 

r _ abe 



Examples. 169 

7,Itp and^ be the central perpendiculars on quadric surface elements 
a8 and dS composed of correspondmg points, prove that 

pdS abc 

where a, by e and a', h', e* are the semi-axes of the quadrics. 

8. If V and V* he the potentials of two doubly confocal hyperboloidal 
homoeoids of the same family whose semi-axes are a, h, c and <?, b\ c', and 
whose volume densities are p and p', and if P and P' be corresponding points on 
their boundaries, show that F>' : V'p : : pabc : p'a'b'e'. 

This is proved in the same manner as the corresponding theorem for ellip- 
soidal homoeoids, Art. 89. 

9. Showthatforany conf ocalhomoeoidsof the same family Vp' : Vp iiebc: e'b'ef, 
where € and e' are the surface densities at the extremity of the first principal 
axis on each homoeoid. 

In the proportion in the preceding Example, we may substitute $a and $a' 
for a and a , but e = p^a, and e' = p'^a' ; and if 8a be altered, e and the potential 
of the homoeoid are altered in the same ratio, 

10. An insulated ellipsoidal conductor is charged with electricity ; find the 
total charge on the portion of the ellipsoid cut off by a plane perpendicular to 
one of the axes. 

Let the equation of the plane be e=f, and let Q be the charge required. 
The surface density <r at any point x, y, z on the ellipsoid is given by the equa- 

lion 0-= — where c is the density at the extremity of the axis major, and^ the 

central perpendicular on the tangent plane at ^, y, 2 ; if 7 be the angle which this 
perpen^cidar makes with the axis of 2, we have 

Q= [ffd8=^-[-^ dSco8y= -[^"dxdy, 
J aJcos7 a ] z 

If we assume, as is allowable, 

^ s= sin cos ^, ^ = & sin sin ^, 2; = « cos 0, 

we get dxdy = ad sin cos dedf^ ; whence we obtain 



Q = ibe JJ sin Q ded4> = 2v€bc (l -"^ J 



11. Mass is distributed on the surface of a hyperboloid of two sheets so as 
to form a homoeoid ; find the total quantity of mass on the portion of one sheet 
out off by a plane perpendicular to the first principal axis. 

If /be the distance of this plane from the centre, the required quantity Q 

can be found by a method similar to that 
in Ex. 10. In the present case we may 
assume 

x = a cosh 0, y = b sinh d cos <t>, 

z = e sinh em 4>, 





then we obtain Q = 2ir€be 



(i-) 



i 
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Here the equation of the hyperboloid referred to its centre and axes is 
supposed to be 

ai j2 - ^ " *• 

12. Find the total mass on the portion of a hyperboloidal homoeoid of one 
sheet intercepted between the plane of xy and a parallel pleine. 

Here ii x, p, z he the coordinates of a point on the surface, we may 

assume 

x=> acoshecoaij), ^ = & cosh sin ^, z = easih$f 
and we find 

where /is the distance of the given plane from the centre, 
and the equation of the hyperboloid is 

_ J. 51 — 1 

It is to be obseryed that the total mass of the entire homoeoid is infinite for 
the hyperboloid of one sheet, and for each sheet of the hyperboloid of two sheets. 
In the case of the hyperboloid of two sheets, if one of these sheets be composed 
of positive mass and the oUier of negative, the total mass is zero. 

13. If one sheet of a hyperboloidal homoeoid of two sheets be composed of 
positive mass and the other of negative, show that the potential of the homoeoid 
at its centre is zero. 

14. Show that a hyperboloidal 
homoeoid of two sheets, one positive, 
the other negative, exercises no attrac- 
tion at points on the sides of the two 
sheets remote from the centre. 

This is proved by a method similar 
to that employed in Art. 18. 

15. If the equipotential surfaces of a field of force be confocal quadrics of 
the same family, prove that corresponding points lie on the same line of force. 

If a, a', a" be the primary semiaxes of the three confocals passing through 
the point x, y, z, by a well-known theorem, Salmon, ** Geometry of Three 
Dimensions," Art. 160, 




x^ 



(«« - ft2)(aa - e^) ' 



whence if a' and a" remain imaltered - is constant, and similar results hold good 

a 

for y and z. Hence, corresponding points on ellipsoids confocal with a lie on 
the intersection of the quaimcs a' and a", which is perpendicular to the ellip- 
soids, and is therefore a line of force when the eUipsoids are equipotentials. 
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A similar result is obtained in like manner when the equipotential surfaces 
are hyperboloids of either family. 

16. Prove that an ellipsoidal homoeoid exercises equal attractions on corre- 
sponding elements of the surfaces of conf ocal ellipsoids whose surface densities 
are equal. 

These elements are orthogonal sections of the same tube of force, and there- 
fore aEdS = ffR'dS'y where dS and dS' are the corresponding elements, whose 
density is e, and B and R' the resultant forces acting at them. 

91. Cniplanar Force Tarying inversely as the 
Distance. — The theory of confooal homoeoids and corre- 
sponding points which has been developed in the preceding 
Articles for a three dimensional distribution of mass can be 
established in like manner for a distribution of uniplanar 
mass acting with a force varying inversely as the distance. 



Examples. 

1. In a uniplanar field of force where there is no mass, if the equipotential 
curves be confocal ellipses, find the potential at any point P. 

The lines of force in this case are hyperbolas confocal with the ellipses, and 
the tubes of force (Ex. 15, Art. 90) intercept corresponding portions on the 
equipotential curves which cut them orthogonally. 

Let dsx and d82 be the elements of the equipotential ellipses, whose semiaxes 
are ai, ^i, and a2, hzy intercepted by a tube of force, i^i and ^2 the resultant 
forces at dsi and ds%, and p\ and p2 tne central perpendiculars on the tangents to 
these elements, then if r be the potential, we have 

whence (-— ) ^1 = ( _. ) d82\ 

\dp / 1 \dp I2 

but since dsi and d8% correspond, as in Ex. 7, Art. 90, we have 

P\ dsi p2 dsz 

^idtherefore (^ = fl»i ^ /^) . 

\dp / 2 02 h pi \dp 1 1 

Taking the intersection of either ellipse with its axis major as one of the 
corresponding points, we get 



, \da ]%" b% \da ) { 
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If we now suppose ai to remain constant and a% to vary, we obtain 

If 20 be the focal interval of one of the ellipses of the system, we haye 
b^ = V(«2' - c^), and putting oj = « cosh tj, we get F= iri+j, where i and j 
are constants, and c cosh ri is the semiazis major of the ellipse of the confocal 
system passing through P. 

2. If the equipotential curves be confocal hyperbolas, find the potential at 
any point F in the field. 

If a' be the primary semiazis of a hyperbola of the system, proceeding as in 
the last example, we get 

where i andy are constants. 

If we put fl' = c cos I, we have, therefore, F= »| + jf where <; cos | is the 
primary semiazis of the hyperbola of the confocal system passing through P. 

92. Poisson's Equation in Elliptic Coordinates. 

— Let X, fXj V denote the primary semiaxes of the ellipsoid, 
the hyperholoid of one sheet, and the hyperboloid of two 
sheets passing through any common point and belonging to 
a given confocal system. 

These surfaces cut at right angles, so that the line of 
intersection of two surfaces cuts all surfaces of the remaining 
family perpendicularly. Let Si, §2, and S3 denote the arcs of 
these curves of intersection which are perpendicular to the 
ellipsoid, the hyperboloid of one sheet, and the hyperboloid 
of two sheets respectively, and let a, /3, 7 be defined by the 
equations 






kdfi 



kdv 



ry 



^{h^ - v'){k^ - i;')* 



(17) 



where h^ = a^ '- b^, k^ = a^ - <?^ the semiaxes of an ellipsoid 
of the confocal system being denoted by a^ J, c. 

It was shown. Art. 75, Ex. 2, that, if ^ be the central 
perpendicular on a tangent plane to an ellipsoid whose 
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primary semiaxis is X, and p ^^ dp that on the parallel 
tangent plane to the consecutive confooal, pdp = XrfA, also 
(Salmon, " Geometry of Three Dimensions," Art. 165) 

Pi 

where Pi denotes the product of the semiaxes of the ellipsoid, 
and D2 and A are the semiaxes of the central section perpen- 
dicular to Pj whose values are given by the equations 

A' = X^-v% D^^=\^-ix\ 

If dsi be the element of the arc 81 intercepted between 
two consecutive confocal ellipsoids, 

d8i = dp = — = — d\ = — — da ; 

, d ^ k d ^ 

dsi DiDz da 

in like manner, 

dsz = — 7 — rfJS, and dsz = — 7— dy^ 
where A' = /x^-v^; and therefore 

dsids^dsz = 75 — '— dad^dy. 

If we now consider the volume comprised between 
three confocals passing through a point, and three others 
meeting at another point, as in the case of polar coordi- 
nates considered in Art. 48, we have 

V'* Vdsi efea rfsa = hr- dszdsz + -r^ dsz dsi 



+|j^tfe.*,. 



r 
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Expressing this equation in terms of the variables a, /3, 7, 
we get 



II 



V'F ^''y^'' rfarf/3^ 






since Di is independent of a, A of /3, and A of 7. Henoe, 
we have 

Poisson's equation becomes then 
and Laplaoes's equation assumes the form 

93. Determination of the Potential wben tbe 
£qaipotential linrfaees are Confocal itnadrics. — 

If a field of force, where there is no mass, be such that the 
equipotential surfaces are confocal quadrics of the same 
family, equation (20) enables us to determine the form of the 
potential throughout the field. 

If the equipotentials be ellipsoids, since at all points of 
the field V is constant when a is constant, V must be inde- 
pendent of /3 and 7 ; and therefore by (20), we have 

d^V 

-— = 0, 
dd" ' 

whence V = ia +y, where i and/ are constants. 
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A similar result holds good when the equipotentials are 
hyperboloids of one sheet or of two sheets. 

94. Confocal Ellipsoids. — If two confocal ellipsoids, 
El and E^y be at constant potentials, Ai and Az^ the inter- 
vening space being unoccupied, and if F be a function of the 
coordinates which, throughout this space, is equal to ia + j\ 
then V satisfies Laplace's equation throughout the field, and 
if F be equal to Ai at ^i, and equal to A2 at ^zj by Art. 70 
V must be the potential. 

If ai and a^ be the values of a for the surfaces ^1 and ^2, 
we have 

A\ — A2 , AiOi — A^ai 
I = J = , 

whence 

FAiUi — Azai Ai — Ai /oi\ 

= a. (c I) 

as — Hi a2 — ai 

If the ellipsoids are the surfaces of conductors in a state 
of electric equilibrium, the density cti at any point Q of the 
inner surface Ei is. Art. 46, given by the equation 

dV k dV A1-A2 kpi 

^TTtTi =-—- = - -— — — - = -— , (22) 

aSi JJiJDz aa az - ai UiOiCi 

where aibiCi are the semi-axes of Ei, and pi is the central 
perpendicular on the tangent plane at Q. 
In like manner 

4^,, = _ rfiZfl? ^, (23) 

Og — ai flf2^2^2 

where (72 is the density at any point of the surface E2. 

The distributions on Ei and E2 are therefore homceoids 
whose masses are equal in magnitude but opposite in algebraic 
sign. 

If we suppose E2 to be at an infinite distance and the 
potential at its surface to be zero, we have the case of a 
charged insulated ellipsoidal conductor placed in an infinite 
field. 
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It is easy to see that the results which have been obtained 
for ellipsoidal oonduotors can without difficulty be arriyed 
at without the use of elliptic coordinates. This will be shown 
in the Examples. 

95. Hyperboloids of One Slieei. — When the eqni- 
potential surfaces throughout a field in which there is no 
mass are hyperboloids of one sheet the potential V at any 
point of the field is given by the equation F" = «/3 + /. 

If the potential have given values Bi and B^ at the sur- 
faces Hi and ![% at which the values of j3 are j3i and jSsy then 
for the space which lies between Hi and ^3, we have 

If corresponding portions of two confocal hyperboloids 
of one sheet, Hi and ^2, are the opposite surfaces of conduc- 
tors in electric equilibrium, and if the remaining boundaries 
of the field are the portions of a confocal ellipsoid intercepted 
between the hyperboloids, the resultant force at the ellipsoidal 
boundary being everywhere tangential to that surface, the 
potential at any point of the field must be of the form «/3 +/, 
as there can be only one acyclic function of the coordinates 
which satisfies Laplace's Equation throughout the field as 
well as the given boundary conditions. If the ellipsoidal 
boundary of the field be at an infinite distance the opposite 
boimdaries of the conductors are complete hyperboloids of 
one sheet. 

When two such conductors are in electric equilibrium and 
all the lines of force emanating from one terminate on the 
other, no lines of force can meet the boundary at infinity 
except tangentially, and we may conclude, therefore, that the 
potential at any point between the conductors Hi and H^ is 
of the form ip-\-j\ 

If the equation of the surface Hi be written in the form 

«i' 61' Ci^ 

the surface density gi at any point Q of Hi is given by the 
the equation 

. B1-B2 kpi . 
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where pi is the central perpendicular on the tangent plane 
at Q. For <t2 the surface density at any point of H^ we have, 
in like manner, 

Hence the distributions on Hi and H^ form hyperboloidal 
homo9oids, and by Ex. 7, Art. 90, the mass on any portion 
of the surface Hi is equal in amount, and opposite in alge- 
braical sign, to that on the corresponding portion of H2. 

96. Hyperboloids of Two Sheets. — E»esults similar 
to those which have been arrived at for hyperholoids of one 
sheet hold good also for hyperholoids of two sheets. 

In this case the surfaces bounding the field may be either 
the two sheets of the same hyperboloid or sheets of two 
different hyperholoids. 

In the former case, we must suppose y = 71 at one sur- 
face, and y = - yi at the other. 

In general, if yi and y, be the values of y, and Ci and C3 
those of the potential at the two surfaces bounding the field, 
the potential V at any intervening point is given by the 
equation 

ya-yi y2-yi 

In the case of conductors in electric equilibrium, the 
surface densities are given by equations which are obtained 
by putting O and y instead of B and j3 in equations (25) 
and (26), the equations of the surfaces bounding the field 
being written in the form 

di W Ci ' 02 hi c^ 

It will be shown in the Examples that when the equi- 
potential surfaces of a field of force are hyperholoids, the 
potential can be obtained without the use of elliptic coordi- 
nates. If the hyperholoids be of two sheets the potential can 
be arrived at by means of the properties of homoeoids having 
two sheets such that the surface density is positive at each 
point of the one, and negative at each point of the other. 

N 



/ 
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A hyperboloidal homoeoid having two sheets of which one 
is composed of positive mass and the other of negative, the 
volume density irrespective of sign being uniform, may be 
called a contrafoliated ttco-sheeted homoeoid. 

97. Determination of a, j3, 7, as Elliptie Functions. 
By equations (17), Art. 92, a, j3, 7 are given in terms of A, /i, v. 
If we assume 

X = * cosec 61, /I = ^k^ cos* + A* sin' ^, v = A sin 1//, h^tsk 
and k' + K^ = 1, we get from (17) 

- kde dB 



da = 



d^ = 



v/(F - V Bm^ 0) v^(l - k' sin* 0)' 

- kd<li d<p 



^[k^-ik^ - K") sin'^; -/(l-'c^'sinV) 



^'y " ^[k^ - A' sin* ;/;) "^ ^/(l - K* sin* ;/;)' 

When X = A;, the corresponding value of is - ; this is also the 

value of ^ when /ti = A ; and ^ = when v = ; hence from 
(17) we have 

a-F{K)''F{K.9), fi = F[K')-F{K\<t>), y = F{K,xl.). (28) 

Also X, fly V are expressed in terms of 0, ^, \p by the 
equations 

X = A; cosec 0, fi = A;A(ic', ^), v = A sin ^. (29) 

98. Surfaces of Revolution. — In a confocal system, 
if A is zero, k remaining finite, the ellipsoids and one-sheeted 
hyperboloids of the system become surfaces of revolution, the 
form of the ellipsoids being; oblate or planetary, whilst the 
hyperboloids of two sheets become pairs of planes, the equa- 
tion of any pair being 

i' _ _J!l_ = 
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In aooordanoe with the assumptions of Art. 97, we should 
then have 



« = |-e, 



^ = 



2~ 



•^ 



, 1 + tan i 6 

Here, however, it is better to proceed in a somewhat 
different manner, as we are thus enabled to find equations 
which are useful when it is required to expand the potential 
in a series of spherical harmonies. 

It is plain that in this case we may assume two variables, 
71 and €, such that the semiaxes of a generating ellipse of the 
system of ellipsoids are denoted by h cosh r\ and k sinh ij, 
and the real semiaxes of a confocal hyperbola by k sin e 
and A cos 6 ; also we may put v = ^ cos x- Thus, when the 
ellipsoids of the system are oblate surfaces of revolution, we 
have 

X e A cosh ly, /li = A sin €, v = A cos x = 0, (30) 

then the equations representing the quadrics of the confocal 
system become 



cosh' r\ 

a? + y^ 
sin* € 

a? 



+ 



z' 



sinh^ 



= Ar» 



r\ 



z* 



cos* € 



f 



COS* X sm* X 



= A* 



= 



>. 



(31) 



From the first two of these equations we find that 
a? ■\- y^ -k^ cosh* i| sin* c, 2* = A* sinh* 1? cos* c ; 
hence, by the aid of the third, we obtain 

X = k cosh ly sin e cos x 

y ^k cosh ly sin 6 sin X p- • (32) 

z =k sinh ij cos c 
Again, from (17) we have 



Jo cosh 1| ' Jo SI 



sin c 

N2 



TT 

7 = o-x; 



(33) 
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a ^ d d 

— =oosai| — , 
da 



d 



d 



and as 



d ^ :i ji^ • n _ = __ 
"* ^^^ de dy d\* 



dti' dfi 



Saf 



la as 

Di^ = *« sin» €, D,' = A* cosh* ij, D,'* = Aj' (cosh* n - sin* a) , 

(20) becomes 

i' € f coshiy — ) +C08h*iyf sin c — J + (cosh* i| - sin* c) — 2 

= 0. (34) 

By assuming sinh 1} = ^, cos € == S, this equation be- 
comes 

(35) 

When ^ = A, the ellipsoids of the oonf ooal system are pro- 
late, and we may assume 

X=Aooshi|=A;^, /Li* = Pcos*x + **siii' X» v = Acos€ = A5, (36) 

then the equations representing the quadrics of the confooal 
system are 



^3^ ^ sinh^i, " ^ 



2/' 



2^ 



= 



cos' X sin* X 

cos* € sin* £ 
From these we obtain 

X = k cosh ti cos e 

y = A sinh ly sin € cos x r 

2 = A; sinh t] sin € sin x 



(37) 



(38) 
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Also from (17) we have 

"lAi ^-^x. .-j:^.. m 

whence 

d , ^ d d d d , d^ 

da dri dp dy dy de 

also, 

A' = A' sin^ 6, A' = k^ (oosh» i} - cos'^ e), A' = Ai* sinh' i|, 
and therefore (20) becomes in this case 

jsin' e ( sinh n-j) + (cosh* ri - cos* c) — +sinh'i| f sin e — 

= 0. (40) 

In terms of the variables Z and ^ this equation may be 
written 

rfsr^ ^'dz\ d^r ^^rf§) (^-i)(i-^)rfx' 

_ =0. (41) 

If we put ^' a/- 1 for Z in (41) we get an equation in l^ 
and I whose form is identical with that of (35). 

It is easy to express in terms of the variables ?, 5j Xj *^® 
components of the force, at an external point, due to a solid 
ellipsoid of revolution. 

In the case of an oblate ellipsoid, if J, F, and Z denote 
the components required, by equations (28), Art. 24, and 
Art. 84, we have 

^ 3Mx (^ k he' \ 



_ ^Mzik . ., A:, 



f 



(42) 



where c^ is the least axis of the confocal ellipsoid passing 
through the point Xy j/y z; but c' = kZy and 

a^=Ay(l+r)(l-£')cosx, 2^=Ay(l + ^)(l-S*)sinx, z=kZK. 



i 
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and, therefore, we have 

Sir 



z = 



r= 



z= 



2A' 
3Jf 



^/imfr- r) {tan- I - jI^ j 008 X 
/(l + r)(l-r) {tan- 1 - ji^j sin x 



I. (48) 



For a prolate ellipsoid of revolution, we have 
c' = k^{t^-l), X = A-q, y = V (g' - 1)(1 - S*) cos X. 

8 = k v/(r - 1)(1 - ^') sin X. 
and therefore, from equations (29), Art. 24, we obtain 

2*" 
3Jf 



x.-aiiH(|±-;' 



r= 



z= 



2A:' 



^/(^ 1)(1 - r) {^ - i log (|^)[ 008 X I (44) 
v/(?:'-l)(l-5'){^j-ilog(|^)j sin X 



Examples. 



1. Find the potential' -due to two oonfocal ellipsoidal homosoids at a point 
situated between them. 

If a\y ^1, 01, 02, h2, C2i be the semi- axes of the inner and outer homceoidfl, 
and Ml and M2 their masses, by Art. 18, and Ex. 3, Art. 76, we have 



J«2 



d\ 



'/(A.«-A«)(\2-A2) 



+ Mi 



f 



cfA. 






Again if 



■I 



-Ml \ 



-v/(A.2-A«)(\2-*a) 



kd\ 



* v^(\2-A2)(\»-A;2) 



it is plain that Fis of the form ta +>, where t and J are constants. If the 
value of V be given at tiie surface of each homoeoid, Mi and M2 can be deter- 
mined. 
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When the boundaries 8i and S2 of the field are the surfaces of conductors in 
equilibrium, the forcejimmediately outside 82 must be zero, and therefore, in this 
case, M2 = — Ml, and the potential is zero at 82* 

If, however, there be another homosoidal distribution of mass on an ellip- 
soid enclosing the given ellipsoids 81 and 82^ this distribution and the value of 
Ml can be determined so that the potential shall have any assigned values at the 
surfaces 81 and 82. 

2. If Fand V* be the potentials of two confocal contrafoliated hyperboloidal 
homoeoids at a point which has none of the surfaces of the homoeoids between it 
and the centre, show that V : V — cbc: e'b'c\ where c and c' denote the sur- 
face densities at the extremities of the primary axes of the homoeoids, and i, «, 
and b\ c? their secondary semi-axes. 

This is an immediate consequence of Ex. 9 and 14, Art. 90, the method of 
proof being the same as that employed in Art 89. 

3. Prove that the equipotential surfaces of a contrafoliated homosoid are the 
sheets of confocal hyperboloids. 

This follows from Ex. 9 and 14, Art. 90. It is to be observed that the 
potential, though constant for each sheet, is different for the two sheets of the 
same hyperboloid. 

4. Find the potential of a contrafoliated homoeoid at a point P situated 
between the sheets. 

This can be done by the method of Ex. 3, Art. 75, or by that of Ex. 1, 
Art. 91. In the present case, if v be the primary semi-axis of a hyperboloid 
confocal with the homoeoid, and p the central perpendicular on the tangent 
plane, p increases along with v. Again, the field, in which there is a variation of 
the potential due to a distribution of mass equivalent to the homoeoid on a con- 
focal hyperboloid, is on the side of this hyperboloid which is next the centre. 
Hence, if <t be the density of this distribution, 

— = vKiX ; and = 1 

dp * a2 h^ e^ 

being the equation of the surface of the homoeoid, we obtain 

!v dv 

since the potential vanishes at the centre where v is zero. 

In using this formula v must be regarded as having the same algebraical 
sign as the coordinate x of the point P. The sheet for which v is positive may 
be called the positive sheet, and € denotes the surface density on the positive 
sheet at the extremity of the primary axis. At the positive sheet, and at all 
points in the space on the side of this sheet remote from the centre, 

r= Fi = 4ir6i<J f — . 

At the negative sheet, and throughout the space which it separates from the 
centre, F= - Fi. 

5. Find the potential due to two contrafoliated confocal homoeoids at any 
point P. 

Let the semi-axes of the homoeoid next the centre be ai, ^1, c\y and those of 



r=4ir6*c 



^ 
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the other 0%, btf ^» then, if P be situated between the two positive sheets, 

J'l dy [^ dv 

If the second integral in this equation be denoted by p the potential is of the 

form vy + /, where f and j are constants. If the potentials at the surfaces 
bounding tJie field, be given, ci and C2 can be determined. 
If P have no homodoidal surface between it and the centre, 

r = 4ir (ei*i<fi + e2*2<'2) t ; 

hence for this position of P a potential containing a constant term cannot be due 
sol ely t o two homoeidal distributions. 

When P lies between the two positive sheets, S\ and i$2, of the homoeoids, 
if they be the surfaces of conductors in electric equilibrium, there can be no force 
in the vicinity of 8\ on the side next the centre, and therefore, in this case, 

^\h\C\ = — €%l%C2y and Fs at iS'i ; 

hence, if the potential be ^ven at the surface of each of two confocal hjrperbo- 
loidal conductors in electric ec^uilibrium, it cannot be due solely to homosoidal 
distributions on the hyperboloids to which these surfaces belong. 

6. If the equipotential surfaces of a field of force devoid of mass be confocal 
quadrics of the same family, find the potential at any point. 

This problem has been already solved, Art 93, by the use of elliptic coordi- 
nates, but without employing this method the form of the potential can be 
deduced from the properties of corresponding points. 

If we suppose the equipotential surfaces to be hyperboloids of one sheet, 
>and if /a be the primary semi-axis of one of them, and p the central perpendi- 
cular on a tangent plane to this surface, the potential Fis a function of /a, and 

dy^^dYdix^pdy 
dp dyL dp \*-dit. 
Also, if dS and dS\ be corresponding elements of the surfaces whose semi-axes 
are /a and /ai, since dSdjA dSi are orthogonal sections of the same tube of force, 



^d8= (— ) dSi. 
dp \dpji 



Hence 

pidSi 



dVpdS _ tdV\ 
dik fjL \dii /i 



/Al 

and therefore, by Ex. 7, Art. 90, we have 

V{(/i'*-A=»)(A»-/i*)}' 



and 



dV _ ldr\ 
d/x \d/x ) 1 



/dV\ f du 



The potential is therefore of the form ifi 4 y, where i and j are constants, and 
where 



v/(M^-A2)(A«-/i*) 
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99. Confoeal Paraboloids. — If, in the equation of a 
system of central oonfocal quadrics, viz. : 

- + ^' + ^' = 1 

we substitute x ■\- a - \ for Xy A + ^ for a^ h + t for A, and 
A + ^ f or A, we ^Qi 

{x-'\y + 2{t + \){x-\) f 



z^ 



^y-k^ + 2{\-k)t~^' 

If we now multiply by 2t, and then make t infinite, we 
obtain the equation 

which represents a system of confocal paraboloids. 
If Xy yy 2, be given, X is determined by the cubic 

4(X-ip)(X-A)(X-A)-2^MA-^)-2'(X-A)=/(X) = 0. (46) 

Here/(X) is positive when X = + oo , negative when X = A;, 
positive when X ■= A, and negative when X = - oo . Hence 
there is one real root greater than h which may be called X, 
one between k and A, which may be called fi, and one less 
than h which may be called v. 

The whole assemblage of confocal surfaces consists, there- 
fore, of two systems of elliptic paraboloids turned in opposite 
directions, and of one system of hyperbolic paraboloids. 

100. Coordinates in terms of Parameters. — If we 
put 2ij = y, 2^ = 2, in equation (46), whose roots are X, fi, v, 
we obtain 

X + /u + i> = iP + A + A, 

A^ + /iv + vX = ir (A + A;) + AA - 1|' - 2% 

X/iv = hkx - krf- - hV- ; r • ' r - jj'* 
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from which we get 

X =\ + ft + V — h - k 

t^ ,_ (X-A)(/x-A)(A-v) 
4 " k-h 

%l {X-k)(k-n)ik-v) 

4 °^ " k-A 



]■. 



(47) 



Equations (47) determine the coordinates of a point in 
terms of the distances from the origin of the vertices of the 
three confocal paraboloids passing through the point. These 
distances, A, fi, v, may be called the parameters of the pare^ 
bohids. They vary along with the coordinates of the point 
through which the paxaboloids pass. The quantities h and * 
are the parameters of the whole system^ and are constants. 

101. Ijaplace's Equation in Parabolic Coordi- 
nates. — In the expressions for cfei, ds2^ ds^ given in Art. 92, 
if we put ^ + X, / + fi, ^ + V, ^ + A, and ^ + ^ f or X, /li, v, A, and 
kj respectively, and then make t infinite, we get 



dsi 



dS'i 



dsz 






■ (X-;u)(X -v) 
(A - h){\ - k) 

(^ -mJ( m - v)' 

.u^ - m - til 
(x-.>)(M-vy 

{h - v){k - v), 



d\ 



dfi 



dv 



\ 



\ . 



(48) 



Hence, if we assume 






*a/{(X-A)(X-A)} 



\ 



dfi 



H V {{}i - h){k - ,1)] 
» dv 



\, 



(49) 



y\{h-v){k-v)) 
B,-y(^-v), 2)a = -/(X-v), 2), = y(X-/t), (60) 
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we have 

dsi = DJ)zda, d82 = DzDid^y dsz^-DiD^dyy (51) 

where Di is independent of o, Dz of j3, and A of 7, 
Hence, again, proceeding as in Art 92, we get 



1 {. N<^^ A N 



+ (A-m)^ , (52) 



,rf^F 

and Laplaoe's Equation becomes 

(^_,)_ + (X_,)_H.(X-^) — = 0. (53) 

102. Field of Force. — If the equipotential surfaces of 
a field of force, devoid of mass, be confocal paraboloids of 
the same family, V must be a function of one of the para- 
meters a, /3, 7. If it be a function of a, we have then, as in 
Art. 93, V= ia +y, and a similar result holds good if Fbe 
a function of j3 or of 7. 

It is now easy, as in Arts. 94, 95, 96, to obtain the poten- 
tial at any point in a field of force when the equipotential 
surfaces are paraboloids, if the potentials of the surfaces 
bounding the field be given. 

When the paraboloids bounding the field belong to the 

family whose parameters are denoted by X, and are the surfaces 

of conductors in equilibrium, the density <t at any point P of 

dV 
the boimdary is proportional to -r-, that is, to 

asi 

1_ dV 

dV. 
but from the general form of Fin this case we see that — is 



r 
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constant, and therefore a varies as 



where fi and v are the parameters of the oonfocals passing 
through P. 

The element dsi is the normal distance between the sur- 
face whose parameter is X and the consecutive conf ocal surface 
whose parameter is X + r/X, and the difference of the coordi- 
nates of the two extremities of dsi is dx^ where da is obtained 
from equations (47) by supposing X to vary and fi and v to 
remain constant. Again, if zji be the angle which the normal 
at P to the surface haviug X for parameter makes with the 
axis of Xy we have dx = dsi cos Wi. Hence, by (48), we have 



cos 



^ _dx _dk_ u {\-h){X-k) \ 



whence the surface density <r varies as cos zti. 

It appears, therefore, that the distribution of mass on the 
surface is equivalent to ahomogeneous sliell comprised between 
two paraboloids such that one can be made to coincide with 
the other by a displacement of translation parallel to its axis. 

Such a shell may be termed a paraholoidal homceoid. 

103. Relation between Parameters. — From equa- 
tions (49), X, /Lc, V can be determined in terms of a, /3, y. 

We may write (49) in the form , 






dv 



\ 



(55) 



/{i(/; + A)-v)'-i(Aj-A)^ 
whence, if we assume 

X - i(A + A) = \[k-h) cosh 0, ^{k + h) - ^ = \{k-h) cos 0, 

^(A; + A) - V = ii(k - h) cosh t//. 
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we get a = d, i3 = ^, y = \p. Hence, we have 

X = ^(^ + A) + -^(A; - h) cosh a, \ 

^ = i(A + A)-i(Aj-A)co8/3, j. (56) 

V = ^{k + A) - ^{k - A) cosh -y ) 

104. Corresponding Points. — Two points whose co- 
ordinates are x, y^ z and x\ y\ z\ situated on confocal para- 
boloids of the same family whose parameters are X and X', 
correspond when 



y{\-h) ^[X'-Kf -/{X-k) -yiX'-k)' 

(57) 

If Pi and Pj be two points on a paraboloid, and P'l and 
P'a be the corresponding points, then PiP'j = PjP'i. 
For 

PiP',^ = (*i - X\Y + (yi - /.)' + (2. - 2'a)' 



2 
2 



+ 4(X - y)[x\ - ir^ + X - X') = FlP3^ 

By supposing X to vary in equations (47), whilst ii and v 
remain constant, it appears that the line of intersection of 
the surfaces whose parameters are /u and v meets confocal 
paraboloids of the remaining family in corresponding points. 

Hence, when the equipotential surfaces of a field of force 
are confocal paraboloids of the same family, corresponding 
points lie on the same line of force. 

105. Paraboloids of ReVolation. — If A « A:, the two 
systems of elliptic paraboloids become systems of paraboloids 
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of revolution turned in opposite directions, whilst the hyper- 
bolio paraboloids become planes which may be represented 
by the equation 

^ =0. (58) 



y' + 2' 



sin* ^ cos' (p 

In this case fiy one root of equation (46), is equal to A. 
The remaining roots X and v are determined by a quadratic 
equation, from which we obtain 

y* + 2* 
X + v = A + ir, Ai; = Aaj- —t — • (59) 

Hence, we have 

a? = X + V - A, ^-^— = (A - h)[h - v). (60) 

The assumptions by which the equations were obtained 
which connect X and v with a and 7 are, in this case, not 
legitimate ; but if we assume 

the expressions for rfsi and dsz are found as in Art. 101, and 
are given by equations (51) when in those equations h is 
substituted for fi. Again it is plain that here(a?g2 = \/(?/ + s') <3?0, 

and therefore by (60), we have fl^a = 2 ^/(X - A) (A - v) es?^. In 
this case, accordingly, fi in equations (52) and (53) is to be 

replaced by h, and ^, by j ^, • 

From equations (61) we have 

, X - A , A - V 

« = iog-^j 7 = log -^; 

whence X •= A(l + ^), v = A(l - 6^). (62) 

Since X - A and X are the distances of the vertex of the 
paraboloid whose parameter is X from the focus and from the 
origin, A is the distance of the focus from the origin. Hence, 
if we take the focus as origin, from equations (58), (60), and 
(62), we obtain 

a? = A (^ - ^), // = 4A* ^ + y sin* ^, s» = 4A' ^ + v cos* <p. 

(63) 
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Transforming to polar coordinates whose meridians intersect 
in the axis of x we get 



rcos0 



= e*- ^, 



r sin ^ *ily 
— = — =2e » • 



If we solve the equations connecting e* and ^ with 



r sin , r cos 

— T — : and — -r—y we get 



^ = 



r(l + cos Q) _ r(l - cos 0) 



2A 



and finally we obtain 




i = log( 



2h 



r^ cos 4- fl 



hi 



)'\ 



2"*' 
J = log 



'ri sin -J- d 



) 



.. (64) 



where is measured from the axis of 2. 

The figure represents a section of two paraboloids of 
different families, being the origin, and F the focus ; then 

OF^h, 0U=\ OW=v. 

Examples. 

1. If a thick homogeneous shell be comprised between two coaxal elliptic 
paraboloids, such that one can be made to coincide with the other by a displace- 
ment of translation parallel to their axis, prove that the shell exercises no 
attraction at any point in the interior space. 

Let a? + A.= — + — be the equation of a paraboloid, then, if x', y\ t\ 
P Q 
»", y'\ «" be the coordinates of two points P and Q on it, we have, by sub- 
traction, 



«'-« 



t* 



iy' - y") -^^-^ + (2' -«") -^^^ 



r 



192 Surfaces and Curves of the Second Degree. 

Hence if x, y, z, be the coordinates of if the middle point of PQ, and if FQ be 
parallel to the line whose equations are 

X y % , , 2my , 2#w 

- aa — = -, we have * = — - + — • 
I m n P 9 

Hence the locus of M for all chords parallel to a fixed line is a plane parallel to 
the axis, and this locus is independent of A.. If now we have two paraboloids 
whose equations dififer only in the value of \, and a chord FQ of one meet the 
other in the points P'Q', since the middle point of FQ coincides with Ihat of 
FQ', we must have FP = QQ', The required result is now apparent by the 
method of Art. 18. 

A shell such as that which is the subject of the present Example may be 
called a thick homaoid, and if infinitely thin, simply a homcBoid, 

2. If a distribution of mass on the surface of a paraboloid be equivalent to 
a homcBoid, prove that the density at any point varies as cos ^, where ^ is the 
angle which the normal at the point makes with the axis of the paraboloid. 

3. If dS and di^ be corresponding elements of confocal paraboloids of the 
same family whose parameters are \ and \'f and if a" and <r' be the suiface den- 
sities at dS and dS" of homoeoidal distributions of mass, prove that 

ffdS : ff'dS = € y/{\ -h)(\- k) : e' \/(x' - A)(V -1), 

where e and e' are the surface densities at the vertices of the paraboloids. 
Since <r varies as cos '^, we hnve <r = € cos ^, and therefore, 

ffdS = edS cos W = e dydz. 

Hence, by (67), Art. 104, we obtain the required result. 

4. If Fand V be the potentials of two confocal paraboloidal homoeoids of 
the same family whose parameters are \ and A', and vertex surface densities 
€ and €', and if F and F' be corresponding points on these homoeoids, prove 
that 

Fiv : V'p:: e-/(A - h)(\ - k) : €* ^/ {\' - A)(V"^). 
This follows from the last Example by means of Art 104. 

6. If F and V be the potentials at any external point of two confocal 
elliptic paraboloidal homoeoids of the same family whose parameters are \ and \\ 
prove that 

r:r = €\/{\''h){\-k) : €' \/(A^ h)(\' ^, 

where € and «' are the surface densities at the vertices. 
This follows from Examples 1 and 4. 

6. Show that the equipotential surfaces of an elliptic paraboloidal homoBoid 
are confocal paraboloids of the same family. 

7. Find the potential of an elliptic paraboloidal homoeoid at any external 
point. 

If da be the element of a line of force at the surface jS^ of a confocal para- 
boloid whose parameter is A., we have 

dV dVdK 

da dx da* 
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but at the yertez d\ = ds, and, therefore, 

where e denotes the yertez surface density of a distribution of mass on S equi- 
valent to the homoeoid ; also, if \i and ei be the parameter and yertez surface 
density of the given homoeoid, 

€ \/{\ - h)(\ - k) = €1 ^/ {\i - h){\i "'J), 
Hence 

F= constant - 4«x v/(Xi - A)(Xi - .fc) j ';^^====^' 

The constant in this equation has an infinite value, as appears most readily 
by considering a homoeoid of revolution and the value of the potential at its 
focus, -which is the same as that at its surface. 

8. Find the potential due to two confocal elliptic paraboloidal homoeoids of 
the same family at any point between them when 

€2 \/(A2 - h)(\2 - k) = - €1 ^/(Xi - h){\i -T), 

where €i and €2 are the surface densities at the vertices, and Ai and M the 
parameters of the paraboloids. 

In this case the potential is zero, at the outer paraboloid, and at any point 
between the surfaces, we have 

d\ 



JA2 ( 



h)(K-k) 

9. If the equipotential surfaces of a field of force devoid of mass be con- 
focal paraboloids of the same family, find the potential at any point. 

If V be the potential at any point P of ttte field, dS &e element of the 
equipotential surf ace passing through P whose parameter is fi, and dSi the corre- 
sponding element of any o&er equipotential surface whose parameter is /ii, and 
if ds and dsi denote the elements of lines of force perpendicular to dS and dSi 
and making angles ^ and zJi with the paraboloidal azis ; then, by (47) 1 Art. 
100, and (3), Art. 28, we have 

-- dydz = — dScoBTOzn -— /- e^-S = -7- rf/^ = ( — J , <?^i = ( :r- ) , dy\dzi, 
d/i dfi dfjL de da \ a« / ^ \a/i / *■ 

Hence, by (67), Art. 104, we have 



If 

^(fi - h){k - 'ii) 






the potential V is therefore of the form i/B +y, where i and/ are constants. 

O 




11 ^ 
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ID. If the equipot«ntial surfaces of a field of force b« paraboloids of revjda- 
tion, show that tlie force compoaeat at any point P in the direction joining P 
to the focua F varies inversely as PF. 

This foUovs from the ezpresaion for the potential, since 



II. If the boundaries of the fiebl in the last Eiiunple be tbe surfaeea of 
conductors in electric equilibrium, show that the density of the distribution of 
mass on one of these surfaces varies inversely as the focal perpendicular on the 
tangent plane. 

106. Vnlplanar Dlstrlbatton. — Eeeults analoffOUB to 
thoBe obtained in Arts. 99-105 hold good for a uniplauar 
distribution of mass aottiig inveraely as the distaiioe. 

The equation 

4(«-A) + J^j.O (66) 

represents a system of oonfooal parabolas oontaining two 
families Buoh that the ourves belonging to the one and 
those belonging to tbe other are turned in opposite direo- 
tions. 

In fact if w and t/ be given in (65), the quadratio equation 
for determining \ has two roots, one between + oo and A 
whioh may be called X, and one between h and - co which 
may be called fi. Then we have 

x = \ + n-h, y' = 4(A-A)(A-^). (66) 

Corresponding points whose ooordinates are te, y, and s^ y', 
on confocal parabolas of the same family, whose parameters 
are \ and \ , are defined by the equations 

x-\ = :,f-\\ —^ — £.-= . (67} 

yx-A yA'-A 

If da and dt denote tbe elements of the curves whose para- 
meters are X and fi at the point x, y, since these ourves out 
orthogonally, by (66) we have 
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where w is the angle which the normal to ds makes with the 
axis of the parabolas. 

If the equipotential curves of a field of force devoid of 
mass be conf ocal parabolas, and we denote by X the parameter 
of the parabola passing through the point x, y, we have 

^^y=-^cos. = -rf.= ^-|*.=(^^|rfy., 

when p and j/i are the coordinates of corresponding points on 
the parabolas whose parameters are X and Xi. 
Hence 

'dr\ 



If we assume 



— ^ + constant. (68) 

^/X — h 



Fis of the form ia +j , where i and/ are constants. 

If the parameter of an equipotential curve be /x, it can be 
shown in like manner that the potential V is of the form 
i(i +y, where 



"-x-i-": 



(70) 



The parameters X and jul are expressed in terms of the 
parameters a and /3 by the equations 

X = A(l + a'), /ix = A(l-/3^). (71) 

If we transform to the focus as origin the coordinates of the 
point P of intersection of the parabolas whose parameters are 
X and fi, we obtain 

a? = X + /i - 2A = A (a^ - (i% y^ = 4AV/3^ 

Hence, if the distance of P from the focus be denoted by r, 
and the angle it makes with the axis of the parabolas by 0, 
we get h (a^ + ^^) = r, and we find 

• a-^0*oosie, /3 = ^0*8mifl. (72) g 

02 \ 
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From (72) we have 

a + /3 y^l = A-i {x + y \/"^)i. (73) 

Hence a and /3 are conjugate functions of x and y. (See 
Art. 53). 

When the equipotential curves due to a uniplanar dis- 
tribution of mass are central confocal conies of the same 
family, we may employ the method of Ex. 2, Art. 53. 

It is easy to see otherwise, as in Art. 92, that 



ds 



l\2 _ ,,3 }\2 _ ,,2 

where ds and dt are the arc elements of the ellipse and 
hyperbola which pass through the same point, and whose 
major axes are 2X and 2/i respectively. 

Hence, if we put X = A cosh ??, /x = A cos ?, we obtain 

(fo = - ^/y - fi" dl, dt n= /A* - /i* dt). (75) 
From these equations we get 

In the case of confocal parabolas we find, as in Art. 101, 
that 







(77) 



where a andfl are given by equations (69) and (70). 
From (77) we obtain 

,^ 1 /d»r cPFN ,^„ 
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CHAPTER VI. 



ELECTRIC IMAGES. 



107. Gondactor put to Earth. — When a conductor C 
in connexion with the ground is in electric equilibrium, itp 
potential is the same as that of the surface of the earth. If 
the connexion be made by means of a thin wire, and if thje 
distance of C from the earth's surface be large compared 
with the dimensions and mutual distances of C and the other 
conductors in the vicinity, the potential of the electricity 
distributed on the entire system of conductors is approximately 
zero at all points of C. Hence we may assume \hj^i a con- 
ductor in connexion with the ground, when in a state of 
electric equilibrium, is at potential zero. 

Such a conductor is said to be put to earth. 

108. Electrified Point.— If a body A charged with 
electricity be brought into the presence of a conductor C 
which is put to earth, the potential of the electric mass on A 
is not zero at (7, and in order that the total potential at C 
should be zero there must be a separation and distribution 
of electric mass on (7, such that the potential at C due to this 
distribution along with that on -4 is zero. This distribution 
on C is said to be induced by A. 

If -4 be a conductor the distribution induced on C dis- 
turbs the previously existing constancy of the potential at -4, 
and the problem presented for solution is to find the distribu- 
tion of a given charge on Ay and the charge and distribution 
on (7, so that the potential due to the two distributions shall 
be constant at the surface of A and zero at the surface 
oiC. 

In order to simpUfy the problem we may, for mathema- 
tical purposes, suppose the body A to shrink to a point, whilst 
the electric mass which it contains remains finite. This 
hypothesis cannot be realized in nature, but is analogo 
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to the hypothesis in Dynamics of the existence of separate 
particles of finite mass, and assists in the solution of problems 
whose conditions may exist in experience. 

If we attend to what has been said above we may use the 
expression electrified point and may specify the electric mass 
or charge there concentrated. 

109. Image of Klectrlfied Point. — If a conductor Cj 
put to earth, be in the presence of a point -4, at which a 
charge e of electricity is concentrated, this charge induces, as 
we have seen, a certain distribution of electricity on the sur- 
face of 0. If this surface 8 be closed, or divide space into two 
regions, we may imagine a distribution / of mass in the region 
©' which 8 separates from -4, whose potential at each point 
of 8 is the same as that of the actual distribution on 8. 
Then, for the whole of the region @ on the same side of /S as -4, 
the potential of e' is the same as that of the distribution 
on 8, 

Accordingly, as the distribution e is a hypothetical dis- 
tribution of mass producing the same effect in the region 
containing e as the actual modification of the electric condi- 
tion of the surface 8 produced by ^, the distribution e' may be 
called the image ofe in the surface 8. 

When e^ is concentrated at a point By this point may be 
called the image of A in /S, and we have the definition : Two 
points A and B on opposite sides of a surface 8y are images 
of each other in that surface if they be such that a given 
charge e at Ay and a corresponding charge e^ at By produce a 
potential which is zero at each point of 8* 

A surface 8 in which the image of a point A is another 
point B must be either a plane or a sphere ; for, if r and r be 
the distances of any point P on 8 from A and By since the 

e e' 
potential at P is zero, we have - + -7 = 0, which is the equa- 
tion of a plane or of a sphere according as e' = - ^ or other- 
wise, except e' and e have the same algebraical sign, in 
which case 8 is altogether at an infinite distance from A 
and B, 

110. Image of Point In Sphere. — If £ be the image 
of A in the sphere 8 whose centre is (7, the resultant force 
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due to e at -4 and to e' at B must be along the normal at 

every point of S, but at the 
point D in which CA meets 8y 
the force due to e is normal ; so 
also, therefore, is that due to 
e\ and consequently B must lie 
in the line CA. Again, ii AC 
produced meet 8 in 2/, we have 

= = -T^, + 




>; AD BD AD" BD^' 

C\i^hence D'D is cut harmonically in B and -4, and therefore 
CAiCB = (72)^ Accordingly, J5 is a point in CA determined 
by this equation if A and B be images of each other in 8. 
Let P be any point of the sphere 8^ and let CA =/, 
CB =/', CP = a ; then, from the similar triangles ACP and 
PCS, we have AP : J5P =f: a. Hence, if we assume 

e'=-y, we obtain AP'^'SP^^' 

and P is the image of -4, and the charge ef at B is given by 
the equation 



^-f=-ajf (.) 



111. Induced Distrlbatlon on Spbere. — The distri-. 
bution of electricity on a sphere at potential zero under the 
influence of an external electrified point A can now be readily 
determined. 

Adopting the same notation as that of the preceding 
Article, let o- denote the density of the surface distribution 
at any point P of the sphere whose distances from A and B are 
r and /. Then, if R be the resultant force at P, this force 
is in the direction of the normal ; and therefore, if we resolve 
the forces due to ^ at -4, and to ^ at P along CP and any 
other direction, the resultant along this latter direction is zero, 
and R is the sum of the components along CP. Hence, 
resolving along CP and (7-4, if the direction of R be from C 
to P, we have 



T^ e a e a 



r 



200 Ekctric Images. 

but -7 = — , and -7 = — ; 

r r r a r 

whence R = -^^ — :^\ 

then, as the potential is zero throughout the sphere, by 
Art. 29, we have 

47r 4:Tra r^ 

Since /> a, it appears from (2) that R and <t aje both 
negative, that is, if e be positive the charge on the sphere is 
everywhere negative, and the force at its surface tends to 
drive positive electricity towards the centre. 

Since the potential in external space of the distribution 
on the sphere is the same as that due to e' at -B, by Art. 37 

the total charge on the sphere is e\ that is, - c -. 

If the sphere be hollow, and the point A in its interior, 
the potential is zero throughout external space (Art. 62), and 
therefore if the direction of jR be from C to P as before, we 
have 

^^^^ L^JL^. (3) 

47r 4:Tra r' * 

Here a >/, and o-, as before, is negative, but the force at 
the inner surface of the sphere tends to drive positive electri- 
city outwards. 

In this case, since the potential in external space is zero, 
the total charge on the sphere is - e. 

112. Insulated Sphere. — If an insulated spherical con- 
ductor 8y to which a charge -B of electricity has been 
imparted, be in the presence of an electrified point -4, we 
may suppose the sphere to have gone through a previous 
process in which it is at first put to earth in the presence of 
A and then insulated. It has now a charge JEi induced by 
the charge e at A^ and the potential is zero at each point of 
8. Finally, we may suppose an additional charge E2 to be 
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communioated to the sphere, and to be uniformly distributed 
over its surface ; the potential is then constant at 8y and 
provided that ^i + jBj = J?, we obtain the actual distribution 
on the surface of the charged insulated sphere. 

To prove this we have only to show iiat there cannot be 
two different functions of the coordinates, XT and U\ repre- 
senting the potential in external space of the distribution on 
the insulated sphere having a given total charge E. 

If there were two such functions, and if r denote the 
distance of A from any point on 5, a and a the densities, at 
that point, of the surface distributions corresponding to 
U and U\ and v the normal to 8 drawn outwards, we should 
have 

dv \ rj dv\ rj 

whence f^ {U - U') dS^Air [((t'-(t) d8 = 0. 
Also at 8 we have 

r r 

whence TJ - W ^ C - C\ 

Now let TJ'-TT' ^^, then 

where the volume integral is taken throughout the whole of 
space outside the sphere. Hence, by (9), Art. 68, is zero 
everywhere outside the sphere, and ?7= W. Hence also, 
a = (t', and there is only one possible distribution on the 
sphere of a given total charge which satisfies the conditions 
imposed. 

It is now easy to find <r the density at any point of the 
distribution on the surface of the sphere, for a = di + <t2j 
where cxi is the density of the distribution when the sphere is 

at potential zero, and a% = 2~^- Then, by (2) we have 



(71 = - - — - -^^ '- ; also ^a = ^ + 7 « ; 



f 



U\E^%e.'<r-''\ (4) 
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whence 

The potential U of the distribution on the sphere at any- 
external point Q is the same as that due to a charge ^2, or 

jB+ -e, at its centre (7, together with a charge /, ox- ^e, at 

B, Hence 



-( 






and if V be the total potential at Q, we have 

If the value of the potential V at the surface of the 
sphere be denoted by i, this potential is the same as that 
due to the charge JS2 at the centre. Hence, 

Z = — + - , and therefore JE= La — -. (7) 

« / / ^ 

Also, at the point P on the surface, 



" 47r«r ^i"' : 



(8) 



The expression for U given by equation (5) can easily be 
found directly. For, at any point P on the surface of the 

sphere 8 the potential U must be of the form L - -p^y where 

L is constant. Hence, at this surface, 

_ La a e 

and therefore, by Art. 64, at any point Q in external space, 

-J La a e 
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This is the potential due to a mass La at (7, together with a 
mass - ~ at 5. Accordingly 

E = La- '-;pj and La = F + -z,* 

113. Spliere witli Electrified Point in its In- 
terior. — If a charge e be at a point A in the interior of a 
hollow charged insulated spherical conductor, the distribution 
of mass on the interior surface of this conductor is given 
by (3), Art. Ill, the total mass being - e, and on the exter- 
nal surface there is a uniform distribution of the total mass 
JB + e, where F is the charge which was imparted to the 
conductor. 

At an internal point Q, the potential Fis given by the 
equation 

j^ F+ e e ea 1 , . 

where B is the image of A in the sphere. 

At an external point the potential is that due to a charge 
F + e ai the centre of the sphere. 

114. Spliere in Field of Uniform Force. — If the 

force throughout a certain region of space be of uniform 
magnitude F and parallel to a fixed direction, it may be 
regarded as due to an infinite mass itf, situated at an infinite 
distance i2 in a direction opposite to that of the force, pro- 
vided -r:x=F. 

If now an insulated sphere, whose centre is (7, be placed 
in the field, a distribution of electricity is induced on its 
surface, whose potential U in external space can be deduced 
from (5) by supposing £= in that equation. In the present 

case e-Myf=Ry and CB is given by the equation CB = — . 

Hence 

a ^_ Ma^ _, 

^f'OB= ^=^«'; 

and, accordingly, in external space the potential due to the 
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distribution on the sphere is mathematically the same as that 
of a magnetic particle at C, whose axis is codirectional with 
the uniform force, and whose magnetic moment is Ih^. Suoh 
a combination of attractive and repulsive centres of force is 
termed a doublet. 

If we take C for origin, and a line in the direction of the 
uniform force as axis of Xy we have 

U^Fa^"-; (10) 

and the total potential V in space external to the sphere is 
given by the equation 



r^F{^^-iy^K, (11) 



where K denotes a constant. 

EXAICPLES. 

1. If mass be distributed on the surface of a sphere so that the density at 
any point varies inversely as the cube of its distance from a fixed point Ay show 
that the distribution is centrobaric, and find the baric centre. 

Let/ denote tlie distance of A from the centre (7 of the sphere, a its radius, 
and <r the density at any point P on its surface ; then 

K ^ .. 4irair 

<r = -7rr« ; and if we assume e = 



by (3) and (2), Art. Ill, the distribution is identical with that induced on a 
sphere at potential zero by a charge t « at the point A, Hence, if -4 be inside 
the sphere, A is the baric centre, and e represents the total mass on the sphere. 
If A be outside the sphere, the image of ^ in its surface is the baric centre, 

and the total ma» is ..;. 

— -- — dS taken over the surface /S of a 
sphere whose radius is a, where r and /are the distances of rfiSand tbe centre of 
the sphere from an external point A, Ans. —r- • 

8. What is the value of the integral in the last Example if ^ be on the 
sphere ? Ans, 4ira. 

4. Find the distribution of mass on an uncharged insulated sphere in pre- 
sence of an electrified point A. 

Let e denote the charge at A, /its distance from the centre of the sphere, 
and <r the density at the point F on its surface ; then 

e (1 /«-««) 



<r 



4ira (/ AP^ 
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5. Show that the potential at the surface of an insulated sphere having a 
charge E, and under the influence of a quantity e of electricity at an external 
point, is equal to the mean yalue of the potential of e taken throughout the sphere, 
together with the potential of E, uniformly distributed over its surface. 

6. Find the force which an insulated sphere, having a charge E, exerts on a 
quantity e of electricity concentrated at an external point A, 

If J^ denote the force, and r the distance of A from the centre of the sphere, 

iE ea ear \ 

7. Find the potential energy due to the mutual action of a charged sphere 
and tiie electric mass « at a distance /from its centre. 

If M denote the potential energy required, 

Ee , e^a^ 



iEe e^a^ 



The value of M may be obtained otherwise by consideriug that if U be the 
potential at A of the distribution on the sphere, by (5), Art. 112, we have 

E ea^ 



Then, if « be increased by de, the work done against the force exerted by the 
sphere is Ude ; whence M = I Ude, 

JO 

From M obtained in this manner the value of -Fmay be deduced. -If must 
not be confounded with the total energy of the electrified system. 

8. Show that an uncharged insulated sphere always attracts an electrified 
particle. 

If, in Ex. 6, the charge E be zero, 

P (P - «*)* ' 
which is always negative. 

^9. If a sphere be charged and insulated, show that there is one point on each 
of its radii produced at w^ch an electrified particle is in equilibrium. 

In this case, if r be the distance of an electrified particle from the centre, 
we have 

F E , 2r»-«2 
= — — tf a' 



Here F is negative when r^a. As r increasevy F continues to be negative 
until 

a a» 2r»-»« ^ 

There is a point of equilibrium for the value of r satisfying this equation. 
Since each fraction by which e is multiplied in its left-hand member is dimimshed 
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when r is increased, if r increases still morei ^becomes, and then always remains, 
positive. Thus on each radius of the sphere there is one, and only one, point 
at which an electrified particle is in equilibrium, and at this point the equi- 
librium is unstable. 

10. Find the condition that there should be a circle of zero density on a 
charged insulated spherical conductor under the iDfluence of an external dec- 
trified point A, 

By (4), Art. 112, if 

^ + i£ .' and -K + — ■' 

/ (/-«)' / (/+«)* 

have different algebraical signs, that is, if ^ lie between 

. "' (3/- «) . «'(?/+ «) 

there must be a circle of zero density the distance r of any one of whose points 
from A is given by the equation 

„ ea ea(f^-a^) ^ 

11. In Ex. 10, if 

prove that a sphere 2, described with A as centre and V(/^ — ^) as radius, is 
part of the equipotential surface at which the value of the potential is that on 
the conductor. 

Let ^=/«-a2; then since AC , AB =/ (/- y) = <», the point B is 

the image of (7 in the sphere 2 ; also, as 
_ a ea 

we have 

'-(-7)7. 

and therefore, by Art. 110, the potential at 

any point on the sphere 2 is -, but this is equal to f ^ + -^ ) -, which is the 

value of the potential at the surface of the conductor. 

If X be the value of the potential at the conductor, the equipotential surface 
for which V^L consists in this case of the surface of the conductor and of the 
segment external to it of the sphere 2. 

12. In a field of force due to a charged insulated spherical conductor, and 
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an electrified point A outside it, find the locus of points at which the resultant 
force is zero. 

If £ be the image of ^ in the spherical conductor whose centre is C, and P 

p a point on the required locus, then at F the 

forces Fi, i^2, and Fsy passing through the 
points Af By and C, are in equilibrium, and 
therefore 

F\ __ F2 _ Fz 

sin BFC " sin CFA " sin AFB ' 

'A Hence if ^P= n, £F= r2, (7P= rs, CA =/, 
the radius of the conductor being a, we have 

Accordingly the ratios ri : r2 : ra are given, and therefore the locus of P is the 
circle in which two spheres intersect, of which one is the surface of the con- 
ductor. Accordingly the locus is the circle of zero density, see Ex. 10. 

13. A charged insulated spherical conductor is brought into a field of force 
due to an electrified point A ; find the locus of points at which the potential 
remains unaltered. 

Before the conductor is brought into the field the potential at any point P is 

-j^ ; afterwards it is given by the equation 
AF 

_ e Ef-{-ea ea 




that is 



AF f.CF f.BF' 

where C\& the centre of the sphere, and B the image of A ; hence the required 
locus is, in general, a sphere. 

14. If the conductor be uncharged, what is the locus in the last example P 
The plane bisecting CB at right angles. 

15. What is the condition that the locus in Example 12 should be a real 
curve? 

16. Determine the distribution of mass on an insulated sphere placed in a 
field of uniform force. 

By (11), Art. 114, the total potential Tin external space is given by the 
equation 



-(S-) 



cos 6 + JT, 



where B is the angle which the radius vector r from C makes with the axis oix. 
Inside the sphere F = iT. Hence, if o- be the density of the distribution at any 
point of the surface of the sphere, where r = a, we have 

dV ZF 

iiTff = — ;- = 3P COS d, and cr = 7- cos 0, 
dr 4ir 
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17. An insulated ellii>8oidal conductor is placed in a field of uniform force, 
one of its axes being in the direction of the force ; find the potential in external 
space of the distribution of electricity induced on the surface of the conductor. 

The solution of this question is suggested by the result obtained in Art. 114. 

If U denote the potential required, the total mass producing U is zero, 
XT— Fx^ constant for all points of IJie ellipsoidal suiiace, and U satisfies 
Laplace's Equation throughout external space, and is zero at infinity. It is 
plain that X, the expression for the component of the force exerted by a homo- 
geneous ellipsoid whose surface coincides with that of the conductor, satisfies 
the two latter conditions, and can be made to satisfy the equation X— Fx = (S 
at the ellipsoidal surface by properly assuming the density p. Again, by Ex. 1, 
Art. 62, the potential X is due to a surface distribution whose density at any 
point is Ipt where I is the cosine of the angle which the normal makes with the 
axis of X. Hence the total mass producing this potential is pjldS taken over 
tiie ellipsoid, and this integral is zero as the surface is closed and single sheeted. 
The function X, therefore, satisfies all the conditions required, and as only one 
function can do so, 17= X; and by (12), Art. 87, we have 

T. « r f " <^« 

U = 2irpaocx \ ^ ■, 

J« (a* + w)^ (ft* + w)i (ca + w)* 

where p is determined by the equation 

du „ 

==F. 



2'irpabe \ 



(a2 + tt)^(ft« + tt)i(c2 + w)* 



18. An insulated ellipsoidal conductor is charged with a quantity F of 
electricity, and placed in a field of uniform force, whose direction is parallel to 
the axis, major of the conductor ; find the potential U of the distribution on its 
surface at any point P in external space. 

Ans. Cr« J 4 ^ f ^^ ■ 

where X is the value of {7 in Ex. 17, \ the semi-axis major of the ellipsoid 
passing through F conf ocal with the conductor, and h and k the constants of the 
confocai system. 

19. An insulated ellipsoidal conductor is placed in a field of uniform force, 
whose components in the directions of the axes of the ellipsoid are F, F\ and 
F' ; find tie potential U in external space of the distribution o| electricity 
induced on the surface of the conductor. 

If X, Pf z denote the coordinates, referred to the axes of the ellipsoid, of a 
point F in external space, X the component in the direction of x of the force 
exerted at P by a homogeneous ellipsoid whose surface coincides with that of 
the conductor, and whose density is p, 7' and Z" the components in the direc- 
tions of y and z respectively, for two other coincident ellipsoids whose densities 
are p and p", we have 27 = Z + T' + Z"y where />, p\ and p* are determined 
by ihQ equations 

'i'lrpabo I r as Fy 

Jo {a^ + u)l (ft* + w)i (c« + uf 

27rp'abe I 5^—- -, = J", 

)o (a« + w)i (fta + «)^ (^ + «)* 



2T/)"aft<? I • 
Jo 



(a* -f w)* (ft* + w)i (c* + uf 
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20. If the conductor in Ex. 19 be charged with a quantity E of electricity, 
find the potential If. 

Ana. U=X+T -\-Z" + I! 



JK V 



where the notation is the same as that in the preceding Examples. 

21. Show that there is only one possible distribution of a given quantity of 
electric mass on the surface S of an insulated conductor in electric equilibrium 
under the influence of a given system of electrified points. 

If the distribution on /S be in equilibrium its potential U together with v, 
the potential of the system of electrified points, must be constant on S. Hence 
U = C — V on S. If there be a second possible distribution having U' for its 
potential, we have JT — C" — i; on S. Then U— V is constant on 8j and is 
the potential of a distribution of mass whose total amount is zero. Hence, by 
Art. 62, the potential U— 17' is zero for the whole of space, and consequently, 
by Art. 46, the corresponding surface density is everywhere zero. Accord- 
ingly, the two supposed distributions on S are identical. 



115. lipheres Cutting Orthogonally. — If a field of 
force be due merely to a charged insulated spherical con- 
ductor Sly the potential is everywhere the same as if the 
charge on this conductor were concentrated at its centre A. 
If another charged spherical conductor S2 be brought into 
the field, the distribution on S2 could be found by the method 
of Arts. Ill, 112, if the electric mass on iSi were rigidly fixed. 
As this is not the case, applications of the method of Art. 
Ill, would, in general, have to be repeated ad infinitum. If, 
however, the image of A in 82 coincide with the image in Si 
of B, the centre of ^82, the distributions on the two spherical 
surfaces can be readily obtained. 

In this case, if the distance AB be denoted by c, the radii 
of the spheres by a and b, and the distances of the double 
image O from A and J5 by ? and ij, we have c^ = a% cri = A', 
5 + ij = c ; whence eliminating ? and ij, we get c^ = a^ + 6*, 
that is, the spheres cut orthogonally. 

Since the spheres intersect in real points, they must form 
a continuous conductor, and we are led to the consideration of 
the problem, to find the distribution and total charge on an 
insulated conductor which is formed of the larger segments of 
two spheres cutting orthogonally, and which is at a given 
potential L. 
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A potential L on the surface of the sphere Si is produced 
by a charge La oi A, and a charge 
Lb at B produces a potential L at 

S2, also a charge at Q neu- 

c 

tralizes the effect of La at 82^ and 
that of Lb at 81. Hence the charges 
which have been enumerated pro- 
duce a potential L all over the sur- 
face of the conductor, and therefore, by Art. 64, produce the 
same potential in external space as the actual distribution. 

We conclude, therefore, that inside the surface of the 
conductor the value of the potential is everywhere X, and that 
at any point Q in external space, the potential V is given by 
the equation 




J- ^ La Lb Lab 



(12) 



The densities cti and <t2 of the distribution at points Pi 
and Pi on the two spherical surfaces, and the total mass jB 
on the conductor, are given by the equations 



<Ti 




a' 



AP.? 



(13) 



(14) 



116. Total Mass on Conductor. — When the potential 
on one side of the surface of a conductor in equilibrium is 
the same as that due to a set of electrified points, the total 
mass on any portion 8 of this surface of the conductor can be 
easily deduced from the total induction over S. 

Let Ci, C2, &c. be the charges at the points -4i, -42, &c. 
which can produce the actual potential at one side oi 8] N 
the resultant force in the direction of the normal drawn 
towards this side at any point of 8 whose distances from Aiy 
&c. are ri, &c. ; ;//i, &c. the angles which r^ &o. make with 
this normal ; di, &c. the solid angles which /S or its bounding 
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curve subtends at Ai, &o. ; and E the total charge required ; 
then 



4irl! = iwj adS = jNdS =\l\ cos i/-. + ^, cos ^Pt + &o.\dS 



= fiiQi + CjQj + &c. ; whence 

eiQi + ejQj + &o. 



^ = 



4ir 



(15) 



If /S be a closed surface, O is equal to 47r or zero, according 
as A is inside or outside the surface, and the total mass 
on /S is equal to the sum of the charges at the internal 
points. 



Examples. 

1. An insulated conductor formed of the larger segments of two spheres 
cutting orthogonally is in electric e^uilibiium : what is the density of the dis- 
tribution at a point on the circle of intersection of the spheres P Am. 0. 



! !X2. A conducto;r formed of the larger segments of two spheres cutting 
orthogonally, whose centres are ^ and^, is at potential zero under the influence 
of an external electrified point : find the potential at any point, and the dis- 
tribution of mass on the conductor. 

Let J and /be the images of in the spheres, then A J and ^/intersect at 

a point K such that 

AK.AJ=a^, BK.BI^b^ 
where a and b are the radii of the spheres. 
For, if G^ be the point in which AB meets the 
plane of intersection of the spheres, the quadri- 
laterals BGIO and AG JO are cyclic ; whence 
angle QBI= QOI=^ AJQ, and QKJB is cyclic, 
and AK, AJ= AG .AB = a^. In like 
manner BK.BI^h^, 

ea eb 

Hence charges — -j^^ at /, — -— - at /, 




AO 



BO 



and 



eab 



AJ.BO 



or 



eab 



BI.AO 



at JT 



produce a potential which is zero at the surface of the conductor, the charge at 
being e. It is easy to see that AJ. BO = BI . AOy since the quadrilateral 
10 JK IS cyclic and therefore the angle A JO = BIA. 

If we put AO =/i, BO =/2, and express AJ . BO in terms oifi^f^^ a, and 
^, we find AJ'^ . BO"^ = «W + *Vi* - »'**'• 

P 2 



/ 
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Hence, as the values of the charges at /, J, and K, we obtain 
ea eh _ eah 



and if V denote the potential at any point Q in external space, we have 

b \ ab I \ 



"{OQ filQ hJQ'^ 



The density o- of the distribution at any point P on the sphere whose centre- 
is ^ is given by the equation 



(1 *3 1 ) 



At any point on the circle of intersection of the two spheres, tr is zero. 

3. A hollow conductor formed of the smaller segments of two spheres cutting 
orthogonally is at potential zero under the influence of an internal electrified 
point ; fiiad the potential at any point in the interior region and the distribu- 
tion of mass on its bounding surfece. '^Tpd 

Adopting the notation of the last Example, we have at any point Q in'the 
interior region the same expression for V as that given in the last Example. 
For the density o- of the distribution at any point P of the interior surface of 
the sphere whose centre is A, we get 



(1 *3 1 X 



4. In Ex. 2 if the conductor be at potential Z, find the distribution of mass 
on its surface, and the potential F at any point Q in external space, 

„ La Lb Lab e a e h e ab e 



AQ BQ cQQ" OQ /i IQ /2 JQ VW2* + *Vi^ - «**^) KQ 

The density <r of the distribution at any point P on the sphere, whose centre- 
is A is given by the equation 

/ b^ \ i I b^ I ] 

6. In the last Example, if the total charge E on the conductor be given^ 
determine the potential and the distribution of mass. 
Here L is found from the equation 

/ . «*\ ggft ea __ eb 

Hence we obtain V and 0- as in the last Example. 
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6. The larger segments of two spheres which cut orthogonally are formed 
of conducting material, and held together in perfect contact fdong their common 
circle by a rigid rod joining the centres of the spheres. The conductor so formed 
is insulated and charged to potential L ; find the stress on the connecting rod. 
(See figure, Art. 115.) 

The mutual force between the two spherical segments is the same as that 
which the whole conductor exerts on one segment. Adopting the notation of 
Art. 115, let ^ be the angle which AFi makes with AB^ and let BPi = r, 
then 1^ = 0^+0^ — 2ae cos <f> ; whence rdr = ae sin <f>d<t>f and if dS be 
the element of surface between two consecutive small circles of the sphere 
haying A for centre, whose poles lie on ABy we have 

aS = 2wa^ sm d>ad> = rdr* 

c 

Also by (8), Art. 36, and (13), Art. 116, the force which the conductor exerts 
on tlie element ^iS is 

w(l-;3) ^S- 

Besolying this along AB, and substituting for - cos <p its value , 

we get for X the required stress 

X2 ra*c 



Z2 f«»« / J3\3 



If we perform the integration we obtain for — =t — , an expression in a, b, 
and c, which, by means of the equation tj^ — ^2 + b\ can be reduced to the form 

(a3 + i3 - <?»)« 



2 (a3 4. j3 _ c3)«. Hence X = X« 



4fl2*V 



7. A charged insulated uninfluenced conductor formed of the larger segments 
of two spheres cutting orthogonally is at potential L ; find the totel charge on 
the spherical surface whose radius is a. 

The solid angle subtended at A (see fig. of Art. 116) by the spherical surface 

is 2ir ( 1 H J , and those subtended at B and G are 27r I 1 — 7- J and 2ir ; 

hence, if Sa be the total charge, we have 

^ Za /, GA\ Lb /, GB\ Lab 

. 8. A large insulated spherical conductor with a small hemispherical boss on 
its surface is charged to potential L : find the mean density of the distribution 
on the hemisphere, and compare it with that on the sphere. 



§ 
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If JEa and Eh be the total charges on the boss and on the sphere, their radii 
being a and 6, we have 

^.=jzj<..»-(i.i:)-'-*(i-j)(..j)-») 

the higher powers of y being neglected. The mean density <ra of the distribu- 



tion on the boss is giTen then by the equation 

Jgg _ 3 J 
^^ " 2ira» " 8t 6 ' 

Again, J?» = X&, approximately, and 

£b Z „ 3 

9. Find the density of the distribution at any point on either surface in the 
last Example. 

If cTi be the density at any point P on 
the hemisphere, and 0-2 that at any point 
Q of the sphere, by (13), Art. 115, 







p 

Let fall a perpendicular AT on BP, 

then BF = BY + a cob d, where d is the 
angle BF makes with the normal to the 

hemisphere at P, and if I t ) be neglected 

£T= BA = h ; whence 

^=l-3^cose, 

3Z 
and <ri = -— cos = 3cr6 cos 0. 

4irw 

Again, ^,= i_(l_^). 

Except in the vicinity of A, the value of -r^-^ is insensible, and era = <rj. 

10. A conductor coipposed of an infinite plane and a hemisphere whose 
centre ^ is on the plane, is charged with electricity : find the ratio of the mean 
densities of the distributions on the hemisphere and plane. Ana, f . 

11. In the last Example, find the density of the distribution at' any point on 
either sur&ce. 
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Jl Fhe the resultant fore.-, and <to the density, at a point on the plane at a 
long distance from A^ <t\ the density at a point on the hemisphere where the 
normal makes an angle Q with the perpendicular on the plane, and 0*2 the density 

at a point Q on the latter in the vicinity oi A, we have 

F / «^ \ 

<ro = — , <ri = 3(ro cos 0, 0-2 = <ro ( 1 - 7^ ) • 

12. The equation of a closed surface 8 can he expressed in the form 

I m n h 

- +- + - = -, 
ri ra rs e 

where ri, r2, fs denote the distances of any point from three fixed points A,BfC 
inside 8^ and where l, m, n, k, and c denote constant magnitudes. If a con- 
ductor, whose surface is jS, he insulated and charged to potential Z, find its 
potential F at any point in external space. 



Ana. V^-r [-+ +- I 
k \n r2 ra/ 



117. Uniplanar Bistributlon. Image of Point in 
Circle. — For uniplanar distributions of mass, acting with a 
force varying inversely as the distance, the theory of images 
differs in some respects from that belonging to distributions 
in space of three dimensions. 

If A and B be inverse points with respect to a circle 

whose centre is C, and P any point on its circumference s, 

we have, as in Art. 110, AP : BP : : CA : CP ; whence 

AP : BP is constant for all points on «, and therefore so also 

. , AP 
IS log ^. 

Hence, if there be a mass e bX A and a mass - ^ at jS, 
the potential due to these two conjointly is constant for all 
points of 8 ; and - ^ is the total mass corresponding to a 
distribution on s producing in external space the same 
potential as - e at B. 

We can now see that if there be an insulated circle «, 
whose centre is (7, and on which there is a charge E in pre- 
sence of an external point A at which the mass e is concen- 
trated, the potential in the region outside s, due to the 
distribution on it, is the same as that due to a charge - ^ at 
B, the point inverse to A with respect to «, together with a 
charge E ■\- e oi C. For this is the only possible potential 



# 
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due to a distribution of mass E on s which, along with that 
due to e at ^, produces a total potential constant at s. 

This result is proved in a manner similar to that employed 
in Art. 112. If, as in that Article, C^and U^ be two different 
possible potentials of the distributions on «, and ^ = /7 - U\ 

it is not in the present case immediately obvious that \<p-j- d% 

taken round the circle at infinity is zero. This, however, 
follows from the consideration that U and U^ are each due 
to the same total mass E. 

It appears from the preceding investigation that corre- 
sponding charges at points which are the images of each other 
in a circle produce, at its circumference, a potential which is 
constant, but not zero. 

In considering this apparent anomaly, it is to be re- 
membered that a uniplanar distribution is not a physical 
reality, but a mathematical artifice to simplify problems 
having to do with a cylindrical distribution. 

If V denote the three-dimensional potential at a point P 
of a straight thin bar of uniform linear density X, of length 
hy and terminated by the perpendicular p on it from P, and 
if r be the distance of P from the other extremity of this 
line, and the angle which r makes with jo, it is easy to see 
that 

^ . , 1 + sin . , r + J 

F = X log ^ = X log 

° cos P 

If we now suppose the length h to become infinite, we 

have V =X log — • 

\P 
Accordingly, if V be the potential at any point P due to a 

thin bar whose total length is / and which is infinite in both 

directions, we have F= 2X log -. li dS be the section of 

P 
the thin bar, and p the volume density, X = pd8. Hence, 

as by Art. 11, 2p = r, the potential at P of a cylindrical dis- 
tribution, corresponding to the uniplanar mass e concentrated 

at a point -4, is e log —= , which is infinite when e is finite. 



Uniplanar Distribution. Image of Point in Circle. 217 

The potential of a cylindrical distribution corresponding 
to two equal uniplanar charges e, one positive, the other 

negative, at points A and J3, is e log -jp, which is the same 

as the uniplanar potential and is finite. 

Hence, if P be a point on a circle with respect to which 
A and B are images, an infinitely small uniplanar charge, 
at the centre of the circle or uniformly distributed on its 
circumference, corresponds to a uniform distribution on the 
surface of the infinite cylinder, of which the circle is a sec- 
tion, sufficient to reduce the total three dimensional potential 
at this surface to zero. 

Thus it is seen that the theory of uniplanar images is in 
accordance with the general theory of electrical distribu- 
tions. 

If we now denote by V the total uniplanar potential due 
to e at A and to the charge E on the circle, we have at any 
point Q in external space 

r=«iog|| + (£+.)iog^. (16) 

Throughout the region inside the circle V is constant, and 
has the value 

elogj+ (^+c)log-, 

where a denotes the radius of the circle and /the distance of 
A from the centre. 

If the point A at which the infiuencing charge e is situated 
be inside the circle, the potential V is constant at the circum- 
ference of the circle, its value at infinity is 

{E + .) log ^, 
and the value of the integral 

— ds 

dv ^ 
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taken round the circle is - 27r (^ + ^) . Also at all points out- 
side the circle, v' f^ = 0. Hence, throughout this region 

V^{E+e) log ^, (17) 

as there can be only one function satisfying the conditions 
specified above. 

Inside the circle the potential U of the distribution on its 
circumference must satisfy the conditions V* C^= throughout 
the interior region, and 

U-^ e log -jp =» constant 

for any point P on the circumference. 

Any two functions of the coordinates satisfying these 
conditions can differ only by a constant. Hence 

U = e log BQ + c. 

The constant c is determined from the value of V at the 
circimiference. From this we have 



whence 



"BP 1 

elogjp-^c = {E + e)log -; 



c-={E + e)log'--e log -- , 

a J 



and the total potential V at any point Q in the interior of 
the circle is given by the equation 

F = e^log||-log|) + (£ + .)log^. (18) 

The formulae for a cylindrical distribution of mass in 
which e and E denote charges per unit of length are obtained 
from those for the corresponding uniplanar distribution by 
changing e and E into 2e and 2^. 

118. Total Uniplanar Mass on Cnnre. — If the 
potential on one side of a curve be constant, and on the other 
side be the same as that due to a number of charged points 
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Ai, -^2, &o., the total mass on any portion s of this curve can 
be found in a manner similar to that employed in Art. 116. 
If E be the total mass on s, vte have in this case 



2irE=^2irlvd8 = \Nd8 = 
= eSi + ^2^2 + &c., 



— cos ;//! + - cos ;//2 + &o. ) ds 



where 0i, &c., are the angles which s subtends at Ai^ &c. ; 
whence 

E ^ (19) 



Examples. 

1. An insulated circle having a charge E is influenced by a quantity e of 
uniplanar mass concentrated at a point A ; find the distribution of mass on the 
circumference of the circle. 

At a point on the circle whose distance from ^ is r, the density v of the line 
distribution is given by the equation 

I** ' 

if the point A be outside the circle. 

If A be inside, the equation for v becomes 

2irflv = E-^-e — e — -^— • 

2. Show that the distribution on the circle is the same whether the in- 
fluencing mass e be situated at the point A or at its image B. 

Let /' and r' be the distances of B from the centi'e and from any point on 
the circumference, then 

/>/" = »*, and J = g; 
whence 

.2 _ /'2 



and the required result follows fi'om Ex. I. 



y2 ~ f'Z » 



3. In Ex. 1 find the potential 27 of the mass distributed on the circumference 
of the circle. 

Here let A be the exterior of the two inverse points at one of which e is 
situated ; then at any point Q outside the circle IT" = « log BQ -{E + e) log CQ, 



i 
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and at any internal point U=$ (log ^Q - log/) — -Slog a, where /is the 
distance of A from the centre C, 

4. In Ex. 1, if the charge on the circle he — « ; find the potential Fat its 
circumference. 

If A he outside the circle, F = ^ log ^ ; if -4 he inside, F = 0. This case 

of a uniplanar distrihution of mass corresponds to that of a sphere put to earth 
under the influence of an electrified point. For the sphere, whether A he an 
internal or an external point, the potential at the surface is zero, hut the total 
mass on the surface is different in the two cases. For the circle, the total mass 
on the circumference is the same for either position of Ay hut the potential is 
different. 

5. If uniplanar mass he distrihuted on the circumference of a circle, so that 
the density at any point varies inversely as the square of its distance from 
a fixed point, show that the distrihution \&\ centroharic, and find the haric 
centre. 

6. Find the value of the integral I - — ^ — ^> taken round the circumference 

« of a circle whose radius is a, where r and/ are the distances of ds^ and the 
centre of the circle from an external point A. Ans. 2Ta. 

7. If ^ he inside the circle, what is the value of the integral in the last 
Example ? Ans, — 2ira. 

8. Find the force which an insulated circle, having a imiplanar charge J?, 
exerts on a quantity e of imiplanar mass concentrated at an external point A, 

If F denote the force, and f the distance of A from the centre of the 
circle 



— i^'-^i 



9. Uniplanar mass is distrihuted on the houndary of the larger segments of 
two circles cutting orthogonally so as to produce a uniform potential L ; find 
the potential at any point in external space, and the distrihution of the mass 
(see fig.. Art. 115). 

Let A and B he the centres of the two circles, and Q the point of intersec- 
tion of their common chord with AB, If we suppose equal quantities n of 
uniplanar mass placed at A and B^ and a quantity - 77 placed at G, the potential 

at the houndary of one of the circles is 77 log -, where c is the distance hetween 

c 

their centres. Hence, if 7; he determined hy the equation 7; log - = X, the 

c 

potential F at any point Q in external space is given hy the equation 

F= 7? (log QQ - log AQ - log BQ), 
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and V the density of the distrihution at any point P of the circle whose centre 
is ^ hy the equation 

e 

At a point of intersection of the circles u = 0. 
The total mass on the houndary is 77. 

10. In the last example, if the potential Z he due partly to the distrihution 
on the circular houndary and partly to uniplanar mass e concentrated at an 
external point Oy find ^e potential in external space, and the distrihution of 
mass. 

Adopting the notation of Ex. 2, Art. 116, if 77 he the hypothetical charge 
at A or B, we have 



i = *(log^-log^)+,logi 



= e {i log («yj» + tyi" - aH^) - log/i - log/j} + r, log -, 

c 

which determines 77. The potential F at an external point Q is given, then, 
hy the equation 

F = « (log J(^ + log JQ - log OQ - log KQ) + n (log GQ ^ log AQ- log £Q), 

If V he the density of the distrihution at any point P of the circle whose 
centre is -4, we have 

11. In Example 9 find the total mass on the arc of the circle whose centre 
is A. 

Let a and $ he the angles which the common chord suhtends at the centres 
A and S of the circles, then if JEa he the total mass required, we have 



2ir-a + fi-7r n 1. a-jSV 



119. Inversion. — The theory of images has suggested 
a transformation by means of which problems as to distribu- 
tions of electricity can in many cases be much simplified. 
This process is called Electrical Inversion^ and may be de- 
scribed as follows. 

If, with any point as centre, a sphere of radius R be 
described, the images with respect to this sphere of a system 
of electrified points form a new system related to the former. 
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80 that if the one be assigned the other can be determined. 
In the case of images physically related, if one charge be 
positive the other is negative. Here, however, the relation 
of the two systems is purely mathematical, and we may 
therefore attribute the same algebraical sign to the original 
charge and to its image. The two electri&ed systems are 
then called inverse systems with respect to the origin 0, and 
the arbitrary length It is called the radius of inversion. 

If -4 be a point of one of the systems at which there is a 
charge e, and A^ and e^he the corresponding point and charge 
of the inverse system, A^ is on the line 0-4, and OA . OA^ = ^, 
also 

, R OA' 

'^oa'^-r-'' 

If we denote the systems by E and E\ it is easy to prove 
the following propositions : — 

1**. Corresponding points in the two systems lie on curves 
or surfaces which are inverse with respect to 0. Hence a 
sphere 8 in the system E corresponds to a sphere S' in the 
system -B', except be on the surface S, in which case the 
corresponding surface in -B' is a plane. 

In general a plane corresponds to a sphere passing through 
0, but if be on the plane, then the corresponding surface 
is the same plane. 

2°. If Vp be the potential of the system E at any point 
P, and V'f the potential of K at 
the point P' corresponding to P, 
then, 

rv=^- (20) 

For, 

*" '"-^ P'A' ~ OA. FA" 

but from the similar triangles AOP and fOA!, we have 
OA . PA = OP . PA ; whence 

OP PA OP '■ 
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(a) Hence, if the potential of -B at P be zero, so also is 
the potential of -B' at -P. 

(b) If the potential of E have a constant value L at all 
points of a curve or surface, the potential of jB' at any point 
P' on the inverse curve or surface is that due to the mass 
HL placed at the origin. Hence the potential at P' due to 
jB' together with a mass - RL at is zero. 

Thus, by means of inversion, a distribution producing a 
constant potential can be transformed into a distribution 
producing a potential zero. 

3°. If p be the density of a volume distribution at any 
point A of the system -B, and p^ the corresponding density 
in the inverse system, 



■'<i 



% = f^T/» (21) 



where r = OAy and / = 0A\ 
To prove this, we have 



but 



V r 






and d/B = r^ dr doj ; substituting and reducing, we have the 
required result. 

4°. If <r be the density of a surface distribution at any 
point A of the system -B, and a' the density at the corre- 
sponding point A' of the inverse system, 



■■=© 



a = I ^ j CT. (22) 



This is proved in a manner similar to that employed for 
volume densities by means of the equations 

d8 cos i// = r^ dufy d8^ cos ?// = r'* rfco, 

where i// is the angle which the radius vector makes with the 
normal to either of the inverse surface elements dS and d8\ 
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5^. If two points Ai and A2 belonging to the system E 
are images of each other in a surface S, the inverse points 
A\ and A\ are images of each other in the surface S' which 
is the inverse of 8. 

This follows from the consideration that the joint poten- 
tial due to ^1 at ^i and ^2 at A2 is zero at S, and therefore, 
by 1°, (a) so also is the potential at S' due to e\ at A\ and 
e\ at A\, Hence, A\ and A\ are images of each other with 
respect to 8\ 

As a particular case of the above, we have the result that, 
if A be the centre of the sphere 8, the point A^ is the image 
of the origin in the surface S' which is the inverse of 8. 
This is obvious if we remember that the image of ^ in S is 
a point at infinity whose inverse is the origin. 

6°. If t and f be the tangents from to inverse spheres 
whose radii are a and a\ and the distances of whose centres 
from are a and a, we have 

* 

7°. If p be the perpendicular distance of from a plane 
whose inverse is a sphere having a for radius, a is given by 
the equation 

2pa = i?. (24) 



Examples, 

1. Find the distribution of mass on a sphere whose centre is A^ and which 
is at potential zero under the influence of a charge ^ at a point 0. 

Invert the sphere from 0, and we obtain a sphere at constant potential Z, 
where ML — — e. The density <r' at any point jP of this sphere is given by the 
equation 



L e 


then, by (22), <r - - ^^ J^„ 


4W ~ 4ira'JK' 


a OA^ - a2 


whence <r = - — — — 

4ira OP^ 



but, by (23), 

2. Show that a solid sphere 8 whose density varies inversely as the fifth 
power of the distance r from a point is centrobaric, and find its baric centre. 
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Invert from ; then, in the inverse sphere 8^ 



, (ry (ryK 



J2« 



therefore the potential of 8^ has a constant value L at its surface ; and a mass 
RL at produces at the surface of 8 & potential equal to that of 8 itself. 
Hence is the haric centre if it be inside the surface of 8. If it be outside, the 
baiic centre is the image of in this surface. 

3. Two planes, cutting at right angles and terminated by their line of inter- 
section, are at potential zero under the influence of a charge e situated at a point 
between them ; And the distribution of mass on the planes, and the potential at 
any point. 

If we draw perpendiculars pi and pz from on the planes, take, at the other 
side of the planes on these perpendicularB, points I and / at the same distances 
from the planes as 0, and draw through I and J, in the plane of 01 and OJ^ 
parallels, meeting in K, to the planes ; charges, whose amounts are each — e, placed 
at I and /, together with e at K, produce along with e a.t & potential zero on 
each of the planes. Hence, at any point Q in the region containing 0, the 
potential Fis given by the equation 



/ l_ J 1 1\ 

\0Q^ XQ IQ JqI* 



and in the region separated by the planes from the potential is zero. 

At any point P in the plane whose distance from is p\, the density <ri is 
given by the equation 



^ ^_^ /J L\ 

^ 2v \0I^ JF^I 



4. Find, by inversion, the distribution of mass on the larger segments of two 

spheres cutting orthogonally and at 
constant potential. (For the direct 
solution of this problem see Art. 
116.) 

If we invert from we obtain 
as the inverse of the planes in Ex. 
3, the larger segments of two spheres 
cutting orthogonally, and at con- 
stant potential i, where RL = — e, 
also, if a be the radius of the sphere 
which is the inverse of the plane the 
perpendicular on which is pi, we 
have 2api = R^, and if <r'i be the 

density of the distribution of mass at any point F' of this sphere, 

, /OFy L ( 0F^\ 

, and J' is the centre of the sphere inverse to the plane whose 




but 



OF OJ' 

JF " J'F' 

perpendicular is p^. Hence if h denote the radius of this sphere, OJ* — i, and 

Q 



i 
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6. A conductor, formed of tlie larger segments of two spheres which inter- 
sect at an angle of 60°, is insulated and charged to potential Z ; find Uie 
distribution of mass on the conductor, and the potential at any point. 

Let the spheres be denoted by (A) and {B), take any point on their circle 
of intersection, and invert the system from this point. We have, then, two 
planes {A') and {B*} intersecting at an angle of 60°, and at potential zero under 
the influence, at 0, of a charge - RZ, which may be denoted by e. The plane 
passing through and the centres of the spheres, which we may call (0), meets 
the planes (A') and (S^) perpendicularly, and contains a series of images charges 
at which, along with e' at 0, produce the actual potential in the region between 
the planes and containing 0, Hence, by 2°, Axt. 119, the inverse system of 
images produce a potentiid in external space which is the same as that due to 
the actual distribution on the conductor. 

Let C be the point in which (A') and (J^) intersect (0) ; then the images of 

in {A') and {JB') lie on a 

"""***^^ circle in the plane (0), hav- 

ing O as centre and CO as 
*\ radius. Let J'l be the 
. \ image of in {A% J*i its 
\ image in (^), I'z the image 
'i of J'l in. {A')y J\ the image 
»J, i of T\ in (5'), and so on, 

\ *' i'a\^ JX*'* / and let the angular dis- 

♦. I J / tances of i'l, &c., from CO 

\ A, / be denoted by i'l , &c. , then, 

/ a CO make angles a and iS 
/ with (A') and {B'), we 
,/ have i'l = 2o, /i = - 2/3, 

" • i\ = a -/i + o = 2 (o + iS), 

/2 = - /8 - (i'l + /8) = - 2 (a + j8), i's = 2a -/2 = 2o + 2 (a + jS), 
/s = - 2)8 - i'2 = - 2)8 - 2 (a + /S). 

Now a + )8 = - ; hence, i'j -/s = 2ir, and the points I'z and J'z coincide, 
o 

The charges are each — e' at images having odd suffixes, and + $' at those having 

even ones. 

In the inverse system, the points inverse to J'l and J'l are the centres of the 

spheres (A) and {B). The charge at the centre Ji is — e* -^, or aZ, where a 

is the radius of the sphere [A), Since the images J'l, 7'i, &c., lie on a circle 
through Oy the inverse points lie on the straight line joining the centres I\ and 
c/i, and are successive images of them in the spheres [B) and {A). 

Also, if the charges at the points I\, &c., be denoted by the same letters, 
and the radius of the sphere (B) by d, we have 

H = 0. &c. : 

OJi ^ OI2 ' • 



OJi 




Ij = aZ, 


•^'=*^' oi.+ik"'' 


whence^ 






I I — /2 is — Z2 

Oil " OJ2 "^ Oli ^ OI2 
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The distances I\l2, &c., are given by the equations 

I\I% = — , J\Ji = -, J1/3 = -5 — To* •/i/s = -^ \ where tf = Ji7i ; 

the surface density <r at any point P on (^) by the equation 

and the potential V at any point Q in external space by the equation 

_t I\ J\ 1% Jz I3 

i^'^ TTq"^ IzQ"^ m"^ Zq' 

If JEa be the total charge on the sphere whose radius is a, by (16), Art. 116, 
as in Ex. 7, Art. 116, we have 

4"(-S)*t("S)' 

where the sign in the last term depends on which aide of G the point Js is 
situated. Iib> a, as in the figure, then the negative sign is to be taken. Here 
<?« = a* + *2 + ab, also GJi^ - QIi^ ^It^^a^, and QJ\ + (7Ji = c ; whence 

^, a^ (lb ^^ 11^ €^ 
OIi = - + — , GJi=- + — , 
e 2c c 2e 

ab ab b '- a 

GIz^GIi-'IzIi^^ =6^/2, Glfi^lzli- Gil = -—-., 

zc Zc a + 

^^o Sa^i'* ^^ «* ^^ ^, ab 

Substituting for Ji, «7i, &c., G'ii, &c., in the expression given above, we 
obtain 

„Z( , ab 2ah a-b i , oh \) 

2( a-\-b e c \ 2(a-\-b)f ) 

The total charge E on the conductor is given by the equation 



ab 2ab\ 
a + b c ) 



This result appears also from the consideration that ^ = Ji + 7i + J2 + t/jj + /j. 

The above expressions for Hat &c., hold good, whatever be the magnitudes 
of a and b. 

Q 2 
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120. Cniplanar IiiTersion. — In the case of uniplanar 
inversion oorresponding charges are equal ; and if E be the 
total amount of mass belonging to either of the inverse 
distributions, we have 

FV = S^'log-p^=saog-p^j-^ = Fp- Fo + ^log^^, 

(25) 

where F© denotes the potential at the origin of the distribu- 
tion E. 

It follows from this equation that, if the potential due to 
a uniplanar distribution of mass acting inversely as the 
distance be constant at all points of a curve «, and if the 
total mass be zero, the potential due to the inverse distribu- 
tion is constant for all points of the inverse curve s', and the 
total mass is zero. Hence, if two charged points Ai and A^ 
be images of each other with respect to the curve s, the 
inverse points A\ and A\ are images of each other with 
respect to the curve s' which is the inverse of s. 

Again, if the potential due to the uniplanar distribution 
of mass whose total amount is ^ be constant for all points of 
a curve s, the potential V due to the inverse distribution 
together with a mass - E placed at 0, is constant for the 
curve «', which is the inverse of », and the total mass pro- 
ducing the potential U' is zero. 

If r denote the density at any point, whose distance from 
is r, of an areal distribution of uniplanar mass, and v that 
of a linear distribution, and / and v the oorresponding 
densities in the inverse distribution, remembering that in 
this case corresponding charges in the two systems are equal, 
we can prove in the same manner as in 3° and 4°, Art. 119, 
that 

'-S)'' = (7)'- «-(0" = (?)"- « 

Examples. 

1. Show that a circle c, throughout which there is a uniphinar distribution 
of mass m whose areal density varies inversely as the fourth power of the dis- 
tance from an external point 0^ is centrobaric. 
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InTert from 0, then 



\r} ' £« 



Hence the circle e , which is the inyerse of c, being of uniform density, acts at 
external points as if its mass were concentrated at its centre A\ and the potential 
V due to c' together with — m at ^' is zero outside e\ and therefore, at 0, also 
Uie total mass producing XT is zero. Hence, by (25), if P be any point 
outside Of we have Uf = 0, and therefore, the potential in external space due to 
c is the same as that due to a mass m placed at A, the image oi Ome, 

2. IJniplanar mass m is distributed in the region outside a circle c, the areal 
density varying' inversely as the fourth power of the distance from a point 
inside e. Show that m acts inside <; as if it were concentrated at A which is 
the image of Oin e. 

Invert from 0, and we obtain a circle e' of uniform density. If CTbe the 
potential due to c' together with a mass — m placed at its centre A\ the 
potential U* is zero at any point P' outside c\ Hence, since the total mass pro- 
ducing XT is zero, by (25), we have XT constant throughout the region inside c^ 
and therefore, mdA. A produces the same effect inside e as the original distribu- 
tion outside c, 

3. IJniplanar mass is distributed over the boundary of the larger segments of 
two circles cutting at an angle of 60° so as to produce a constant potential L 
throughout the interior region ; find the potential at any external point, and the 
distribution of mass. 

Let the spherical sections in the figure of Ex. 5, Art. 119 represent the circles ; 
then if a charge n be placed at the points J], J\, and Js, and a charge — 17 at Ja 
and /2, the potential produced is constant at the circular boundary, and if it be 
equal to L Uie charges at Ji, &c. produce in external space the same potential as 
the actual distribution. Hence 97 is determined by the equation 

L = , [log ~H^^ - log«j = V log ^*. 

If V be the potential at any external point Q, we have 

r= n {log I2Q + log J2Q - log IiQ - log JiQ - log IzQ] 

, I2Q . J2Q 

= i?log 



IiQ.JiQ.IzQ 



The density v of the distribution at any point P on the circle whose radius 
IB a IB given by the equation 

2«„ ''-" '•'-^••^'' 






and the total charge £a on the arc of this circle by the equation 

2TEa = 1? {02 + 03 + iSi - ai - fi2\y 

where ai, 03 03, jSi, $2$ are the angles which the chord of interseetion of the 
circles subtends at the points Ii, I2, J3, Ji, ^2, respectively. 
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121. Three Spheres cutting Orthogonally. — If 

three spheres cut orthogonally, a plane through their centres 
Aj By G meets them in circles cutting orthogonally, so that 

the centre of each lies on the 
common chord of the other 
two, and these chords A 6239 
JBOziy and COu, are the three 
perpendiculars of the triangle 
ABCy and meet in a point K" 
such that 

AK.A02z = AGzi.AC; 

whence K is the image of 
©23 in the sphere whose centre 
is A and which may he de- 
noted by (A). Similarly K" 
is the image of Ozi in {B) and 
of (?i2 in {C). 

A potential L is produced at the surface of (A) by a 
charge aZ a,t A , where a denotes the radius of A, Again, if 
the radii of (B) and (C) be denoted by b and c, and the 
distances AB^ BCy and CA by y, a, and jS, charges hL at B 

— nh T 

and at Ou produce on {A) apotentialzero,as also charges 




cL at C and- 
"bcL 



- acL 



at (?8i, finally to compensate the charge 



a 



at ©23, there must be a charge 



hcL 



a 



a 



AG 



23 



ahcL , ^ 



where S is the area of the triangle ABC. If we express the 
sides and area of this triangle in terms of a, 6, and c, we find 
that a potential L is produced at each of the spherical surfaces 
by charges 



Lay Lhy Lcy 



-Lhc 



- Lea 



- Lab 



^/(6' + c'j' ^{c' + a'y ^{a^ + b'Y 



and 
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Labe 



placed at A, B, C, (?„, (?.„ (?,„ and K, respectively. 

133. Fonr Sphcrm enttlng OrOiocoDally.— If a 

BpIieTe out two spheres, whose centres are A and B, ortho- 
gonally, its centre lies on the plane 
[AB) of the intersection of the 
spheres {A) and [B), and this plane 
is perpendicular to the line AB. 
Hence, if four spheres, whose centres 
are A, B, C, D, out orthogonally, D 
c lies on the line of intersection of the 
planes (-45) and [BC), which is per- 
pendicular to the plane ABC, and 
» paases through K the point of inter- 

section of the perpendiculars of the triangle ABC. It On 
be the point in which AB meets the plane {AB], and <rthe 
foot of the perpendicular from C on the plane ABD, the 
lines Df and CJ are pcrpendicularB of the triangle DGGn, 
and if Obe their point of intereection, CO.CJ= CK. 06,1 = 6*, 
where c h the raidiua of {0). In like manner AS, the per- 
pendicular from A on the plane BCD, intersects CJ at the 
point 0. Accordingly the four perpendiculars AH, SI, 
CJ, and i>ff intersect at the point 0, and is the image 
of S in [A), of / in {B), of J in [C), and of K in (7)}. 
Again, if Si denote the area of the triangle 5CiJ, and Ct the 
Tolnme of the tetrahedron ABCB, the image in {A) of the 
charge 




lAcd 



- Lhcd a 

~^rAM 



, , , . - Labcd 



By Art. 121, we have 

C(?„ . ^i? = 2S. = 



Henoe we obtain OOn and CK, from which and DO we 
get DK, and finally we have 
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Thus all the charges are expressed in terms of L and the 
radii of the spheres, and we see that a potential L is produced 
at each of the spherical surfaces hy placing charges La^ &c., 
at the four centres, 

— / nh 

) &c., at the six points 6ri2, &c. 

T nhf* 



/ 



Examples. 

1. An insulated conductor formed of the larger segments of three spheres 
cutting orthogonally is charged to potential Z ; find the density a of the distri- 
bution at any point P on the surface of the sphere (A). 



Ans. 4ir<r = — H - — — - - — — + ( 

a I £1^ CF^ ^i^^ ,2)2 a^^p3] 



2. Find the density <r at a point P on (^) when the conductor charged to 
potential Z is formed of the segments of four spheres cutting orthogonally. 



'•'"■"at PP3 CP» i>i«'"(i'i +.2)1 6r,3p3'*"(^ + rf2)i 6^3,^8 



Ans, 

a { £j 



(ef2 + *2)8 QuI^ (*V + c2rf2 + ef2*2)S si^ 



V 



3. A conductor, formed of the segments of three spheres cutting orthogonally, 
and haying the centres of the spheres in its interior, is at potential zero under 
the influence of an external electrified point P ; show how to determine the 
distribution of mass on the surface of the conductor, and the potential in external 
space. 

Let the spheres be denoted by {A), (P), and {G). The plane of the intersec- 
tion of {A) and (B) cuts (C7) in a circle which meets the circle of intersection of (A ) 
and (B) in two points and 0%, Invert the system from one of these points O, 
then the inverses of the spheres are planes, (-4'), (^'), (6^') intersecting perpen- 
dicularly at the point O'a, and the inverse of P is a point P' in the region 
bounded by the quadrants of the three planes. Let (, 77, ^ be the perpendicular 
distances of F' from the planes, then 

_R^ ^ B? 

^~Ya' '^^2b* ^~2c' 
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By changing the sign of the coordinate of a point, we obtain the coordi- 
nates of the image point in the corresponding coordinate plane. Thus in the 
present case, the whole system is found by taking all possible combinations of 
algebraical signs prefixed to the coordinates |, ry, f. The sign of the charge to be 
placed at any point is negative if it has an odd number of negative coordinates, 
and positive if it has an even number. If the image of F in the plane {A') be 
denoted by Fa, with a corresponding notation for the other points, we have the 
system : — 

Points Fy Fa, Fb, Fe, Fab, Fae, F'bc, Fabc ', 

Coordinates, |i?f, -|i?f, |-i?f, |^- f, -|-i?f, -|i?- f, |-i?- f, ~|-'?- f ; 
Charges, e\ — e', - e', — e\ e\ e\ e\ - e'. 

In the inverse spherical system, since is a point common to the three 
spheres, if we put e = /iOP, we have for the electrified points, which produce 
in external space the actual potential : — 

Points, P, Fa, Fb, Fc, Fab, Fac, Fbc, Fabel 

Charges, flOF, -flOFa, -flOPb, - fiOPe, fiOFab, flOPae, flOPbe, -fJiOPabe, 

where Fa is the image of F in the sphere {A), Fab the image of Fa in [B), or of 
Fb in {A), &c. 

Since the resultant force in the interior of the conductor is zero, the density 
of the distribution at any point of its surface can be determined as in preceding 
Examples. 

4. A conductor, formed of the segments of four spheres cutting orthogonally 
and having their centres in its interior, is at potential zero under the influence 
of an external electrified point F ; show how to determine the distribution of 
mass on the conductor, and the potential in external space. 

Adopting the same notation as that of the last Example and calling the 
fourth sphere (D), if we invert from 0, one of the points common to {A), (5), 
and {C), we get three rectangular planes and a sphere (D') cutting them per- 
pendicularly, and having, therefore, O'z as its centre. If F be the inverse of P, 
the successive images of P' in the planes form the same system Fa, &c., as that 
considered in the last Example. These points lie on a sphere having 0'2 for 
centre ; and their images in the concentric sphere {D') are equidistant from 
0'2, and are obviously in reference to each other a complete system of images in 
the planes (-4'), {F), and (C). Hence, by 6°, Art. 119, in the inverse system of 
four spheres, a potential zero is obtained at the surface of each by placing at the 
points 

P, Pa, Pb, Pcf Pab, Pact Phe, Pahe, Pd, Pad, Pbd, Ped, Pahd, *Paed, Pbcd, Pabed, 

charges 

flOF, - flOFa, - flOFb, - llOFc, flOPab, flOFae, flOFbe, - flOFabc - vOFd, 
vOFad, vOFbd, vOPcd, -vOFabd, -vOFacd, -vOFbcd, vOFabcd, 
where 

fiOP = e, and vOFd = ;^ '• 
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e.: 123. Finite Series of Images and eontlnuoiis 

Inverse Systems. — The relation between systems of images 
and the surface distributions to which they are equivalent 
may usually be based on the following general theorem : — 

If a closed surface S be one of equilibrium for a distri- 
bution of mass of which part is external to S and part internal, 

i a surface distribution on 8y whose density at any point is 

equal to the resultant force at that point divided by 47r, 
produces at all points external to iS a potential equal to that 
of the internal mass, and at all internal points a potential 
whose difference from a constant is equal to the potential of 
the external mass. 

This theorem is easily proved by supposing a distribution 

* on 8 whose potential at all points of this surface is equal to 

} that of the internal mass. 

Numerous problems of considerable difficulty have been 
solved by Thomson, Clerk Maxwell, and other mathematicians, 
by the use of images finite in number, or by the inversion 

■. of one continuous system into another. Some of the most 

;i important of these problems are given in the following 

Examples : — 

EXAJCPLES. 

1. An insulated conductor formed of the larger segments of two spheres 

IT 

cutting at an angle -, where n is anj integer, is charged to potential L ; find 

the distribution of mass on the surface of the conductor, and the potential in 
external space. 

Adopting the method and the notation of Ex. 5, Art. 119, we find 

i'2« = 2m (a + i3), /2m = - 2m (a + /S), 

i'2«*i = 2a + 2;« (a + jS), /2m+i = - 2)8 - 2m (a + jS). 

i, In this case o + jS = -, and therefore, whether « = 2m or 2m + 1, we have 

n 

i'n -J'h = 2« (o + iS) = 2ir, 

and the point i*,, coincides with / n. 

In the inverse spherical system, Ji and 7i being the centres of the spheres 
(A) and (^), we have the images I2, is, &c., In in the sphere (-4), and the 
images 72, Jz, &c., Jn in the sphere (^), and /» coincides with J„. The charges 
to be placed at these points, the distribution of mass on the conductor, and the 



1: 
1. 



/ 
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potential in external space are found then as in Ex. 5, Art. 119. The total mass 
Ea on the spherical surface whose radius is a is given by the equation 

JFa = 2 { 0^1 + OJi + Oh + OJz + &c. + QIi + QJi + Gh + QJi + &c. 

- OI2 - 07a - Oli - OJi - &c. - GI2 - GJ2 - G'J* - QJi - &c.}, 

where 6^/1, GI2, &c. are to be taken as positive or negative according as the 
points Ji, lif &c. are on the same side of 6^ as Ji or on &e opposite side. 

2. A spherical bowl is at potential zero under the influence of an external 
electrified point situated on the surface of the sphere (A) in space of which 
geometrically the bowl forms a part ; find the distribution of mass on the surface 
of the bowl. 

Invert from 0, the sphere {A) becomes a plane, and the plane base of the 
bowl a sphere, so that the surface of the bowl is inverted into a plane circular 
disk. If we suppose this disk at constant potential L\ by Ex. 7, Art. 38, the 
density <r' of the distribution at any point F of the disk is given by the equa- 
tion 



<r' = 



V(a'2~r'»)' 



where A; is a constant, a* is the radius of the disk, and / the distance of F from 
its centre ; then, if iS' be one surface of the disk, 



<r'dS^ . , r«' dr' 



] T Jo V(«^-r2) 



whence 



,'=^' 



2»' ^yWF . FK' * 

where H' and iT are the extremities of any chord of the disk passing through P*. 
If JBT and iTbe the points on the edge of the bowl inverse to B.' and K\ we 
have 



KF OF OF . OH FK OF OF , OK , 
WF OFC Ji^ ' FS7 'OK' F? ' 

whence 



-m'' 



^E.Jl los.oK 

2^^0F»yljSTFK' 



If e be the charge at 0, in order that the bowl should be at potential zero 
by 2°, (*), Art 119, we have Z'F = - «, and therefore, 



^Zl-L \0H . OK 
'^'^^ OF^ yijsTJk' 
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Since the three points H', F'y K' are on the same straight line, the four 



points 0, 5", P, K are on the circumference of 
a cii'cle whose plane cuts the base of the bowl 
in the line B.K at an angle ; then, p and g 
being the perpendiculars from and P on the 
line KKy we have 




OK. 


OK 


P 


P 


sin 





Co 


I'R . 


FK 


9 


9. 


sin 





fp' 



where (b and (^ are the perpendiculars from 
and Pon the base of the bowl. If C denote 
the pole of the small circle forming the edge 
of the bowl, h the distance from C of any point 
of this edge, z the coordinate of any point 
of the sphere {A) referred to C as origin and 

the diameter through as axis, and/ the length of the diameter, we have 



whence 



Co = «o — -li = 5 — > 






lir^OF^ 






T* The value of <r here obtained may perhaps be more readily deduced from that 
of <r' by considering the sphere {B') which is the inverse of the base of the 
bowl. 

If Q be the point in which OF meets the base of the bowl, and Q^ the inverse 
point on {B'), since E'F'K' is a chord of (B')y we have 

00' 
E'F . F'K' = OF* . F'Q\ but F'Q' ^ FQ 



whence 



ET . F'K'^^ FQ . OQ' = 



OF 



J?* FQ J2* Cp 



OF ~^"^ OF^ OQ OF^Co* 
and from this the value of <r follows immediately. 



3. An insulated spherical bowl is charged to constant potential Z ; find the 
distribution of mass on its surface. 

Imagine a distribution of mass of uniform density c on the remainder of the 
sphere (A) of which l^e bowl is pait. If the bowl be at potential zero under 
the influence of this distribution, there will be a distribution on the surface of 
the bowl whose density at any point Pmay be denoted by <r. Suppose, further, 
an additional distribution of uniform density e' over the whole sphere (A), then, 
the bowl is at a constant potential, and the density <ri of the distribution at any 
point of its outer surface is cr + €', and at any point of its inner is cr. 

Let us now assume that c + e' = 0, and that ^vae' = X, where a is the 
radius of (A), and we obtain the distribution on an uninfluenced bowl at 
potential Z. 

To calculate cr, let Q denote any point of the sphere {A) beyond the edge of 
the bowl, A the centre of the sphere, C the centre of the bowl or the pole of its 
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boundary, B and the spherical coordinates of Q referred to AC and the plane 
ACFf e and i? the perpendicular distances of A and Pfrom the base of the bowl, 
B the angle subtended by the radius of this base at A^ and a the angle FAC\ 
then by Ex. 2, 

_ ca' sin 9ded<^ \ (c — a cos B\ 

also 

PQ» = 2a» { 1 - (cos o cos + sin o sin e cos 0) } ; 
whence 



— <r = 



fir r IT V((; — a cos d) sin Oded<^ 



U 1- 



2ir^v/p J /9 Jo 1 — cos a cos — sin a sin cos <^ 
The integral with respect to <^ is of the form 

~ , the value of which is — — r — . 

m — n cos ^ V(m* — «*) 

In the present case m^ — n^= cos' a + cos' 9 — 2 cos a cos ; hence putting 
cos = fi,we have 

~ (T =s — : I , where mi = cos p, 

2iry/p J -1 cos o - /i 

Remembering that e = a/jLj, and that a cos a — =^, we find by integrating 
that . 



-Mjr-f)-"-j(v)i 



If we denote by b the distance of C from any point on the edge of the bowl, 
and if we put 2a =/, CP= r, we have 



whence 



a + $ 


Jl 




P 






iH 


(P- 


-m 


-fA 


n-1 i 


l/p-b^ 



Substituting for e its value - — , we get, for ffi and 0-2, the densities on the 
outer and inner surfaces of the bowl, the equations 



"-"^-W{fcl)-^J(fc^)l 



2iry 



If the point of the sphere (A), which is opposite to C7, be denoted by D, and 
(j) and ^ denote the perpendiculars from J) and P on the base of the bowl, it 
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I 






is plain that a + c; = Cz>» P = (ft tuid that c may be expressed by the equatioii 

2iry 



■'MM)-^-M)] 



4. Find the distribution of mass on a spherical bowl {B) at potential zero 
under the influence of a charge e situated at any point outside the bowl. 

Invert the system from Of selecting the radius of inversion It so that the 
sphere (^), of which the bowl is part, may be inverted into itself. The bowl 
{B) is inverted then into another portion of {A) bounded by the intersection of 
(A) with the sphere which is the inverse of the base of (B), that is, {3) is 
inverted into another bowl {B') belonging to the same sphere. 

If {B') be at constant potential L' due to a distribution on {B')^ by the last 
j, Example the density o-' of the distribution at any point P" of the inner surfiice 

of {B") is given by the equation 



« <r — 



2irV 



■m)-'-'4{m 



Draw a plane through D'F' meeting the edge of (/?') in the points JT*, K* ; 
then the points D', JT, P*, JT being concyclic, so also are the inverse points 
J), H, F, K; and we have, as in Ex. 2, 

C'jy ^ Jy K . jyjP fo _ BH.DK 

Cf> FS' . FK" Cp" PS , FK' 

where fo and fp are perpendiculars from JD and F on the base of (P). 
Again, by similar triangles, as in 2°, Art. 119, 

OF' OF 

and therefore, 

If jyE' . B'E* _ Om PR . DK OF^ BE . BE 

F'E' . F'^ " OF'^ FE.FX^TW^ FE . FK ' 

If (T be the density, corresponding to <r', of the distribution on (5), by (22), 

(It \3 
— J </, 

and {B) is at potential zero iinder the influence of a charge e at 0, provided 
that RZ* = - <?. 

Hence, Substituting in cr', we get 
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D is here the point in which OB' meets the sphere (A) again, and B is 

found hy taking the points E^ F in which the plane 
0-4 C meets the edge of (B) and joining them to 0, 
the joining lines meet {A) again in the points Ky 
F* on the edge of (B') ; then B' is the point of {A) 
opposite to M\ the middle point of the arcJ&' F' of 
the circle in which -40(7 meets (A). 

To prove the validity of this construction it is 
only necessary to show that the pole of the circle 
which is the boundary of (5'), lies in the plane 
AOCy which appears thus. AC is perpendicular 
to the base of {B)f and therefore a perpendicular 
to this base from 0, which passes through the 
centre of the inverse sphere, lies in the plane AOC. 
Hence the line joining the centres of the two 
spheres whose intersection is the boundary of {B^) 
lies in the plane AOC, but the pole of the boundary 
is on this line and therefore in the plane AOC. 
As in the preceding Examples c may be put into 

" 2*2/ 0^3 [OB yj \b^ - CF^J OB \ \b^ - CF^) ] * 

On the outside of (B') the density is 

«' + 1^, that is, ,' - ^. 

The corresponding density o-i on (B) is given by the equation 

e iJ2 

<ri is the density of the distribution on that surface of (B) which can be reached 
from without passing through the surface of (A), This appears by consider- 




theform 




O 





ing the three possible cases, and by remembering that the surface of {B) which 
is next to corresponds to the surface of {B') which is most remote. 
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6. A circular disk is at potential zero under the influence of a cliarge e 
situated at an external point in its plane ; find the distrihutiou of mass on the 
disk. 

In Ex. 2, if we suppose the diameter of the sphere {A) to become infinite, 
and b to remain finite, the bowl (B) becomes a disk whose centre is C7, and whose 
radius is bj and we get for the density (r of the distribution at any point P of 
the disk the equation 

-e f/ gO»-y \ 

6. Give a direct construction for the point D in Ex. 4. 

The point 1/ is equally distant from all points of the edge of the bowl {B'), 

but if ^' be a point on this edge, and S the inverse point on the edge of {B}y 

jyjf' T)TT 
we have -7r=-, — yrs- Hence, if fi'be any point on the edge of (-B), the ratio 

JDS BE OE 

— — . is constant ; accordingly -— = — - , and therefore the locus of i> is a circle, 
OS MJJf Or 

whose intersection with the circle EOF determines two points, of which B is 

the one not on the surface of the bowl {B). 

124. ilpheres In Contact. — If two spheres {A) and 
(B\ whose radii are a and ft, and which touch at the point 
0, be inverted from this point, the inverse surfaces (-4') and 
(^) are parallel planes whose distances from are o and S, 

where a = — , /3 = 777. If these planes be at potential 

zero under the influence of a charge / at 0, the potential at 
any point between the planes is the same as that due to the 
charge / at 0, together with charges at the successive images 
of 0, which form an infinite series. 

The images in the plane [A') being denoted by /'i, i'a, 
&c., and those in the plane (jB') by J'l, J\^ &c., the two sets 
are on opposite sides of 0, and if 0I\ = ^',, 0I\ = ^'2, &c., 
0J\ = 1? 1, 0J\ = »?'2» &c., and a + /3 = 7, we have ^\ = 2a, 
ti\ = 2/3, r. = a + n\ + a = 2y, i,^ = jS + ^i + jS = 2y, 

r3 = 2a + 27, 1,', = 2/3 + 2y, r2n = 2ny, n\n = 2ny, 

l\n.i = 2a + (2w - 2)7 = 2w7 - 2/3, n\n--i = 2ny - 2a. 

In the inverse system, /i and Ji are the centres of the 

spheres {A) and (jB), and in order that the spheres should be 

at potential i, by 2°, Art. 119, we have / = - LR ; whence the 

T R^ TjR^ 

charge at I\ is LR, and that at Ii is 7-—, that is, -^ — or 

La. Similarly the charge at Ji i§ Lb, 
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Since the charge at any image point is proportional to its 
distance from 0, the charge at /2„ is - X?2n> and that at /2n-i 

is i$an-i, but 

B" E" ah 

H2n = w 



and 



\2a Zb 
^ ab 

S2n-i 



2"i2T^26J-T 

If we put T = fi, which gives r =/*-!, we get for 

the sum Ea of the charges at the centre and succession of 
images belonging to the sphere (A) 



As 



^»-L—^T ( -^— T - -)• (27) 

a + b'^i \H-^ fi -1 n) ^ ' 



we may write 



E. = L «* 



a + 6 






_ 1 

By putting - = v, we have, /i = :j , and 

^„ = i«vS; ijl..(2--J).v'(l-i)j-'. (29) 

If a be small compared with 6, the higher powers of v 

may be neglected, and we have Ea = X«vS -^. By compar- 

ing the coeflScients of ic^ in the two expansions for sin x we 
get, as is well known, 

4..^. Heno. ^.4'^. (30): 

R 
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Again 



J? ^ r -<' f "^ "^ \ 

" ^i !«(« + b)-b n(a + b)) 






1' 



n{l + v) - 1 n(l + v)\ 



By making n unity, and then changing n into n + 1, in 
the first term under the sign of summation, we get 

E.^Lbvl^-'X' (-^ F^-fr-)l 

(v "^1 \n + nv n + [n -\- 1) vj) 
= Xiv{i-v4[l.v(2.i).v'(l.-^)]-];(31) 

and if the higher powers of v be neglected, we have 



JEt^Lb 






Lb - Ea. 



(32) 



From (30) and (32) we get for the mean values Oa and aj 
of the densities of the distributions on the two spheres 



tt' L 



n^a"' 



and therefore, 



aj = 



iirb 



^ 6 6*'' 






(33) 



Equations (27) and (28) give expressions for the total 
charge on one of two spheres in contact which are insulated 
and charged to potential L. 

Equations (29) and (31) give expressions for the total 
charge on each sphere when one is small compared with the 
other. Equation (33) is rigorously true for a sphere in con- 
tact with an infinite charged plane. If the spheres (A) and 
(B) be equal, m = i ; a^d from (27), we have 

Ea^Ei^La^l (^■^-^) = i«log,2 = 0-693147Xa. (34) 
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125. Concentric ilpheres. — If two oonoentric spheres 
(A) and {B) be at potential zero under the influence of a 
charge ^ at a point situated between them, the potential at 
any point between the spheres is that due to the charge at 0, 
together with charges at the successive images of in the 
spheres. If /i, J2, &c., denote the images in (-4), £1, $2, &o., 
their distances from C the centre, ii, iiy &c., the charges at 
these points, «7i, &c., iji, &o., and/i, &c., the corresponding 
points and quantities for (jB), denoting the radii of the 
spheres by a and 6, and putting CO =/, and a =fihy the inner 
sphere being (-4), we have 



a" 



a^ 



Si = -7., »?i = -7> £a = — = ^y. 



V2 = fl'lf' 



Assuming then 



San-i = /i'("-^) ^, kzn-fl'Vy Han-i = /X-^C*"^) ^, l,2n = /i'^V, (35) 



f 



since gn+i = -, ana iin+i = v > 

we see that, as the above 
assumptions hold good for 
w = 1, they hold good in 
general. Also, since by (1), 
Art. 110, the charges at a 
point and its image in a 

sphere are proportional to the square roots of their distances 

from the centre, we have 







whence 

«2»-i = - /x""' J. e, izn = /x"^, Jzn^i = - m'^""'^ J, e, j\n = fi^e. (36) 

Since the images in [A) produce the same potential in 
external space as the disbibution on its surface, if Ea be the 
total charge on (-4), we have 
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Again, as the potential at [B] is zero, the total charge E^ 
on its surface is equal and opposite in algebraical sign to the 
sum of the interior masses ; hence 

The total charges Ea and Ei may be expressed by the 
equations 



^«- 



-e a b -/ 



i?* = 






hence, if A and B denote the points in which OC meets the 
spheres (A) and (jB), we have 

Ea a OB 



El b OA' 



Ea + Eb = — e. 



If we put J - a = c, and suppose c to remain finite while 
a and b become infinite, the spheres become parallel planes, 
and we find for the total charges i?i and JE'3 on parallel planes 
at potential zero under the influence of a charge e situated at 
a point between the planes, the equations 






jp ^' 
c 



(37) 



where pi and p2 are the distances of from the planes, and 
c is the distance between them. 

126. ilpheres Inflaencins each other. — If a sphere 
(jB), at potential zero, be in the presence of an insulated 
sphere {A) at potential L, the total mass on each sphere can 
be expressed by an infinite series deducible by the method of 
images. This mode of obtaining the series was first employed 
by Thomson. The special form of investigation here adopted 
is due to Kirchhoff. 

Let the centres of the spheres be denoted by A and J? 
their radii by a and b, and the distance AB by c, 

A charge La placed at A produces a potential L at the 
surface of {A) ; but in order to have the potential zero at (J?), 
a charge must be placed at «7o> the image of A in {B). To 
render the addition to the potential zero at (A) another 
charge must be supposed at /i the image of «7o in {A)y and so 



7 



in+1 — -;; n: r *n» 
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on. Let the charges at Ay /i, I29 &c., be denoted by e'o, e'l, ^2, 
&o., those at «7o, Jiy J29 &o., by >, /i, /a, &e., the distances 
All, AI2J &o., by/i, /s, &o., and the distances BJo, BJi^BJzy 
&c., by hof hif hzj &c., then 

Jn-H . . hn , A a - /QQ\ 

a ^ C - hn C -/n 

Eliminating /„+i,y», and A» from these equations, we get 

ah 

If we eliminate /n and A„ from the first three of equations 
(38), we obtain 

«n+i = 1 — *n, wnicn gives t» = r-— «»-l, 

from the two equations expressing 4+i and 4-i in terms of e« 
and /», we have 

^ + iL = ^z4rZ. (39) 

As this equation contains neither/ nor A, and is symme- 
trical in a and 6, we have also 

jn . in & -a^ "V 

- — + -; — = 7 • 

If we put - = any and assume an-x = Av^'^ + Bv'^^~^\ 

On = ^V" + Bv-^y 

we get from (39), an+i = -^v"*^ + 5v"("*^) ; hence the equation 

a„=-r =-4v'* + jBv-", (41) 

where v and - are the roots of the equation 

■ c' - g^ - y , . 
ar* r — a? + 1 = 0, 

holds good for all values of n. 



k i 



fl 
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In like manner we obtain 

j3„ = i = Cv" + Dv^. (42) 

Jn 

A and B are determined from the values of to ^i^d iiy and 
C and D from those of /o and/i. Since to = Xa, we have 

— 

c 

-b . - 6(0^ - y ) Zg'6 >- Xg^y 

o^ *' " c(c' - a' - 6*} c2 - J» " c{(^ - a» - J«) * 



^1= — TT-*! 



c- 



6'' 
<? — 
c 



Hence we obtain 

A^B = a, = ^, ^v + Sv-' = «. = ^^', (43) 

Dividing the second of equations (43) by the first, and 

A 

putting -:= = 2, we have 
Jj 

$v + v'* c^ - J* ^ a' 

§ + 1 ao a6 

Solving for £, we obtain 

^ v{a + vb) _ v(a + vbf _ v(« + vby 

6 + va aftv* + (a* + b^) v-\- ab~ v& ' 

hence 



I! 1 

I ; ■» = " ^^ where X = (45) 



Taking v as that root of the equation for x which is less 
than unity, we have a -\- vb < c, and X < 1, then 
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and 

. _ 1^ 1_ ^ Lav^ (1 - X') . 

*** an ^v** + i^v^ I - X^*** ' ^ ^ 
If we divide the second of equations (44) by the first, and 

put ^ = II, we get 

ij + 1 ah 

and solving for r\ from this equation, we obtain i| = - v* ; 
hence, we have 



.2 



c v» _ C + D "C 1 



and 

• = A = 1 ^ Lah (1 - v^) v** .y. 

As the potential due to the charges i^^j^^ &c., is the same 
on each of the surfaces [A>j and [B] as that due to the actual 
distributions on those surfaces, the total mass Ea on {A) 
must be equal to the sum of the charges at the interior points 
-4, /i, /2, &c., and the total mass E^ on (jB) to the sum of the 
charges at t/o, «/i, &c. Hence 



v» 



^a=2en = X«(l-A^)S^— ^,, 



Tiob .^ «v _ V 



,n 
.2n+2 



If we put 

in = « (1 - X') ^; j-zivi' !?» = - 7 (1 - '^) ^J rr^«' 

(48) 

we see that q\% is symmetrical with respect to a and 6, and 
we have 

Ea = qiiL. Eb^qiJj. (49) 

If the sphere (B) were at potential M, and (^) at potential 
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zero, we should find in like manner for the total charges E^'a and 
Ifh on {A) and (jB), the equations jB'a = q^M^ Ei = qiiJiiy 
where 

?» = Mi-M')r r-^' ''-^- (50) 

^0 X — fJL V C 

Since for each of the distributions considered above the 
potential is constant on each sphere, we may suppose the two 
distributions to be superposed, and thus for Ei and E2, the 
total charges on the spheres when insulated and at potentials 
L and My we have the equations 

El = quL + qnMy E^ = qxiL + q22M. (51) 

The expressions for gn, q^y and q^iy given in (48) and 
(50), may, as Mr. F. Purser has shown, be reduced to more 
convenient forms in the following manner : 

If we put 4c^A« = a* + 6* + c* - 2 {a'V + 6V + c^a*), 
we have 

__ c^ ^a'-V - 2ck J ^ c» - g' - 6^ + 2ck 

"'' 2ab ' "" ~2ab ' 

, 1 - V* 2ck . . ^ a-\- vh vc 

whence = -^, and smce A 



ah c va + V 

we have 

V=!l±4^ and l-X^J^-^.-^^^?^X. 
va •¥ va + a(ya +0) a 

In like manner we get 

Again 

' ^f,,^ = Xv» (1 + X^^i;^** + X*v*" + &c.) = So" X^'^^v~(^'»*0, 
whence 

In like manner, we obtain 

CO ^n+l ^ y2n+l 

^0 2 - v2n+2 "" ^0 X « |;2n+i * 
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Substituting in (48) and (50) for 1 - X», 1 - v% 1 - m', and 
the infinite series, in accordance with the equations obtained 
above, we get 



q\2 



^22 = 6 + 2A 



_^ CO !;*♦»+ 



,8n+l 
2n+i 

2n+l 



y. 



(52) 



other methods of finding the values of qu, &c., will be 
found in the Examples. 



Examples. 

1. Obtain directly, in terms of a, b^ and c, the first three terms in ^ii, ^is, 
and ^22. 

Since qwL =_iQ + ii + i2 + &c., and qizL = Jo +Ji + h + &c ., "we have to 
find to, j'of &c. We have then 

b lab 

io = Za, Bio — BA = <?, t'o = »o = > 

e e 



*2 . <?2 - J2 

BJo = — , JO. Jo = <? — BJo = ■ • 



AIi = 



a* 



a^e 



A Jo e^ - b^ 
b . La^b^ 



, BIi = e-'AI\ = 



^^ BIi *^ e{e^ - a* - ^'^^^ 



A/i = c - BJi = 



g(c2^fl2_^2) 

^2 J2(^ _ J2j 



-B/i = 



(g2 _ ^2)2 _ ^2^2 



Bh " c(<^ - a» - ft«) ' 

a . i^*^ 



gg _ ggg(g^ - gg - ^2) 
^ "" -47i "■ (c^ - 42)-^ - g2c2' 

AT <?{c* + g* + ** - 2gV - 2i2c2 + g'**} 

BI2 = C — -4i2 = 7-5 75^2 Ta » 

(£.2 — ^2)2 _ ^2^2 

. b_ . Xgsy 

^^ " Bli^ ~ <?(c* - g^ - *« + g6)(c« - g« - 6' - g*)' 



Hence we obtain 



^11 = g + 



aH 



g3i2 



c2 _ ^2 ^ (c* - ^2 + a<;)(c2 -62 -gtf)' 
_ _ gj __ g262 «3^3 ^ 

^"~ <j c((j2-g2-62) <j(c2-g2-i2 + g*)(c2-g2-.6»-gi)' 
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and intercliaiigiiig a and h in the egression for ^n, we ha\re 






a*fts 



c» - a« (c» - «« + ft<;)(c' 



a _ fl« - 



ftc;) 




2. Two spheres (A) and (^) are at potential zero under the influence of a 

charge E situated at a point / out- 
side them ; find the total charge on 
each sphere. 

Let A and B denote the centres 
of the spheres, a and h their radii, e 
the distance AB, M the point in AB 
from which tangents to the two 
spheres are equal, Oand (7 points on 
AB such that MO = JfC= tangent 
to either sphere from M, D and JP 
the points in which AB meets the 

spheres, and let be inside (B) ; then h^ = BM'^ - OM^ = BO . BC, and there- 
fore and C are images in {B) ; also, as can he shown in like manner, they are 
images in {A). 

Invert the system from 0, and we obtain two concentric spheres (A') and {ff) 
whose centre is C* the point inverse to (7, and which are at potential zero under 
the influence of a charge K at the point F inverse to I. The space outside {A) 
and (B) corresponds to the space outside (A') and inside (B') in the inverse 
system. Hence (A*) and {B') are at potential zero under the influence of a 
charge E\ at a point /*, situated between them, and therefore if the images of 
r be denoted by T\, .Ti, their images by /'2, Fij &c., and the corresponding 
charges by i'l, &c., by Art. 110, we have 

but, by similar triangles. 



CIn ^ CTn 
OIn 00' ' 



(«) 



CI C'T 
and also -t-l. = -t—- ; whence dividing the members of one of these equations 
{jJ. uc 



by those of the other, we have 



Again 



Hence we obtain 



CTn _ CIn 01 

cr " OIn CI' 






B 



01 



'■— j(t^) 



(*) 



The value of the product CIn • OIn can be obtained in the following manner : 
Since the points J', J'l, /'i, &c., lie on a straight line passing through C", the 
points J, Ji, &c., lie on a circle passing through and C, Let <^ denote the 
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angle of the segment of this circle standing on OC, of and h' the radii of the 
spheres (A') and (JB'), and/* the distance C'T ; also let 

^ = l0g-=l0g-, e = l0g;p-, «n = 10g-, ^'n = log ^^ ; 

then, hy similar triangles and division as ahove, 

V C'F CF OJD 
^€C~ C'D''"CI>OF* 



and 



whence 



Again, hy (a) 



hut, hy Art. 125, 



f Cr CI OB 

a' ^ C'JD' "aDdi* 

^ CF ^ CD ^ 
^ = log^-log^ = ^-a, 

c = log--log- = e-a. 

CIn_C2\_C^Cr_ CTn CI 



whence 62n = 6 - 2wtJT, e2»-i = - 2e - 2(« - 1) w = 2a - - 2(« - 1) txj. 

In like manner, 
i^2n = ^ + 2«W, v/2n-i = ^ + 2«W - 26 = 2a - + 2«W = 2i3 - + 2(« - 1)^. 

From the definition of Qn, we have 

Cin 0n , ^ OIn -On , CJn' + PL? _ , . . 

0J„ = ^ ; Whence -^^ = ^ , and .^^^^-^ = cosh e„ ; 

also, from the triangle CInO, we get 2CIn . OIn cos <p = CJn'* + OJn* - 4A;a ; 
eliminating CJn'* + Olt? from these equations, we ohtain 

^r ^^ 2A;2 , , . „ /cosh a-cos d> \ J 

CIn . 0J„ = — -^—^ ; hence, we have »« = ± -o ( — t-t ~ 1 > 

cosh 0,1 — cos \co8h dn-coa<f>J 

and in a similar manner we get 

Xcosh^'ii — cos ^/ 



'ii 
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Since the points Ii J2, &c., are all inside the sphere {A), and the points /i, 
J2, &c., inside {B), if Ea and Eh denote the total charges on {A) and (B\ we 
have Ea = Sin, j&j = ^*n ; whence 

Eu B j&(co8h tf - cos ^)^ 

2* ({cosh(a-2«W)-co8^}-4- {cosh[2a-0-2(n -l)w]-co(i^}-i), 

Eh-E (cosh e - cos <^)i 

2* ({cosh(a + 2«OT)-cos^}-J- {cosh[2)3-0 + 2(ft-l)w]-cos4»}-»). 

3. Apply the method of the preceding example to determine the total 
charges on two insulated spheres, one of which {A) is at potential X, and the 
other {B) at potential zero. 

The potential at the surfaces of [A) and {B) is the same as that due to a 
charge La at A together with its successive images in (B) and (^). The 
mathematical relations hetween the positions and charges of these images and 
those of the inverse system which have heen investigated in the last example 
slill hold good, though here the point which is the inverse of ul is inside both 
(A') and {B'). In this case all the images J\f /2, &c. are on the straight line 
AB, in the series In every suffix is even, and in the series Jn every suffix is odd ; 
also every J lies hetween B and 0, and every / between C and A ; hence 



Since 
we get 



OIn-CIn- CJn- OJn= 00 = 2k, and cos^ = 1. 
if4«- JfJ?2 = fl2- J2, and MA + MB = e, 



MA = 



2e 



and 



k^ = MO^ = MA^'-a^ 



fli + 54 + ^4 _ 2a^'^ - W^ - 2(^0^, 



Again, in this case, = log -r-^, but ^r-r 



4c^ 
DA 



and 



DA-OA OA-DA 



OA* 
DO 



whence 



CA 

OA 



- (Mh 



DA 



OA 



that is, -r—- = -r-: 



OD 



DA 
OA' 



DO 



therefore d=2 log -p-^ = 2a. 



OD 



^ ^'OD 



DA 
OA 



a 



Again, 



whence sinh a = - 



k 



and tf-* = 



VA;2 + di+k 



a 



a 



Since e = 2a, we have 

cosh e - 1 = 2 sinh^a, cosh {0 - 2nZs) -1 = 2 sinh^ (a - nW), 

cosh (2a- 6 + 2nzs) - 1 = cosh 2« w - 1 = 2 sinh^nW ; 

and as in this case E = La, we have 

E (cosh e - cos ^)^ = Lk V2. 
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Hence, for Ba and £b the charges on the spheres {A) and {B), we get the 
equations 

Ba--La + ZkX'' . ■ .L, T =-^^T* ^-r-r:;z ;, 

^1 sinh («W — a) <^o sinh (n^ — a) 



Eh^" Lh 2" 



1 



sinh M'SJ 



4. An insulated conductor formed of two spheres in contact is charged to 
potential X; express the charges on the two spheres hy means of Eulerian 
Integrals. 

Investigations of most of the properties of Eulerian Integrals are given in 
Williamson's Integral Calculus, Chapter VI. Some of those required in the 
present case are not to he found in that treatise, and of these a brief exposition 
IS here supplied for the convenience of the student. For fuller information 
the reader is referred to Williamson's Article on the Integral Calculus in the 
JEneyclopadia Britannica, 
» The second Eulerian Integral r {x) being defined by the equation 

r(a:) = | e-e&^^de; 
Jo 

if we assume er9 = 2, we may write 

r (re) = f log - j dz; now log - = m ( 1 - «"»J 

when m = 00 , for putting m = -, we have m\l- a^J = — -— ^, the value of 
which when | = is — log 2. 

Hence r (a?) = I n^^ \l — «***/ ^'^ when wt = 00 . 

If we assume z ==■ y^f the integral 

n^^\l-a^) dz becomes m'\ y^'^ {I — y)'-^ dy ; 

integrating by parts, we get 

y^'Hl - y)'-' dy = - ^—^ f^+ y^'Hl - y)'-^ dy, 

Q ^ ' m + x—l m + a; — IJo 

and, as the part outside the integral sign vanishes at both limits, by successive 
applications of this process, when m is an integer, we obtain for the right hand 
member of the above equation the value 



(wt-l)(m-2) 1 



(m + a; - 1) (m 4- a? - 2) (a? + 1) 



f {l-y^'dy, 

Jo 



TT «/\ m 1.2.3.... (m — 1) . . 

Hence, r (x) = m» —. —-, ^—, ^ — , (a) 

' x{x+l){x+2) (x + m-l) ^^ 

and -r- log r (a:) = log m -— .... -, (b) 

dx ^ ^ ' ^ a: iP+l a;+m-l' ^' 

where m is an infinite integer. 
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Changing x into 1 + ^ in (^), expanding in powers of x, and putting 

5'i = l+J+t--- + -» '^a=l + (i)' + (i)' + &c., 53 = l + (i)'^;+&o.,&c. = &c, 

lit 



we have 



-- log r(a?+ 1) = logm --^1 + SiPC-SiV^ + &c. 
dx 



w 






it 



If we suppose x less than unity -=- log r (j; + 1) is finite, and the series in x 

dx 

convergent, and therefore when m is an infinite integer log m — iS'i is a finite 

constant whose value may he denoted hy — 7 ; accordingly, retnming to t^e 

original series, we have 



<^ 1 / V •^'^ 1 m-J** 1 

-iogr(.) = -y + 2^ «-2. ^. 

d 00 1 OD 1 

If we integrate {c) we get 

logr(iP+l) = -7aJ + J-Saa^-J-^3a?' + &c.; 



whence 



and therefore 



log r (1 - «) = 7* + J-Saa;^ + ^g^ + ^c., 

Since sinira; = irrc (I - ai^) ^1 - 1 j M - 1 j , &c., 

it follows from (g) that 



sinira? 
also, suhstituting in (/), we have 

irx x^ x^ 

logr(a: + l)=-7a;+Jlog-5-— - Sz-r- 85- -&c. 

sin irx o 

Again, from the definition of r {x) hy integration hy parts we have 

r{x+i) = xr{x), 



and therefore 



T{x)T{l-x)^lr{l-^x)T{l-x) = ^l 



whence, making « = ^, we have 

r(J)=V», and also r(l + })=JV»'- 



W 



(•) 



(/) 



iff) 



(*) 
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Substituting in {h) and reducing, we obtain 

7 = log 2 - 2 {J (i)3^3 + i {i)^S5 + &c. } = 0-57712. 
By (27), Art. 124, 

_ ^f^ ^» / 1 _ 1\ _ r -^<^^ ^« / J^ 1\ 

since /li = •,. Hence by [d) and {e) we have 

fl + * 

Again, ^» = „-:fj2. U-r^-J=-JT*[^-^^°«^('-'')l' 

and therefore 

^ ^ Za* d . ,„,.„/, v^ Za* <; , /sin/iir\ 

= tZ r cot 



a + 6 fl+ ^ 

5. If two spheres {A) and (^) intersect, and /i be the point which is the 

image in {B) of A the centre 
of LA), Ii the image of Ji 
in (^), «72 the image of li 
in Bf and so on, and if a 
charge e be placed at A^ 
and charges, which are the 
successive images of e in 
(B) and {A), at 7i, Ji, 72| 
J2,&c., find expressions for 
the sum £a of the charges 
at ^, Ji, J2, &c., and the 
sum Bb of the charges at 
Ji, Jli &c. 

If we denote the charges 
at Ji, J\y &c. by »i,yi, &c., 




we have 



CA CJi " C/i ~ CJ2 ' 



where (7 is a point common to the two spheres. 

Again, if Jn, 1^ Jn^i, and Itm, be successive images, it is easy to see that 



and that 



BJn^iC = BCIn = BCA - ACIn = BCA - ^/nC7, 
^ J„+iC = ACJf^i = 5(74 - BCJn^i = J5C4 - J5i;Ci 



1 
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when the radii of the spheres and the distances between their centres are such 
that the successive images lie between A and B, and that the angle BOA is 
obtuse. 

If A and C7 denote the angles BAG and the supplement of BCA, we have 
then 

AJxG^C, BJiC^ir-2C, AJiC^W, BJ^C^ t - SCy &o.y 

BAC = A, AIiC=ir-C-A, BIiC = A -{■ C, AI2C ^ t -^ A - 20, &c. 
Up denote the perpendicular CM on AB, we have 

sin A sin AJiO sin BliCr ' 

whence 



"""a \sin^ sin (-4 + C7) / a'^o sin^^ + nC)* 

a ^1 sin «C/ 
These expressions are due to Mr. F. Purser. 

6* From the results obtained in the last Example deduce expressions for the 
total charges on two insulated spheres, one of which (-4) is at potential Z, and 
the other (B) at potential zero. 

When the spheres (-4) and (J?) do not intersect the point C, the perpendicular 

p, and the angles A^ B, and C become imaginary, and if i = V— 1, we may put 
A = ia, C— 17, where a and 7 are real, then 



cosh a = cos ^ = 

cosh 7 = cos C= 
Hence, if 

we have 



, % sinh a = sin -4 = J -^ — -^ ( " 

— -— ; , i sinh 7 = sin C7= ? 



2(a«A24 AV + <j2«2)-fl*-M-c*)i 



4fl2A2 



I' 



g* + ^* + g* - 2{aH^ + ygg + gagg) 

sinh a = — , sinh 7 = — , 
a ao 



sin (A + nC) = sinh i (a + ^7) = i sinh (a + W7), sinh «(7 = sinh iny = i sinh W7 ; 
also. 



ab . ^ tab 
p = — sin C = — sinh 7 = tk. 
e c 



Hence, putting e = Za, and substituting in the expressions for Ba and £1, 
given in the last Example, we get 

Xxt 1 .», T-t V* * 1 

" sinh (a + «7) ^ sinh ny 

This agrees with Ex. 3, where a has the same meaning as a in the present 
Example with its sign changed, and w = 7. 

The method adopted here is due to Mr. F. Purser. 
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7. If tan € = T-, tan ^o = t, tan ^On^i = tan }e tan J^w, tan i^i = tan e, 

tan i^n+i = tan ic tan iif^n; show that £a and J?6 in the preceding Example 
may he expressed hy the equations 



^a = L^ 2r ^^^ ^"^ Eh=i-Lk 2i tan ^« 



II In and )7n denote the distances of In and /» from M^ the'point of inter- 
>8ection of AB with the radical plane of the spheres (A) and {B), it is plain that 
when the spheres intersect 

CIn = (|n« + i?«)*, CJn = (ijn^ + p")^. 

Hence, in Ex. 5, we have 



in = - tt«« +i?'')^ , > = — (l7n2 + lj2)i . 



When the spheres (A) and {B) do not intersect, as in Ex. 6, we have 

j? = A;VI17 and in = X (|n« - A:*)*, /» = - X (ijn^ - A;^)*. («) 

Now |n = Jf-4 — InA (see figure of Ex. 2) and, as in Art. 126, putting 
InA =fnf JnB = An, and putting also |o = MA, i\q = MB, as in Ex. 3, we 
have 

<j« + «« - ^2 gg + ^g - gg 

*'= 2; ' ''^^ 2e ' 

and hy (38), Art. 126, we get 

- <g'(g -/n) 

Hence, we obtain 
t -*-/ ^'(g-eo + M _ A:«g + i(g»-g»-5')|n . 

and if we put |n = ^ sec 0n, we get 

* 

2ek + (c* - a^ - h^) cos 6n cos e + cos 0n 



cos e«+i = 



C2 -. ^2 - ^2 + 2ek cos ^n 1 + cos 6 COS On 



and therefore tan JOn+i = tan Je tan Jdn. 

If we put rin = k sec if'n, in like manner we obtain tan itl'n^i = ^^^^ ^^ ^^^ i^n* 
From equations (a) we have in = X^ tan 0n, Jn — — Lk tan i^n ; 

and, as tn = Xa, ^i = > 

ah 

we get tan ©o ^ tj ^^"^ ^^ ~ I" " **^ *• 

The expressions for j&a and Bh given in this Example are due to Mr. F. 
Purser. 

S 



258 



Electric Images. 



8. Find, by means of the last Example, the expressions for ^n, ^12, and qn 
given in Art. 126. 
If we put 

h 
\ s tan i$Q, V s tan ^c, ^ = tan i^, where tan ^q = w 

remembering that 

4<j»A;» = tfi 4. j4 + ^ _ 2(a2A2 + iV + <jV), 
we get 

_ V(ag + ifcg) - ife _ g» + gg ^ &2 - 2gJfe 

a 2a« ' 



\ = 



v 



V(g»^g -f gg^g) - ch __ c^-a^-b^^ 2ek 



ab 



2ab 



Hence v has here the same meaning as in equation (40) ; also, \ in Art. 126, 

a 4- vb 
is defined by the equation \ » , and therefore has the same meaning as in 

the present Example. A similar result holds good for fc. By Ex. 7, we have, 
then, 

CO tan iif^n 



»2»' 
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and hence, as in Art. 126, we obtain equations (52). 

9. A circular disk is at potential] zero under the influence of a charge e 
situated at a point in the perpendicular to the plane of the disk through its 
centre ; find the distribution of electricity on the disk. 

Let a denote the radius of the disk, and h and Ji the distances of its centre, 
and a point on its edge £rom 0. If we invert from 0, taking E as the radius 
of inversion, the disk is inverted into a bowl whose base is the disk. If the bowl 
be at constant potential Z', by Ex. 3, Art. 123, the densities of the distribution on 
its outer and inner surfaces are given at any point P", by the equations 



It is easy to see that 



whence we obtain 



tan-g(§;)=Bin-.I; 
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also, we have /= -7- , and 52= «» + h^. By (*), 2°, Art. 119, if Z' = - -^jthe 

disk is at potential zero, and a-i, the density of the distribution on the side which 
is next 0, is given at any point P by the equation 



ffi 



"(f) ''' = 2^3 1^ + ; [vK - «») - ^'' V(TO^] 1' 



^ere r and ^ are the distances of P from and the centre of the disk. The 

density 0-2 of the distribution on the side remote from is connected with <ri by 

eh 
the equation 0*2 = <ri + - — ^ • 

10. If an infinitely thin conductor, on which mass is distributed, be at 
potential zero under the influence of mass not on the conductor, show that the 
densities tri and 0*2 of the distributions on each side of the conductor, and the 
total density <r, at the same point P, are connected with the potential V of the 
entire system of mass wherever situated by the equations 

dV dV 

4ir<ri + -— = 0, 4»o'2 +37- = ^* <ri + 0*2 = <r, 
dvi dv2 ' 

where vi and V2 are normals drawn from the surface on each side at the point 
P. 
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CHAPTER Vn. 

SYSTEMS OF CfONDUCTORS. 

127. Distribution on Charged Conductors. — If a 

system of charged insulated oonduotors be in a state of eleotrio 
equilibrium, the potential is constant on the surface of eaoh 
conductor, and there is only one possible distribution of 
electricity which produces a potential having given values at 
these surfaces, since (Art. 64) there is only one possible 
potential in external space, and its differential coefficient 
determines the density of the distribution at any point on a 
conductor. Again, if the total charge on each conductor be 
given, there is only one possible distribution of electricity 
consistent with equilibrium. This proposition is a generaliza- 
tion of that given in Art. 75, and is proved in a similar 
manner. 

In fact, if /Si, Szy &c. be the surfaces of the conductors^ 
«„ $29 &o., the given charges, V and V the potentials due to 
two supposed distributions of these charges consistent with 
equiUbrium, we have r= Ci, r'= C\, at Si; r= Ca, F = (7„ 
at 82y &c. ; apd v being the normal to a surface drawn into 
external space, 

— dSi = - 4ir^i = -T-a Si, &c. ; 
whence 

li \\ j (F- n I; (F- n d8^ = 0, &c. 

Again, throughout the whole of space © outside the 
conductors v^F= V^F' = 0; hence, if ^ = F- F', we have 

I ^ -^ dSi+\fli^dS2 + &o. + \ <f>^^(l)d<S = ; 

and therefore, by (9), Art, 58, ^ is constant throughout the 
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whole of external space, and -=- = -7— at every point of each con- 
ductor ; whence the two supposed distributions must be identical. 
128. Relation between Charges and Potentials. — 

If Fi, V29 &c., be the values of the potential on the con- 
ductors -4i, -^2, &c., these values are connected with the 
charges ei, 62, &o., by linear equations whose coeflGlcients form 
a symmetric determinant. 

To prove this, suppose the unit charge of electricity to 
be imparted to the conductor Ai, the others remaining un- 
charged, then, by Art. 127, the potentials Fi, F2, . . . Vn take 
definite values which may be denoted by pu, ^21, . • • Pni' If 
now the density of the distribution at each point on each 
conductor be altered in the ratio ei : 1, the potentials are 
altered in the same ratio ; and we have 

Vi = piieiy V2 = Pzieiy ... Vn= Pnieiy 

the charge on Ai being now ^1, and that on each of the other 
conductors zero as before. In a similar manner it appears 
that, if there be a charge €2 on ^29 the remaining conductors 
being uncharged, the potentials are given by the equations 

Vi =;?12^2, V2 =i?22^2, . . . Fn =i?n2^2; 

and it is plain that equations of like form hold good if any 
one conductor be charged, the others remaining uncharged. 
In every one of the cases, supposed the potential is constant 
on the surface of each conductor ; if, therefore, we imagine a 
distribution in which the density at any point is the sum of 
the densities in all the former cases, we have a distribution 
consistent with equilibrium, and such that the total charges 
on the conductors are ^1, ^29 • • • ^n* As the charges are assigned, 
this (Art 127) is the only possible distribution, and the 
values Fi, F2, . . . Vn of the potential at the conductors, -4i, 
^2, . . . An are given by the equations 

Fi = Puei + pue2 + Pne^ . . . PmCn 



V2 = i?21^1 + i?22^2 + i?23^8 • • • i?2n^n 



Vn = Pn\e\ + Pn2e2 PnnCn 



(1) 
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We can now show thatjpw =jt?ji, /?28=i?3a, &o., in the 
following manner : — 

If TT denote the total energy of the charged system by 
Art. 50, we have W= ^S^F, and therefore, by (1) JFis a 
homogeneous quadratic function of the n variables ^i, . . • ^n- 
Again, if the charge Ci be increased by an infinitely small 
amount S^i, the external work required to bring S^i from 
infinity to the conductor -4i, is ViScu which must therefore 
denote the increase in the energy of the system due to the 
increment of the charge Ci. Hence 

-3— &i = ViSci, that IS, — — = Fi ; 
aei a€i 

in like manner, 

dW ^ , dVi dVi 

-— - = V2I whence -j— = -j-, 

and therefore pi2 =P2i ; similarly pzz =i?s2, &c. ; accordingly 
we have 



Vi = ^11^1 + Pi2^2 + Piz^z . . . Pm^n 
Fa -Piifii +P%ie2 +/?28^8 . • 'Pin^n 



Vn =Pinei +i?2«^2 Pnnet 



(2) 



The quantities j^n, j^ia, &c., depend on the forms and 
relative positions of the conductors, and are called coefficients 
of potential. 

129. Charges In terms of Potentials. — By means of 
(2) the charges ^1, €2, &c., can be expressed as linear functions 
of Fi, F2, &c. Thus TF becomes a homogeneous quadratic 
function of Fi, F2, &c., and we may write 



2Wy^ qu Fi» + gaaFa' + 23^12 Fi Fa + &C. 



Again, 



and 



2 JFe = PiiCi^ + JP22^2' + 2pi2^i^2 + &C., 

2IF=S^F 



(3) 

(4) 

(5) 
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If we suppose each charge to receive a variation, the values 
Vu V2, &c., of the potential receive corresponding variations ; 
and we have from (5) 



but 



SF8^ + S^8r=2SJr=S^S^+S^8F, 

ae dV 

dWe ^ dWe . 

Vi = -7—, V2 = -7—, &c. ; 
dei dez 



whence 



and therefore 



TirCN dWe CV 

SF8e = S -T^ie, 
ae 



dV 



In this equation the variations ZVi, BVt, &o., may be 
regarded as independent and arbitrary, and thus we get 

^ dWr dWy , ... 

Also, for any variations of the charges and the correspond- 
ing variations of the values of the potential, we have 

SFS^ = 2^8r. (7) 

Substituting for the differential coefficients in (6) their 
values derived from (3) we have 



Bi = qiiVi + quVi . . . + qinVn 
e^ = qizVi + qizVi . . . + qznVn 



• 9 



«n = qxnVi + q-inVt . . . + qnnVn 



(8) 



The quantities gn, ^229 &o. are called coefficients of 
capacity, and the quantities qm q^zi &o. coefficients of 
induction. 



i 
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130. One Conductor surrounded by another. — In 

the investigation of Art. 127 all the conductors have been 
supposed to be outside one another ; but if a conductor ^i 
be completely surrounded by another -^2, we may suppose 
the field @ to include the space between them, and for the 



[dV 
integral — dSz substitute 



av dv 



> 



where 82 and 8^2 are the outer and inner surfaces of the 

conductor -42. The investigation in Art. 127 proceeds then 

as before. 

In this case, if we imagine a closed surface described in 

the substance of the conductor A2y at each of its points the 

resultant force is zero, and therefore so also is the total mass 

inside this surface. Hence the charge on the inner surface 

of A2 is equal in magnitude and opposite in algebraical sign 

to the charge ei on A^ and is zero if Ci be zero. Again, if ex 

be zero, the unoccupied region between -4 1 and A2 is bounded 

by surfaces at each of which the potential is constant, and 

dV 

dS zero, and therefore, by (9), Art. 58, the 



the integral 



dv 



potential is constant throughout this region, and Vi = Fi. 
Since Vi = V2 we have 

Piz €2 + PizBz . .. ■{■ Pin en = P22 ^2 + i?23 ^8 • • • + P2n ^n 

for all values of 629 ^3, . . . Cny and therefore 

P12 = P22y Piz = P2S9 • . . i?ln = Pzn' (9) 



Also, for any set of charges 

Fi - F2 = (;?ii - P22) ei. 



(10) 



Hence, if one conductor be completely surrounded by 
another, the charge on the inner conductor is proportional to 
the difference between the values of the potential on it and 
on the conductor by which it is surrounded. 

It follows from (10) that in this case qu = - qny and that 
ii^9 qiif • • • iin are each zero. 
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A condenser is defined by Clerk Maxwell as a combina- 
tion of two conductors placed so near together that their 
coefficient of mutual induction is large. It is, however, 
usually assumed that the charge on the first conductor is, in 
this case, proportional to the difference of the potentials on 
the two conductors. This is strictly true when the first con- 
ductor is surrounded by the second. 

131. Capacity. — When a conductor belongs to a speci- 
fied system, its capacity is the ratio of its charge to the value 
of the potential at its surface, the potential being zero at each 
of the other conductors. 

The capacity of the conductor Ai belonging to the system 
Aij Azy ... ^n is thus the coefficient qn in equations (8). 

The capacity of a conductor not regarded as belonging to a 
system is the ratio of its charge to the value of the potential 
at its surface when there is no other conductor within a finite 
distance. 

In the case of a condenser formed of one conductor Ax 
completely surrounded by another Aiy we have 

ex = qii (Fi - F2), 

and the value of g,i is unaffected by the presence of con- 
ductors external to -^2. This appears as follows : — 

If Ci be given, so also is the charge -Ci on the inner 
surface of Az- Hence the field @ between Ax and A2 is 
bounded by surfaces on each of which the potential is con- 
stant, and the total charge is given ; therefore, as in Art. 
127, if V and F' be two possible potentials throughout the 
field @ we must have F = F' + constant ; whence Fi - F2 
= F/ - F2' ; and therefore, if Ci be assigned, so also is Vi - V2 
independently of the state of the field outside Az- The 
capacity of a condenser ^ such as described above, is then the 
ratio of the charge on the inner conductor to the difference . 
of the values of the potential on the two conductors of which 
the condenser is composed, and this ratio is unaffected by 
the presence of other conductors. 
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Examples. 

1. Find the capacity of a spherical conductor whose radius is a. Ana. a. 

2. Find the capacity of a condenser composed of two concentric spheres 
whose radii are a and b. Ana, - — . See Ex. 7, Art. 62. 

3. Find the capacity per unit of area of a condenser, composed (1°) of two 
parallel planes, (2°) of two very long coaxal circular cylinders. 

An8, (I®) — ^, where b is the distance between the planes ; 

(2°) — log -, where a and b are the radii of the cylinders. 
4irrt a "^ . 

See Ex. 6 and 10, Art. 52. 

4. An insulated uncharged spherical conductor is in the presence of an 
electrified point ; find the potential at the conductor. 

In the system composed of the electrified point A\ and the sphere A% 
the coefficient, pw is infinite, but if «i = and €2 = 0, we have Vi = 0, and 

therefore pnei = when ^1 = ; hence,if «ibe zero, Vi =pi2«3; whence^i2= ^, 

where /is the distance of Ai from the centre of the sphere. Again, when ez is 
zero 

^2 =1^12^1 = ^, 

which is the potential required, the charge at the electrified point being ei. 



s 



6. An uncharged insulated ellipsoidal conductor is in the presence of an 
electrified point ; find the potential on the conductor. 

Applying the method of the last Example, and denoting the electrified point 
by A\f when ei = 0, by Ex. 9, Art. 75, we have 



PnH 



= '"'='4° 



dK 



Vv/(a2-A2)(\2-A;'J)' 



where a' is the primary semi-axis of the ellipsoid confocal with the conductor 
which passes through -4i, and h and k are the constants of the confocal 
system. Hence 

Ja' a/ (A-* - A2)(A* - K^) 
where e\ is the charge at ^1, and V^, the potential required. 



6. An ellipsoidal conductor put to earth is in the vicinity of an electrified 
point ; find the total charge on the conductor. 
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Here we may employ the equation 2«' F = 2^ V\ which is a particular case 
of (22), Art. 51, when the two systems considered in that Article become different 
states of the same system. In the present case we have 

e'l Vi + e\ Y% = tfi V\ + e^ T%, 

In this equation, suppose e'\ = 0, Y% — 0, then e^ is the charged required, the 
charge at A\ being ei, and we have e\ V\ 4- ^2F'2 = ; but since c'l = 0, the 
potential at Ai is given by the equation 



-i = *'a}^, 



d\ 



v/(A2 - A2)(\2 - W') 



, and also V*% =» if^ 






\a y (;^2 _ 



d\ 



A2)(\«-A;2) 

where a is the primary semi- axis of the conductor. Substituting, we have 

d\ f" dK 



-t 



>/(\2 - A2)(A2 - A;8) 
which determines 6%, 



+ 



.2f 



a y^(x» - A2)(X» - A2) 



= 0, 



7. Show that, in general, there are n methods of charging a system of n 
conductors so that the total energy is given, and the value of the potential at 
each conductor is proportional to the charge. 

If we assume V\ = x^i, Y% = A^2, &c., we have 

\e\ = ^11^1 + p\i,e% . . . pxffim 

\6l =pi2ei +i?22^3 . . . P2H^nf 



\en =« Pln^l 4- i?2n^2 . . . Pnn^nt 

and if A be a root of the equation 

[pil - \) pi2 , . . Pin 



P\2 (P22 -|A) . . . P2n 



Pin {Pnn — A) 



= 0, 



we can find corresponding values of ei : 6%, &c., satisfying the sjstem of n linear 
equations. Also, by a proper determination of ei, we can give any assigned 
value to J(pii«i* + i?22^2* + 2pi2e\e2 + &c.), that is to W the total energy. 
As the equation in \ has n roots, there are, in general, n systems of values of 
^1, 02n &c. 

8. Find the capacity of a conductor formed of the larger segments of two- 
spheres cutting orthogonally. 

Ans, a + J , where a and h are the radii of the^ 

spheres. See (14) Art. 116. 



A/aH**' 
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9. Find the capacity of a conductor formed of two equal spheres in contact. 
If a denote the radius of one of the spheres, and q the required capacity, by 

(34), Art. 124, we have g = 2a log 2 = l-386294a. 

10. Find the capacity of a conductor formed of a large and a small sphere 
in contact. 

If a denote the radius, and Ea the charge of the small sphere, h and Eh the 
radius and charge of the large, q the required capacity, L the potential, and E 
the total charge, hy (30) and (32), Art. 124, we find q — d,and therefore, if the 

approximation he not carried heyond ( t ] > the capacity is the same as that of 

the large sphere. 

I If the approximation he carried on so as to include terms containing f rr j , by 

(29), Art. 124, we have 

Ea=Lb{v^S2-y^{2S2-S^)], 
where 

Again, hy (31), Art. 124, we have 

Eh = Lh{l-v^S2-\' y^{2S2 + Ss)} ; 

E = Ea-{-Eb^ Zb(l + 2v^Si), 
Hence 

J = j(l + 2S3^)- 

The approximate value of i^ is 1 '202, and therefore 

q = b f 1 + 2-404 ^j • 

132. Coefficients of Potential. — The potential energy 
JF of an electrified system is always positive whatever lie 
the charges or the values of the potential, but if all the charges 
except Bi be zero 2W= pn^ij and therefore pn must be 
positive. Similarly ^22, i>33> &c., are each positive. 

Again, if ei be positive and all the charges except ei zero, 
the number of unit tubes of force which terminate on one of 
the uncharged conductors A2 must be equal to the number of 
those which leave it ; and as these tubes go from higher to 
lower potential, the potential at A2 cannot be the highest or 
lowest in the field. A similar result holds good for At^ Aiy 
. . . Any and as the potential cannot be highest or lowest in 
empty space, the highest potential is on ^1, and the lowest 
I*. 
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at infinity, where it is zero. Consequently, the potentials at 
^2, ^3, &c., are all positive, but each is less than that at 
-4i, that is, pi2eu Pis^u • • • Pm^i are each positive, but less than 
Piiei. Hence all the coefficients of potential are positive, but 
any mutual coefficient pu is less than pn or j022- 

Besides the conditions specified above pny pu, pvi^ &c., 
must fulfil those belonging to the coefficients of a homo- 
geneous quadratic function of n variables, which is always 
positive. (See Williamson, Differential CakuluSy Art. 348.) 
Some of these are included in those given above. 

133. Coefficients of Capacity and Induction. — By 
a method the same as that employed in the preceding Article, 
it can be shown that the coefficients of capacity g'n, $^22, &c., 
are all positive. Also the complete set of coefficients qny quj 
^22) &c., must fulfil the conditions belonging to the coeffi- 
cients of a positive function. 

The coefficients of induction $^12, §'13, &c., are, however, all 
negative. Their values are limited by the condition that the 
sum of those belonging to one conductor is numerically less 
than its coefficient of capacity, that is, 

To prove this, suppose that the potential is unity on -4i, 
and zero on every other conductor, then $'12, gis, &c. denote 
the charges on .42, -^3, &c., or the numbers of unit tubes 
of force emanating from them. 

Since the potential is positive at -4i, and zero at each of 
the other conductors, it is nowhere less than zero, as it cannot 
be a minimimi in empty space. Accordingly, as the potential 
is nowhere lower than at A^^ no tubes of force can emanate 
from -^2, but all those which meet it terminate on it. Hence 
^12 is negative, and so also are ^13, ^149 &o. 

Again, as aU the tubes of force emanate from -4i, and 
may terminate at any of the other conductors or at infinity, 

134. Conductors surrounded by Another. — If one 

or more conductors are surrounded by another, the system has 
special properties which we proceed to investigate. 
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Suppose that the oonduotor Am*i entirely surrounds the 
region occupied hy Ai . . . A^, ; then, if e\- e%- &c. = ^,^ = 0, 
it can be shown, as in Art. 130, that V\-V%^ &c. = Fin = Fiw+i 
for all values of ^m^i, e^^ty . . . ^». Hence 

Plm*2 = ^2m+2 ~ ^^ ~ Pm+i m+2> 



i>in = P2n = &0 = Pm^i n» 

and putting ^m+i m+i = -P> we have 

Vi- Fm+i = {Pn'P)ei+{pi2'P)e2 ... + (i?i»-P)^» 

Fa - Fm+i - (i?i2 - P) ^1 + (i?23 - P) ^3 . . . + {P2m - P)^m 

• • • • 

• • • • 

• • • • 

• • • • 

F« - Fm+i ■= (/Jim - P) ei + [Pzm - P)e» . . . + (Pmm - P)««. 



.(11) 



Equations (11), which determine Vi - Fm+i, &o., in terms 
of ^1, ^2, . . . ^919 a^e of the same form as those for the absolute 
potentials of a system of unsurrounded conductors. 

By solving (11) we get 



ei = ?ii (Fi - Fm+i) + 5^12 (F2- Fm+i) . . - + fi^im (F« - Fm+i) 
^= ?i2(Fi- Fm+i)+5'22(F3-Fm+i)... + 5'2»(Fm- Fm+i) 



(12) 



^m = q\m{Vi- Fw+i)+g2m(F2-Fm+i) -.-+gm«(Fm- Fm+i) 

and therefore, $^1^+1 = - {gu + ^w • • • + Jim), that is, 

- 3'" = S'W + S'lS • • • + S'lm+l> — 5^23 = ?12 + S'28 • • • + 9^3m-fl9 &0. 

Also 

^im+2 = gim*z = &0. = 3'in = 0, ^2^+2 = qzm^ = &C. = q2n - 0, &C. « 0. 
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Again, it appears as in Art. 131, that 

^Uy $'i2> • • • S'lmj ^22y $'23j • • • ^2iny • • • ^mm 

are independent of the state of the field outside -4^+1. Hence 
the charges on the interior conductors are functions of the 
diflperences between the values of the potential on them and 
its value on the surrounding conductor, and are independent 
of the state of the field external to the latter. 
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1. If there be a system of conductors and a new conductor be brought into 
the field, the coefficient of potential of any one of the others on itself is 
diminished. 

The final result here is the same as if the portion of space originally un- 
occupied, and subsequently occupied by the new conductor, were rendered 
capable of conducting electricity. The consequence of this change would be a 
new distribution of electricity brought about by the electric forces, and accom- 
panied, therefore, by a diminution of the electric energy of the system. If we 
now suppose all the conductors uncharged except ^i, the original energy is 
\pi\6i\ and after the introduction of the new conductor the energy becomes 
\p'i\ei?i but, as this is less than the original, we have p'n <pn, 

2. If two conductors occupying the field be placed in electric communication 
so as to form a single one, determine the capacity of the new conductor in terms 
of the coefficients of capacity and induction of the original system. 

If we suppose the two conductors originally at the same potential Z, this is 
also the value of the potential on the single conductor formed by their union, 
and if Q be the capacity of this conductor, we have 

ei = feu + qn) L, $2 = {qi2 + q%%) X, ei + e2= QZ ; 
whence 

Q = qii-\' q22 + 2qi2. 

3. Show that the capacity of any conductor is less than that of another con- 
ductor geometrically capable of surrounding the former. 

If A2t supposed non-conducting, were made to surround ^i, no change would 
take place in the electric condition of ^i. If then electric communication 
between Ai and A2 were established, and A2 rendered conducting, the electric 
charge on Ai would be transferred to the external surface of A2, and in effecting 
this transference the electric forces would do work, and therefore the electric 
energy would be diminished. Hence if ^ be the charge originally on Ai, we have 

q2 Si 
and therefore, $a > qu where qi and q% are the capacities of Ai and A2. 
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^ 135. EflnBCt of Ulsplacemeiits on Energy.— If £ be 

I* a generalized coordinate on which the relative positions of 

the conductors, ^i, ^2, &c., depend, the charges ^1, e%^ &o., are 
independent of ^> hut if S vary, so do the values of the 

' potential at the conductors as well as the coefficients puj P\%y 

' &c., g'li, qi2f &c. ; then 

The first part of the expression for -=^ Wy in which the 
values Fi, F2, &c., of the potential are not supposed to vary^ 
may be denoted by — ^^ ; and substituting for ,-J j — ~ 
&c., their values given by (6), Art. 129, we have 



V 



d _ dWy ^ dV 



When the charges are invariable from (5), Art. 129, we 
have 28 TT = 2^8 F, and therefore if the values of the potential 
and of ^vary in consequence of a variation in ^, we get 

whence 

^J^l%^-lW=-^^ll. (18) 

Equations (6) and (13) can be obtained directly from the 
three expressions for JFby supposing ^i, ^2, . . . ^n> Fi, V%y 
. . . Fn, and 5 all to vary; then, 

SFS^ + S^8F = 21W^ IW, + IWy 



I 
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Now, by Art. 128,- we have 

^ dW. ^ dWe . 

and therefore the terms containing S^i, 8^2j &o., vanish, and 
the variations of the (w + 1) variables Fi, Fi, . . . Fn, and |, 
may be regarded as independent and arbitrary ; whence we 
have 



and 

di^ ^ d^ ^\ ^^^^ 

136. Forces between Conductors. — If ^ be the 

generalized component of force due to electric action which 
tends to alter the coordinate 5> if this coordinate receive an 
increment 8| the work done by S is SSS, and this must be 
equal to the diminution of potential energy ; whence 

If in the position of the system in which ^ has become 
S + 85, the values of the potential were the same as those in 
the original position, the potential energy of the system 

would be IF + ^5^ gg. 

d^ 

If the electric condition of the system be unaltered by any 

external cause, the charges remain constant ; and after the dis- 

dW 
placement 8?, the energy becomes W + -^ rf?, that is, by 

dW 
(13), it becomes W '1F~^^' Hence, if during the dis- 

Elacement 8§ the values of the potential at the conductors 
e maintained constant by an external source, the energy 

dW 
supplied is 2 —j^ 8^5 which, by (15), is twice the work done 

by the electric forces of the system in the displacement. 

T 
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'Examples. 

1. Find the electric energy dae to two charged spheres at an infinite «ii«*»nf t 
apart. 

In this case i£ e% = 0, we hare Fs = 0, and therefore pi» » 0, also 

1 1 

where a and b are the radii of the spheres. Hence 

2. Find the work M required to bring together, from an infinite distance, two 
eqaal charged spheres. 

If a denote the radius of one of the spheres, the potential electric energy W 
when the spheres are at an infinite distance apart is given by the equation 

21F= —9 and when they are in contact by the equation 2 ^= 1-L L . 

a ' ^ J-H 2a log 2 

See Ex. 9, Art. 131. Since M^W* — W, we have, therefore, 

and substituting for log 2 its approximate value 0*693, we get 

a (1*386 e\ \ ei*/ ) 

M is approximately zero if e\ and ^ have like signs and — = 5. If et : #i > 5, 

*i 
the value of If is negative, and the spheres tend to approach each other without 
the expenditure of any external work. 

If ^ : ri < 5, the value of if is positive till ^ : «i = 1 : 5, when M is again 
zero ; and if ^2 : ^i < 1 : 5, the value of if is negative. The last two results are 
of course an immediate consequence of the former. 

When e\ and e% have unlike signs, M. is always negative. 

3. Find the energy due to a charged conductor formed of a huge and a small 
sphere in contact. 

H a denote the radius of the small sphere, b that of the huge, B the total 
charge, and ^the energy, we have, Ex. 10, Art. 131, 

-s('-»-©r-?(»-'-©')- 

4. Find the work required to bring together, from an infinite distance, a 
small and a large sphere, each charged with a given quantity of electricity. 
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If e\ and e^ denote tlie charges on the small and the large sphere respectively, 
and ilf the work required, we have 



l»--(9!-£-S 



■ ? ('-"" ©•) -SI!-'*-"- ©•) - '■-¥ 6)" 

If the small sphere he originally uncharged, ei = 0, and 

Hence the electrical forces of the system will do work in bringing a small 
uncharged sphere from an infinite distance into contact with a large one which 
is charged. 

5. Find the mutual repulsion between two charged insulated spheres on 
which the values of the potential are V\ and F2. 

If c denote the distance between the centres of the spheres, W the energy 
of the charged system, and J^ the required force, by (16), 

do dc do dc 

The values of qu, qn, and ^22 are given by (62), Art. 126 ; and by Ex. 8, 
Art. 126, we have 

V(a3 + F) - A; <j2 + a* -^-2c^ 
a 2ae 

V(&g + F ) -k _ g2 + ^^ - gg - 2ch 
^" b We ' 

v^- ^hr-^ ^ = Aa*, ^ = V(a2 + A;2) + V(*2 + A;2). 

2ao 

Hence « 3-, = ttt. — T^ "" ^> *^^ therefore -j: = 



dk VCa'^ + A;^) ' ^^A; V(a2 4-A;2) 

In like manner I = ^r^^=^j. Again 

rfy_^ ^.x^-- f _JL_ + L— 1 Hi!? 

Tk^^dk^^ dk " I V(a2 + A:*) "^ V(** + 1^)] V(«* + >fe2)(J2 + A:*)' 

.^(Av)^ gy <^A. ^ - Ay {g + V(^^ + k'^)} 
dk '^ dk dk V(a2 + k^){b^ + A;*) ' 



<fc * . A: ^ rfA; 



:-; whence ^ ^^[^±!^W_+J^, 



dk " V(a» + k') V(6* + A;'^) dc ^ 

T 2 ^ 



l1 

V. 
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!li 

1' 

i 

H 

} 

f, 



i 

.; 

■*" ■ i'- 

•1 

.1 



and therefore we obtain 



de " h \ 



1 + 



>/(*» + ifc»)\ <?r -K 



\ dp -p 



We haye, then, 



\i»^i 



1 dqn V(a» + A;«)(y + A«) ^- Jxr)^ 



-( 



1 + 



V(*' + Ar«) 



)2: (^-^)^ 



-rXJ(2n+l)^»- 
1 dqn 



{\y) 



7m\ 



(1 



_ «2fi+l 



)'■ 



with a similar expression for - -^ ; and, again, we have 



2m^1 



,tn*\ 



""^ = ^ dfe ^» 1- 

Combining the first term with the third, and the second with the h&st, in the 

expressions for - -^ and - -?^, and combining the last two terms in that for 
2 de 2 <fc ' ® 

-^— , we get 

y^dgn ^ 
2 de 






dqn 
de 

1 rf^22 
2"^ 



_^is^±j^m±3.^'lj^^_^^xu^n^i) *"" 



^A; 



(l-.y2HM)2» 



V(a + k'^)(h^ + ifcg) 



^* / (2n+l)A: \ (H'»^^ ^« .^n 4- n (H'^"^ 

These expressions are due to Mr. F. Purser. 

The differential coefficients of ^n, &c., may otherwise be obtained from the 
values of En and Eh given in Ex. 6, Art. 126. From these we get 
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where 



sinli o = -, sinh fi = T9 7 = « + i8, 
a o 

«006h« = V(«' + *») ~ = 2+^7"' 

We have then * 

dh ^ ah cosh a cos h jS efe _ ^ cosh /3 dfi _a cosh o <fy 1 , 
^" JJ ' do ck ' "S eF~* H^k* 

whence 

1 ^11 _ ab cosh a cosh jS ^« 1 x* • 3 cosh /3 + tic cosh (a -f »y) 

2 "dT 2ek ^o sinh (o + ny) " ^o 2e sinh* (0+117)' 

dgi2 _ ab cosh a cosh fi ^« 1 ^« n cosh wy 

<fo cA; 1 sinh #17 1 sinh* ny ' 

1 1^23 aicoshocosh/3 y^ 1 v« g cosh a + wtf cosh (g + ny) 

2~de '^ 2ck ^0 skjTOsTwT) "" 2^ sinh* (/3 + fiy)* 



6. From the values of quy qi2, and ^23) given in Ez. 1, Art. 126, find the 
leading tenns in the expression for the mutual force J^ between two charged 
spheres. 



-ri> 



( aHe aH^c(2e^ - 2b^ - g*) | 



jgj g»&»(36»-g*-4*) g8y>{(g2 - g2 - 4«)(6g»- g« ~ &»)- g«y } ^ 

+ TiFa |^-+ ^(^2_^2.i3)3 ■*'tf»(c«-g2-i3 + g4)»(ca-g»-^-g*)a) 

^ ab^e ggyg(2cg - 2g» - b^) ) 

" ' l(<j« -g2)« ■*■ (c> - g» + 4i?)»(tf' - «' - *«)*) 



7. Show how to exhibit the series expressing the coefficients of capacity 
and induction of two electrified spheres as rational functions of their ra^ and 
the distance between their centres. ^^ 
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Bf (48), Art. 12S, -we have 

,„-. + .(l,,.)2-_jJ_; 



but it is ihDwn, in Art. 12S, tluit 
whence, by snbatitution, we get 

2Hi 



«(« + *)■ 



?ii = 



2ret y r-jra + b) 

«. + ** «(!-''-) + 4(1 -''■■•) 

2wtk y. r- 



ByArt. 126, wBh 
Again 

Hence putting i" + 1"^ = 5», we bare 
gii = a 4 o^ Xi 



= oA, uid, therefore, ve gi 



^2:, 



o (fi;.-! + 8.-S + &c.) + S (S, + S^ + tec.)' 
ahy.. 1 

It is to be observed that in these eiptesaions for ju and (is we must put unity 
toi St, and that the eeiies then teiminatee. 

$12 is obtained from qw b; intercbanging a and b. 



8. Show how to eipreH the force between two charged 8pher> 
fnnction of their radii, and the distance between tbeii centres. 

If we differentiate the eipiessionB for jn, &c., given in the last Eiample, 



ti a rational 

. .. ._. . ,_.. , _ it Eiample, 

IB of rational quantitiee multiplied each by a term of tlia 
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and, ^^^ ^ = " T ^y Ex. 6,. we get 

d n mr^ 

= liLljf) (y»-l + ,^(»-l) + &c.) = ~ (y»r-l + ,r(».-i) + &C.), 

vk ^ ab ' 

since by Art. 126, we have — r— = -r • 

vk ab 

Hence, we get —^ = — -- {Sn-i + Sns + &c.), and therefore, 
ac ao 

1^11 
* dc 

fw tn 

« a So (« - m - !)(»» + 1) iS;i-2(m*i) + b^Q{n-m){m + 1) iS;i-(2m+i> 

'""^'^^ {a(i^n-l + Sn-Z + &C.) + ^ (i»„ + Sn^2 + &0.)}^ 

?^i? -^X ^ ^" Sq (n - m)(m + 1) <yn-(2m»i) 

dc "'J^O Sn + Sn-2 + &C.'^^^l [Sn -h Sn.2 + &C.)^ 

where unity is to be substituted for Soy and each finite series terminates when 
the suffix of iS" is 1 or 0. 

/7/r tiji 

9. Show that, in the case of two equal spheres in contact, — r- + -^ is 

reducible to the value J (log 2 - i). 

In this case 3 = a, c = 2«, v = 1, iSn = 2 ; and, by Ex. 8, we have 

dqw dq\% 

dc dc 

^ ^« n(8n-\ + SnJ^ + &C.) + (n - l)(iS'»-2 + 8n^ + &c.) + &c. 

, X«oo 1 



+2x: 



iS„ + iS-n-a + &c. 

OD «(5^n-l + ^n-3 + &C.) + (« - 2)(-S'n-3 + 8u-b + &C.) + &C. 



{Sn + iS»-2 + &C.)' 



If n be odd, the series iS^,i-i + 8n-z + &c. terminates with iS'2 4- 1, and is equal 

n — 1 
to 2 -— f- 1, that is to «. If n be even, the series terminates with 

n 
Si, and is equal to 2 -, which is also n. Hence, whether n be odd or even, 

n{Sn-i + Sn^ + &c.) = n^. Again Sn + Sn.\ . . . + -S^i + 1 = 2n + 1, and 

Sn + 5'n-3 + &c. = 2 - + 1, or 2 , according as » is even or odd, and in 

either case the sum of the series is n + 1. Hence we obtain 

dqw dqi2 . X * ^iw»* . x*«» 1 xj •«'+(« — 2)* + &c. 



<fc ^ rf<? -^1 (2« + l)2 ^"^0 n+l^ '^^ 



{n + 1)* 
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As 11 well known 

^y,^ nin + mn + l) ^ ^d „, + (,_ 2). + &c. = !*L±Ji(i±i) 

whether n be even or odd. Again 

^« n{n + I)(2» +1) ^ y- 4n» + in y« (2n + 1)* - 1 
^^ 6(2«+l)» ■'^i 6(2«TI)"^ 6(2i»fl) ' 

5* n(n + 1)(« 4- 2) y«> 2(w» -j- 2«) _ -^o) 2(n + 1)» - 2 
^i 6(n+l)* "'^i a(«+l) '^'^i 6{n + 1) 

Accordingly we haye 

= *J2:(2n + 2).2:(2n+l)J4.t2:2;^,-i-f(J-f)r-^ 

= *log(2-J) + i-|,wliere|=2« (2ii+l)-2- (2ii + 2). 

In order to find the yalue of | we may proceed as follows : — 
If be less than 1, we have - — — = + 0' + d« + &c. ; 

d 1 + 0* 

whence 1 + 30* + 60* + &c. = - 



del -^0i (1 - 02)» 



d I 20 

Also 20 + 405 + &c. = - 



rf0 1-0« (1-02)2 
Hence, 1 + 30* + 60* + &c. - (20 + 403 + &c.) = | j " ^J = 7TT5)»' 
and making equal to 1, we obtain | + 1 - 2 <= i ; whence | = f, and we get 
^+^' = Jlog2-A + i-A = Jaog2-i). 

10. Show that i (log 2 - i) X^ denotes the repulsive force between two equal 
spheres in contact and charged to potential X. 

11. If two charged spherical conductors (A) and (B) influence each other, if 
2i and ^2 denote the systems of charges inside (A) and (i?), respectively, which 
would produce the actiial potential in external space, and if m be the potential 
due to 2i, and v that due to 22, show that u is equal to the potential in external 
space due to the distribution on (^), and v equal to that due to the distribution 
on (J5). 

A distribution on the surface of (A), whose potential is u at each point of this 
surface, produces a potential u throughout the whole of space. Hence, by Art. 
127, distributions on (A) and (J9), producing potentials u and v, must be the 
actual distributions. 
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12. Two equal spherical conductors are charged to the same potential L ; 
deduce an expression for the force between them from the values for ^n and ^it 
g ven by (48), Art. 126. 

In tibis case 

«=*» -=i' + - + 2h=^ L, Ag= "^ ' =y; 

whence e = — ^ = a ( A H — J ; and from (48), Art. 126, we have 

_ g(l-A*)A „ A»» a(l - A«) CO A»»^» . 

^"" l+A* ^0 l-A*"^**^ A A l-A**^' 

and therefore, 

If F denote the force between the conductors, we haye 

<fo a(l-A«) d\ * 

and, putting 

We get 

l-\^ d\\\) l-A^V^ "^ dKl 

13. Find the value of the force between two equal spherical conductors at 
potential Z, when they are in contact. 

If we put A* = 1 — ^, we haye 

o , vo «(« - 1) .- n{n - \)in - 2) . ^ 

A2« = 1 - W{2 + -^r— ' I* - -^ f^^ {« + &C., 

and 



1 (1 «-l ,, «*-l .. a. ) 

Hence, we get 



but 



A« 



2(. l)n*l - = log (1 + A), 2 (- 1)»*1 An = p^. 

_ y .V ^1 rf A A 
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and Bubfitituting, we have 

Differentiating, we obtain 

rf(2 16X2 -4A* 6a + 8\3-a6 7a 4A« 3a» ^ 

^^A==— 12— ^^g<^^^)-^ 12(WA) -^r2-T-^12-^^" 

Hence we liave 

dQ 6(1-a»)-3a2(1-A«), „ 

6X + 8a3 ~ aS - 8a2 (1 + a) + 2A» (1 -t- A) 

12 (1 + A) "^ **^* 

It is easy to see that the numerator of the fraction in the second term of this 
expression may be put into the form 

A {1 - A* + 4 (1 - A) - 2A (1 - A)(2 + A)} ; 

and therefore we get 

1 f^ dQ\ 5-3A» ,, 

~ 120Ta)2 { (1 + ^)(1 + ^') + 4 - 2a (2 + a) ) + &c. 

When A = 1, and { = 0, this expression becomes 
6-3 



12 
Hence 



log2-;i(4 + 4-6), thatis, l^Iog2-i) 



^=^(log2-^). 

The mode of investigation adopted in this Example is due to Mr. F. Purser^ 
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AcycKc, 78. 

Anisotropic medium, 50. 
Attraction, figure producing greatest 
possible uniplanar, 41. 
law of, for electricity, 1, 87, 94. 
for grayitatiag matter, 1. 
for magnetism, 2, 104. 
solid of revolution producing 
greatest possible, 40. 
Axes, principal, of centrobaric body, 
145. 
principal, moments round, due to 

distant mass, 140. 
same for equivalent mass systems, 
145. 
Axis, mass system symmetrical round, 
53, 113. 

Bar, thin, attraction of, 6, 15, 16. 
bending moment acting on, 18. 
equipotential surfaces due to, 134, 

135. 
potential of, 69, 216. 

Baric centre, 58. 

coincident with centre of mass, 59. 

Bars, triangle formed by thin, 17. 

Boss, hemispherical, on spherical con- 
ductor, 213, 214. 

Bowl, spherical at constant potential, 
236. 
at potential zero, 235, 238. 

Bubble, electrified, 62. 

Capacity of condenser, 265. 

of conductor, 265. 
Capacity and induction, coefficients 

of, 263, 269. 
Centre of ellipsoid, yalue of potential 

at, 153. 



Centre of inertia, moment roimd du& 
to distant mass, 140. 
same for equivalent mass systems 
145. 
Centrobaric circle of variable uni- 
planar density, 228. 
distribution of mass, 58, 133, 134, 

145, 148. 
sphere of variable density, 224. 
surface distribution on sphere, 

204. 
imiplanar linear distribution on 
circle, 220. 
Circle, distribution of uniplanar mass 
on, under influence of electri- 
fied point, 219. 
force exerted by, on uniplanar 

mass at point, 220. 
image in, of point where there is 

uniplanar mass, 215. 
uniplanar potential of, 70, 92, 93, 

219. 
of zero density on conductor, 206, 
207. 
Circular cylinders, coaxal, at constant 
potential, 93. 
disk, 10, 62, 91, 258. 
Charge, distribution of, on conductor, 
49. 
total, on conductor, 210. 
total uniplanar, on curve, 219. 
Charged body, unstable equilibrium 
• of 138. 
surface, change of normal force 

at, 12, 47. 
differential equation for potential 
at, 83. 
Charges on conductors in terms of 

potentials, 262. 
Clairaut's theorem, 142. 
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Component of attraction of solid equal 
to potential of surface distribu- 
tion, 90. 
Concentric spherical conductors, ca- 
pacity of condenser formed by, 
266. 
at constant potential, 91. 
at potential zero under influence 
of electrified point, 243. 
Condenser, definition of, 265. 

property commonly assumed and 
consequent capacity of, 265. 
Conductor, definition of, 48. 

distribution of electricity in, 49, 

50, 127. 
force on element of, 54. 
surrounded by another, 264. 
surrounding others, 269. 
Conductors, distribution of electricity 
on, determinate when charges 
are assigned, 260. 
forces between, 273. 
system of, 260. 
Cone, attraction of frustum of, at 
vertex, 16. 
thin, attraction of, at vertex, 6. 
Cones, resting on corresponding por- 
tions of quadrics, 168. 
Confocal conies, 194. 

ellipses, uniplanar potential of, 

160. 
ellipsoids, potential of, 130, 151. 
homceoids, 129, 162. 
hyperbolas, 97, 172. 
parabolas, 194. 
paraboloids, 185. 
quadrics, 174. 
Conjugate functions, 96. 
Contact, conductor formed of spheres 

in, 240, 263, 281. 
Continuitv of force component tangen- 
tial to charged surface, 48. 
Continuous distribution of mass, 5. 
Contra-foliated hyperboloidal homoe- 

oid, 178. 
Coordinates, elliptic, 172. 
parabolic, 186. 

transformation of Cartesian to 
polar or cylindrical, 84. 
Corresponding points, 162. 

on same line of force, 170. 
Crevasse, effect of, on apparent lati- 
tude, 17. 



Curve distribution of uniplanar mass, 

79. 
Curves, inverse, 17. 
Cylinder, circular, attraction of, 17. 
Cylinders, coaxal, 93. 
Cylindrical coordLuites, 86. 
distribution of mass, 7. 

Density, different kinds of, 5. 
Diagrams of field of force, 122. 
Differential coefficients of potential, 74. 

equations for potential, 81, 83. 
Dirichlet*s and Thomson's theorem, 

123. 
Discontinuity of normal force at 

charged surface, 12, 47. 
Disk, circular, 10, 62, 91, 258. 

elliptic, 19, 62. 
Displacements, effect of, on energy of 

electrified conductors, 272. 
Distant mass, moment round centre of 
inertia of body due to, 140. 
point, potential at, of mass system, 
139. 
Distribution of electricity in conduc- 
tors, 49, 260. 
determinate when potentials or 

charges are assigned, 260. 
of mass, cylindrical, 7. 
of mass, volume, sur&oe, and line, 

5. 
uniplanar, 8. 
Distributions, equivalent, 116. 

producing minimum energy, 137. 
Doublet, 204. 

Duhamel's application of Ivory's 
theorem, 166. 



Eamshaw's theorem, 138. 
Earth, attraction of, at point on its 
surface, 145. 
conductor put to, 197. 
Electricity, 1. 

distribution of, in conductors, 2, 
48, 127, 260. 
Electrical forces, law of, 1, 2, 87, 94. 

mass, meaning of, 2. 
Electrification by mduction, 49. 
Element of charged conductor, force 

acting on, 54. 
Ellipse, imiplanar attraction of, at 
external point, 161. 
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Ellipse, attraction of, at internal point, 

23. 
potential of, 160. 
Ellipsoid, attraction between parts of, 

40, 158, 159, 160. 
attraction of, when composed of 

homogeneons shells, 167. 
attraction of, at external point, 

151, 154. 
attraction of, at internal point, 27, 

28, 31. 
equipotential surfaces, inside, 60. 
lues of force inside, 60. 
of small elli|>ticity, attraction of, 

141. 
potential, determining small os- 
cillations of rigid body, 145. 
potential of, 152, 154. 
of revolution, 32, 182. 
Ellipsoidal conductor, charged with 

electricity, potential of, 131. 
total charge on portion of, 169. 
distributions of electricity on, 61, 

208. 
having interior hollow containing 

mass, 132, 166. 
induced charge on, when at poten- 
tial zero, 266. 
potential at, when insulated under 

influence of electrified point, 266 . 
confocal equipotential sur&ces, 

175. 
fluid mass rotating in relative equi- 
librium, 34-37, 63. 
homoeoids, properties of, 20, 33, 

129, 162. 
Ellipsoids, confocal attraction of, in 

external space, 130, 150. 
Elliptic coordinates, 172. 

cylinder, attraction of, 23, 161. 
plate, attraction of, at point on 

perpendicularthrough centre, 19. 
plate, distiibution of electricity 

on, 62. 
EUipticity, small, ellipsoid of, 141. 
Energy, change of, due to alteration 

of mass, 90. 
distributions of mass producing 

least possible, 137. 
internal potential, of mass system, 

88, 136. 
mutual , of two invariable systems, 

89. 



Energy, of system of conductors, effect 
of displacement on, 272. 
of system of conductors, in terms 

of charges, 262. 
of system of conductors in terms 
of potentials, 262. 
Equilibrium, force on particle displaced 
from point of, 132. 
points and lines of, 120, 133. 
relative, of rotating fluid mass, 

34. 
unstable, of body charged with 
electricity, 138. 
Equipotential, curves, 122. 
surfaces, definition of, 46. 
surfaces, determination of, 127. 
surfaces, diagrams of, 122. 
surfaces, distribution of mass on, 

126. 
surfaces, many sheeted, multiple 
lines on, 121. 
Equivalent distributions of mass, 115. 
Eiilerian integrals, application of, to 
express charges on spheres in 
contact, 253. 
Expansion of potential in series, 139. 

Faraday's discovery of influence of 
non-conducting medium on elec- 
tric forces, 3, 49. 
Field of force, 43. 
Fluid rotating, equilibrium of, 34-37^ 

63. 
Force, continuous for volume distribu- 
tion of mass, 12. 

discontinuous for surface distribu- 
tion, 12, 47. 

on element of charged conductor, 
64. 

field of, 43. 

law of, for electricity, 2, 87, 94. 

law of, for gravitating matter, 1. 

law of, for magnetism, 2, 14, 104. 

law of, for uniplanar distribution ' 
of mass, 8. 

lines of, 43, 53. 

mode of transmission of, 3. 

normal, discontinuous at charged 
surface, 12, 47. 

normal, surface integral of, 44. 

resultant, definition of, 4. 

resultant, expression of energy as 
volume integral of 136. 



Foree, tubes of, 46. 

uniform, 60, 91, 94. 
uniform, ellipsoid in field of, 208. 
unifona, epbere in field of, 203. 
for uniplanur distribution of maae, 
8, 66, 64, 76. 

Gauss's mode of proving law of force 

in magnetic attion, 104. 

theorems, 44, 56, 106, 107. 

Geometrical mode of representing 
attraction of ellipsoid, 39. 

GrapMe repreaenUtion of field of force, 
63, 122. 



Eemispliere, attraction of, at point on 

its edge, 16. 
HemisphereB, attraction betveen tvo, 

37. 
Hemispherical boaa on spherical con- 
ductor, 213. 
conductor resting on infinite con- 
ducting plane, distribution of 
electricity on, 214. 
hill, effect of, on apparent latitude, 
16. 
Hollow conductor having interior 
hollow dcToid of mass, 60. 
conductor having mass in its in- 
terior, 131, 132. 

contia -foliated hyperbo- 
bidal, definition of, 178. 
contra- foliated by perboloidal, pro- 
nertieaof, 170, 183. 
_ icidal, attraction of, at in- 
ernal point, 20. 

■ ■ ■ [ion of, at point 

on surface, 33. 
ellipsoidal, definition of, 20. 
ellipsoidal, ei^uipoteatial surfaces 

of, 129. 
eUipsoidal, potential of, 129. 
ellipsoidal, surfuce distribution 

corresponding to, 33. 
hyperboloidal, 169, 170, 178, 183. 
paraholoidal, 188, 191, 192, 193. 
thick, 20. 

distribution is that on 
conductor in equilibrium, 61. 



ellipa 
ellipsoi 



Hommoidal distribution, total mass 

portion of, out ofi'by plane, 16 
Hyperbola, line of force for two equ 

uniplanar niaases, 64. 
Hyperbolas, confocal, as lEnes of ua 

planar force, equipot^ntialsco 

■■-—'-., 97. 



Im^es, slectrio, theory of, 197. 
electric, iu the case of uniplaoji 
distribution ,'215. 
Induced distribution of electricity oi 

conductor, 49, 197. 
Induction, 49. 

coefficients of, 263, 269. 
over a surface, 52, 
tubes of, EO, 53. 

tubes of, for uniplanar distrilia' 
tion, 57. 
Inductive capacity ot medium, 49. 
Inertia, moment produced by dislanl 

mass round centre of, 140. 
Influence of electiified body on con- 
ductor, 197. 
Integral, surface, of induction, 52. 

volume, energy expressed by, 136. 
Integration, direct, potentials deter- 
mined by, 67-71. 
direct, resultant force found by, 

Invariable 



ible systems, energy due ic 

Inverse curves, relation betn-een tho 
attiactions of correeponding 
elements of, at centre of in- 
version. 17. 

Inversion, 221. 

uniplanar, 228. 

Isotropic, medium, 49. 

Ivory's, theorem, 165. 

theorem, applied to find law of 
force, 160. 

Jacohi on equilibrium of rotating fluid 



Kelvin, Lord, ie» Thomson. 
EirchhofC, on spheres influencing eacli 
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Lagrange, on potential, 65. 

Lame, on distributions of electricity 

on quadric surfaces, 149. 
Lamina, attraction of, 19. 
potential of, 70. 
circular, attraction of, 11. 
circular, distribution of electricity 

on, 62, 258. 
circular, potential of, 70. 
elliptic, attraction of, 19. 
elliptic, distribution of electricity 

on, 62. 
polygonal, attraction of, 73. 
polygonal,* potential of, 71. 
Laplace, on figure of equilibrium of 
rotating liquid mass, 34, 36. 
on force function, 65. 
on moment round centre of inertia 
produced by distant mass, 140. 
Laplace's equation in Cartesian co- 
ordinates, 82. 
equation in cylindrical coordi- 
nates, 86. 
equation in elliptic coordinates, 

174. 
equation in parabolic coordinates, 

186. 
equation in polar coordinates, 85. 
theorem for ellipsoid of small 
ellipticity, 141. 
Law of force, for electric mass, 1, 87, 
94. 
for gravitating matter, 1. 
for magnetic mass, 2, 14, 104. 
for uniplanar mass, 8. 
Line density, 5. 

density, uniplanar, 56. 
Lines of equilibrium, 120. 
equipotential, 122. 
offeree, 43, 53. 
Liquid, figure of equilibrium of rotat- 
ing, 34. 



Mac Glaurin's theorem, 130, 150. 
Mac Gullagh, on attraction of ellipsoid, 
38, 39. 
on Clairaut's theorem, 142. 
on ellipsoid of small ellipticity, 

141. 
on potential of mass system at 
distant point, 140. 
Magnet pole, 14. 



Magnetic axis, 15. 

curves, 19, 64. 

forces, law of, 3, 14, 104. 

moment, 15. 

particle mathematically same as 
doublet, 204. 

particle, potential of, 98. 

shell, potential of, 98. 
Magnets, theory of, 14. 

small, action of on each other, 
100-105. 

small, energy due to mutual 
action of, 99. 
Many-sheeted equipotential surface, 

121. 
Mass, change of energy due to altera- 
tion of, 90. 

meaning of, in theory of attrac- 
tion, 2, 140. 

in substance of conductor in equi- 
librium, 50. 

total in equivalentdistributions,57. 

total, in interior of conductor, 132. 

total, on portion of conductor on 
which the distribution is equi- 
valent to a system of electrified 
points, 210. 

uniplanar, 8, 56, 218. 
Maximum, potential when a, 118. 

attraction, solid of revolution 
having, 40. 
Maxwell, Clerk, on anisotropic media, 
60. 

on conductors bounded by surfaces 
of second degree, 149. 

on graphic representation of lines 
of force, 54. 

on inversion and systems of 
images, 234. 

on Laplace's operator, 83. 

on line density, 6. 

on tubes of induction, 51. 
Mean value of potential on surface of 
sphere, 106. 

value of potential within a sphere, 
117. 

value of uniplanar potential on a 
circle, 107. 

valueof uniplanar potential within 
a circle, 117. 
Minimum, potential when a, 118. 

energy, distribution of mass pro- 
ducing, 137. 



Hewtomin law of ftttiMtion, 1. 

Noimal forve actiog od element of 

GODductoi, 64. 

tome, finite chtnge in, at aurface 

an which there ii matt, 13, IT. 

force, integral of, over curve in 

unipluuu' diatributioa, 66. 
force integnil of. Over suifsce, 



OitbogMial Mction of tube of force, 

46. 

Olthogonally, Mnducton formed by 

planes or ipheies intersecting : — 

four epneres, 231, 232, 233. 

three pknea, 232. 

three pluu* and » tpheie, 

233. 

three gpherea, 230, 232. 

two planes, 226. 

two Bphetee, 209— 21S. 

tvo circle! at conatftnt unipUnar 

potential inteneotiDg, 220. 

Panbohui *i e([uipotentia1 curves for 

uniplanar distribution, 164. 
Parabolic coordinates, ISS. 
Paraholoidal honneoids, 188, 191-193. 
Paraholoidi, eguipotenlial suifacea, 

187, 193. 
Parallelepiped, attraction of, 16. 
Particle, attraction of, 1 . 

msgnetic. 15. 

magcetic, potential of, 98. 
Plane, infinite, attracUoD of, II. 
Plane lamina, attraction of , 11, 19,73. 

lunina, potential of, 70. 
Planes, intersecting at angle of 80", 



226. 



234. 



Phmes intersecting orthogonall}', in 
Orthogonally, 
parallel and infinite at constant 

potentiBla, 91. 
parallel and infinite at zero poten- 
tial under influence of etectrifled 
point, 244. 
Point, electrified, 19T. 

eleetrified, image of, 198. 



Point, dectrifled, image of. In nni- 

planar diitribution, 21G. 

of aquilibTium, 120, 1S2, 133. 

reaultant force at, 4. 

Foiaeon's equation, 82, 86, ITS, IS7. 

0, plane, attraction of; 73. 



constant, 112. 
continuity of, TS. 
definition of, SS. 
differential ooeffldenta of, 74. 
differential equationa for, SI, 83. 
at distant point, 139. 
elementary propertiea of, 65. 
expansion <^, in Miiea, 139. 
general theoremi mipMting, 106. 
of magnetic partiole, 98. 
of magnetic aheU, 98. 
mathematical ohanxteriitiet of, 
76. 



zero, 113. 

uniplanar, 66, 76, 78, 84, 113, 

114, 1*7. 
Potentials, found from diStarential 

equations, 91—93. 
found by duoct intagratdon, 67— 

73. 
Purser, an attraction of ellipwnd ex- 
pressed by elliptio tiinctians, 

3a-.32. 
on cbargm of electricitj on ipheree 

influencing each other, 2S6, 

267. 



on circular disk at potential mo, 

2S8. 
on force between two charged 

apherea, 276, 281. 
on potential energy due to mutual 

action of mass systems, 147. 
on system of images in intarwct- 

ing spheres, 256. 
on proof of Thomson's theoran 

for centrobario body, 148. 
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Eankine's theorem, 121. 
Besultant force, 4. 

force, uniform, 60, 94. 

force, uniform field of, 203, 207, 

208. 
force, volume integral of square 
of, 136. 
devolution, attraction of ellipsoids of, 
31, 42, 182. 
attraction of solid of, 40. 
determination of potential when 
equipotential surfaces are ellip- 
soids or hyperboloids of, 178. 
determination of potential when 

paraboloids of, 189. 
properties of field of force, when 
of, 63, 113. 
Rotating liquid mass in relative equi- 
\ librium, 34-37. 



Salmon, on confocalquadrics, 170, 173. 
SheU, eUipsoidal, 20, 160, 167. 
focaloidal, 150, 156. 
homoeoidal, 20, 61, 129-131, 162, 

169-171, 182-184, 191-193. 
hyperboloidal, 169, 170, 183. 
magnetic, 98. 
paraboloidal, 191-193. 
spherical, 9, 67, 69. 
Shells, ellipsoid composed of, 142, 167^ 
168. 
sphere composed of, 10. 
Small magnet, potential of, 98. 
Small magnets, action of, on each 

other, 99-106. 
Solenoids, 46. 

Sphere, composed of homogeneous 
shells, 10. 
having density varying inversely 
as fifth power of distance from 
given point, 224. 
homogeneous, attraction of, 10. 
homogeneous, attraction between 

halves of, 37. 
homogeneous, potential of, 68, 69. 
image of electnfied point in, 198. 
inversion of, 222. 
mean value of potential on, 106. 
mean value of potential through- 
out, 117. 
Spherical bowl at constant potential, 
236. 



Spherical bowl at potential zero, 235, 
238. 
concentric conductors, 243. 
conductor in field of uniform force, 

203, 207. 
conductor infiuenced by electrified 
point : — 
distiibution of electricity on, 

199-203. 
energy due to mutual action 

in case of, 206. 
force exerted by, on charge 
at point, 206. 
conductor composed of spheres : — 
in contact, 240, 263, 281. 
intersecting at angle of 60°, 
226, 229. 

intersecting at angle -, 234. 

intersecting orthogonally, 
209, 211-214, 230-233. 

conductors influencing each other, 
charges on, 247, ^48, 262, 257. 

coefficients of capacity and induc- 
tion for, 248, 249, 278. 

force between, 275, 278. 

conductors under influence of 
electrified point, 260. 

shell, see Shell. 

surface whose density varies in- 
versely as cube of distance 
from given point, 204. 
Stable equilibrium impossible for 
electrified body under action 
of electric forces, 138. 
Surface distribution of mass, 5. 

distribution equivalent in external 
space to interior mass, 124. 

distribution, discontinuity of 
normal force in case of, 12, 47. 

induction over, 62. 

integral of normal force, 46. 
Surfaces, equipotential, 46, 122, 126, 
127. 



Table land, effect of, on gravity, 17. 
Thomson, on centrobaric mass system, 
134. 
on effect of crevasse, 17. 
on eflisct of hemispherical hill, 
16. 
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Thomaon, on existence of function 
satisfying Laplace*8 equation, 
123. 
on images, 197. 
on pi oof of Mac CIaurin*8 theorem, 

150. 
on spheres influencing each other, 

244. 
on surface distrihution equiva- 
lent to solid ellipsoid, 149. 
Thomson, J. J., on tubes of induc- 
tion, 61. 
Total mass, »ee Mass. 
Transmission of force, 3. 
Tubes of force, 46. 
of induction, 60. 



Uniform force, 60, 94. 

ellipsoidal con<hictor under in- 
fluence of, 208. 

spherical conductor under in- 
fluence of, 203, 207. 
Uniplanar density, 8. 

distribution of mass, 8. 

distiibution of mass, determi- 
nation of potential for, vhen 
equipotential curves are con- 
foial conies, 194. 

distribution of mass, theory of 
images for, 215. 

distribution of mass, theory of 
invei-sion for, 228. 

distribution of mass, law of force 
for, 8. 

distribution of mass, potential 
for, 67. 

distribution of mass, potential at 
distant point for, 147. 

distribution of mass, solution of 
Laplace's equation in case of, 
95. 

distribution of mass, zero poten- 
tial for, 114. 

form of Gauss' theorem on mean 
▼alue of potential, 107. 

form of Gauss' theorem on inte- 
gral of normal force, 66. 



Uniplanar form of Green's theorems,. 
111. 

form of Mac Claarin's theorem, 
160. 

form of Thomson's theorem on 
focaloid, 160. 
Unique distrihution of mass on con- 
ductors, 260. 

solution of Laplace's equation,. 
123. 
Unoccupied space, differential equa- 
tion for potential in, 82. 

space, line of equilibrium in, 
120, 121. 

space, point of equilibrium in, 
120, 132, 133. 

space, stable equilibrium ol par- 
ticle impossible in, 132. 

space, variation of potential iii^ 
119. 



Variation of energy due to yariation 
of mass, 90. 
of potential in unoccupied space, 
119. 
: Volume density, 5. 
I distribution of mass, continuity of 

I forl-e in, 12. 

distribution of mass, contbiuity 

of potential in, 77. 
distribution of mass, surface dis- 
tribution equivalent to, 124. 
integral expressing energy, 136. 

: TVeierstrass on Thomson's and Dirich- 
j let's theorem, 124. 

Williamson on curvilinear coordinates, 
86. 
on Mao Cullagh's proof of 
Glairaut's theorem, 142. 



Zero potential, 113. 

potential, how produced on con- 
ductor, 197. 

potential for uniplanar difltriha- 
tion of mass, 114. 



THE END. 
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